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Problem set 5

Problem 1 The d-dimensional Debye model

In the lecture we discussed the Debye model for the 3-dimensional case making use of the density
of states (as a function of the momentum ∣q⃗∣). Show that in the general, d-dimensional case, the
density of states, now as a function of the normal mode energies ε, is of the form

f(ε) ∼ εd−1θ(kBΩD − ε) , (1)

where θ(x) denotes the heaviside step function. Determine the corresponding heat capacity at low
temperatures T ≪ ΘD.

Problem 2 Non-linear phonons

Normally the Debye–Waller factor vanishes in 1D and 2D at finite temperature, and in 1D at zero
temperature as well. The situation can be different for cases with long-range coupling between
atoms, which can result in non-linear phonon dispersion of the form Ω(q) ∼ qα (α < 1) for small q.

(2.a) Show that the Debye–Waller factor does not vanish for a 2D lattice at finite temperature, as
long as 0 < α < 1. Show that the same is true for a 1D lattice at zero temperature.

(2.b) Find the range of α within which the Debye-Waller factor does not vanish for a 1D lattice at
finite temperature.
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