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Sheet 04: Multidimensional Differentiation and Integration |

(b)[2](E/M/A) means: problem (b) counts 2 points and is easy/medium hard/advanced
Suggestions for central tutorial: example problems 3, 4(a,b), 7(a-c), 9.
Videos exist for example problems 7 (V2.3.3), 8 (V2.3.5).

Optional Problem 1: Partial derivates of first and second order [2]
Points: [2](E)

Consider the function f : R*\(0,0)" = R, r = (z,y)" — f(r) = £+ 1, with r = /2% + 3.
Calculate all possible partial derivatives of first and second order.

Optional Problem 2: Partial derivates of first and second order [2]

Points: [2](E)

Calculate all possible partial derivatives of first and second order of the function f : R® — R,
r=(z,y,2)" = f(r), for f(r)=2?In(y)/z.

Optional Problem 3: Fubini’'s theorem [2]

Points: [2](M)

Verify Fubini's theorem for the following integrals of the function f(z,y) = zy/2? + .
[Check your result: (1) = 2 (22 —2) ]
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Optional Problem 4: Fubini’s theorem [2]
Points: [2](M)

Verify Fubini’'s theorem for the following integrals of the function f(z,y) = xy?sin(z? + ¢?).

[Check your result: I(1/7/2) = 5]
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Optional Problem 5: Violation of Fubini’'s Theorem [Bonus]
Points: (a)[1](E,Bonus); (b)[0,5](E,Bonus); (M)[1](E,Bonus); (d)[0,5](M,Bonus).

Fubini's theorem holds only if the integrand is sufficiently well behaved that the integral of its
modulus over the integration domain exists. Here we explore a counterexample.


https://moodle.lmu.de/course/view.php?id=17525

(a) Integrate the function f(z,y) = (;iny)Q over the rectangle R, = {a < x < R
1,0 <y <1}, with 0 < a € R, using two different orders of integration: ol “
0a 1

:/aldx/(]ldyf(x,y), /dy/ dz f(z,y) .

Verify that 5 (a) = Ig(a). [Check your results: I 5(v/3) = —75]
_— 0y o =
Hint: First show that f(z,y) = Byt = Tor R

Set a = 0 for the remainder of this problem.

(b) Show that I,(0) = —1I5(0) if these integrals are recomputed, setting a = 0 from the outset.
Which of the two, I5(0) or I5(0), agrees with the a — 0 limit from part (a)?

(c) Show that the integral Ic = fRO dzdy | f(z,y)| does not exist. To this end,

)
1
split the integration domain R, into two parts, Ry = RJ U R;, cho- V
sen such that f > 0 on RS and f < 0 on R, (see figure). Then I = 0 Ax
Jagor; dedy|f(z,y)| = I =I5, with Iy = Sz dwdy f(z,y). 0 1
Compute the contributions I3~ separately and show that Ij = —I; = oc.

As seen in (a) and (b), Fubini's theorem applies for a > 0, but not for a = 0, because then the
integral over the modulus of the function does not exist, Ic = I — I; = oo, as seen in (c). This
happens because for a = 0 the integration domain touches a point where f diverges — the origin:

s (z,y)T approaches (0,0)7, the integrand tends to +oo for x > y or —oo for # < y. According
to (c), the integrals over the positive or negative ‘branches’ of f diverge, I = #o00. Hence the
integral I, = fRo dzdy f(z,y) is not defined: it yields co — oo contributions, and the extent to
which these cancel depends on the integration order, as seen in (b).

One may make sense of the integral I, by regularizing it, i.e. by modifying the 1Y
integration domain to avoid the singularity. For example, consider the domain Rs = Ry
Ry\Ss, obtained from Ry by removing an infinitesimal square adjacent to the origin, S(RY|
Ss={0<z<650<y<d} 05 1

(d) Compute the integral 5 :fRédxdy f(z,y) using the method of (c), splitting the integration
domain as Rs = R U R; (see figure). Discuss the limit I5_,o. Why is it well-defined?

Optional Problem 6: Violation of Fubini’s Theorem [Bonus]
Points: (a)[1](E,Bonus); (b)[0,5](E,Bonus); (M)[1](E,Bonus); (d)[0,5](M,Bonus).

(a) Compute the integral of the function f(z,y) = % over the rectangle R, = {a <z <

1,0 <y < 1}, with 0 < a € R, using two different orders of integration:

:/aldx/oldyf(x,y), /dy/ dz f(z,y).

Verify that Ix(a) = Ig(a). [Check your results: Iy g(3) = 15.]



x> 0 %y

o 0 )
Hint: First show that f(x,y) = a—ywz—w = _%2(332 NI

Show that 5 (0) = —I5(0) if these integrals are recomputed with a = 0 from the outset.

Compute I¢ = fRo dzdy | f(z,y)| and explain why Fubini's theorem is violated in (b).

Compute the regularized integral I :fRédxdyf(x,y), where the integration domain Rs =
Ry\Ss is obtained from R,— by removing an infinitesimal square adjacent to the origin,
Ss =4{0<x<6,0<y<d}. Discuss the limit I5_,o. Why is it well-defined?

[Total Points for Optional Problems: 8]




