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Part I
Renormalization Group

1 Introduction

o Phase transitions in mostly classical systems, phenomenological point of view: Power laws, critical expo-
nents, universality.
Can be understood from scaling hypothesis.

e Simple microscopic description of phase transitions.

— Mean-field theory (MFT) neglects fluctuations.
— Gaussian approximation takes simple fluctuations into account which are exactly tractable.

e Quantum phase transitions: What is different from classical phase transitions when quantum mechanics
is involved?

o Wilsonian RG:

— Rather a set of ideas than one coherent theory. Requires experience for application (many examples
and exercises).
Here: Only condensed matter application (skip high-energy physics viewpoint)

— Justification for scaling hypothesis and microscopic calculation of critical exponents.

— Deeper understanding of phase diagrams and emergent scales [i.e. magnetic impurity coupled by J
to metal of bandwidth D and DOS at Fermi level vy: Tk ~ Dexp (—1/(2w0J))].

— A given model can behave very differently at varying length- or energy scales. RG will connect
physics at different energy scales and provides simplified effective models valid for certain scales.

o functional RG (fRG): Implement RG idea in a formally exact way, on the level of correlation functions,
useful also for quantitative calculations beyond critical exponents.



2 Phase transitions, universality and the scaling hypothesis

Goal:

2.1

2.2

Phase transitions mostly in classical systems, phenomenological point of view: Power laws, critical expo-
nents, universality.
Can be understood from scaling hypothesis.

Classification of phase transitions

Consider macroscopic (quantum) system with Hamiltonian H in contact with heat bath (temperature T')
and particle reservoir (at chemical potential ;). The grand canonical partition function is

Z(T,u) =Tr [6_(H_“N)/T} (1)

where N is the number operator and the trace is over Fock-space with any number of particles. In the
thermodynamic limit with volume V' — oo while n = (N) /V = const., we expect that the free energy is
extensive,

F=-T log [Z(T7 :UJ)] =V f(T,p) (2)

We can add more coupling constants like magnetic field h, doping p and so on. In general, with k£ coupling
constants gi 2,3.._,, we have to consider f (g1, 92,..., gx)-

In the k-dimensional coupling space, f (g1, g2, ..., k) is almost everywhere analytic (locally described by
convergent power series, f(g) = ao + a1(g — go) + a2(g — go)* + ...).

Phases: Domains in coupling space where f is analytic are called “phases” of the system, they can be
often described by order parameters, that are only non-vanishing in a particular phase.

There might be points, lines or other manifolds with dimension < k so that f exhibits some kind of
non-analyticity. Those describe phase transitions. Note that non-analyticity can only come from infinite
summation in Tr...; so infinite systems are required.

Classification of phase transition:

— First order (discontinuous): There is at least one i € 1, ..., k so that at the phase boundary 0f/dg;
is discontinuous.

— Second order (continuous): For all ¢ € 1, ..., k, the derivative Jf/0g; is continuous.

Quantum phase transitions: Occur at T = 0 if some non-thermal control parameter (e.g. B-field) is varied,
not driven by thermal- but by quantum fluctuations. Same classification as above, for more details see

Sec. @l

Example: Paramagnet-Ferromagnet transition

Consider g1 = T and g2 = h (magnetic field), for concreteness think about the nearest neighbor classical
Ising model in D-dimensions (s; = +1)

H:—JZSZ'Sj—hZSi, (3)
(i) i

At h = 0, we have a Zy symmetry for H under s; — —s; for all . The partition function for the Ising
model is known exactly for D=1 (see Ex. [2.4.1)) and for D=2 at h = 0 [Onsager,1944].
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Figure 1: (a,b,c) Various sketches of the magnetization of a classical Ising model for dimension D > 2. (d) The connected
correlation function in real-space close to a phase transition point with regions of power-law and exponential decay.

Consider magnetization m (T, h) = _of gl’h) = Vlim & (3, si) and plot it as a function of h with T as a
—00

parameter (Fig. ) If we are in D=2 with short-range couplings and have a discrete symmetry group
(like Zga, “Mermin-Wagner theorem”), there is a critical temperature 7' = T, > 0 below which we find a
discontinuity at h = 0 (Fig. ) Tuning h across this discontinuity, m jumps, so that we have a 1st order
phase transition.

Next, we focus on the limit

. . o1
m = -l =y = i lim <Z> 4
(note the order of limits) and find a result as in Fig. . We say that mg is the order parameter which

vanishes on one side of the phase transition point.

Spontaneous symmetry breaking: The state has smaller symmetry than the Hamiltonian. Under
the Zs-symmetry, we would have mg — —my.

Critical exponent: Slightly below the critical temperature T' < T, we can fit the measured magnetization
to m o< (T. — T)? (for T < T.).
The dimensionless number 5 > 0 is a critical exponent.

Universality: 5 depends only on dimensionality and symmetries of the model, see table below.

— Symmetry groups encoded by names [Ising = Zg, Heisenberg = O(3) for continuous rotation of a
classical spin]

— Understanding of universality is one main achievement of the RG.

— Note: The dimensionful quantity 7T, is not universal.

Ising (Zg sym.) Heisenberg (O(3)-sym.)
D=2 | D=3 D=3
| 3]1/8=0.125] 0.327 | 0.36 \
v 1 0.63 0.7
n| 1/4=0.25 | 0.0364 0.027

« Examples for different members of 3D-Ising universality class (same f3):

— Uni-axial ferromagnet in 3D (see above, control T’ h, observable: m)
— Simple fluid (Fig. . Control T, p, observable: density n.

* Difference to magnet: [ drn(r) = const., leads to coexistence of gas and liquid at 1st order line.

* Exponent 3: niiguida — Ngas<(Te — T)?
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Figure 2: (a) Phase diagram of a simple fluid in the temperature pressure plane. (b) Curves of constant pressure in the
temperature-density plane. The blue region for 7' < T, is the coexistence region for liquid and gas.

x Where is the Zs symmetry? Lattice gas approximation, correspondence s; = +1=occupied site
/ —1=empty site — Ising model, emergent Zy symmetry close to critical point.

o Other thermodynamic observables with their own critical exponents (historical notation). Definition:

t=(T-1T.)/T,.
magnetization at h =0 specific heat
t)y=-9 tP (t<0 ct) =T, 2{ t
m(t) = o x |1 (< 0) () = T T o I
magn. suscept. critical (¢t = 0) isotherm
2
x(t) = 9o o [t m(t =0,h) = —9|,_ o |h|"/sgn(h)

Correlation function, anomalous dimension and correlation length exponent

o Consider spatial correlations of local order parameter m(r). Subtract non-decaying contribution:

G(r) = (m(r)ym(0)) — (m)” (5)

Large-r behavior of correlation function defines two other critical exponents (Fig. .

1/pD=2+ =0

e JEPTTDT Ly 40 )

The values of n, v for some universality classes are given in the above table.

G(r—>oo)o<{

e At criticality t = 0:

— G(r) decays with a power-law, defines universal anomalous dimension 7 > 0.
— There is no characteristic length scale.

— Later: = 0 characterizes critical points with non-interacting critical fluctuations (“Gaussian ap-
proximation”).

Away from criticality t # 0:

— Correlations are characterized by finite emergent correlation length &

o |t (7)

where v is the universal correlation length exponent.
— ¢ is length-scale for exponential decay, G(r) oc e~"/€.

— Exponential decay sets in beyond r ~ &.

For r <« &, find power-law decay as in the critical case (Fig. .
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Figure 3: The connected correlation function in real-space close to a phase transition point with regions of power-law
and exponential decay.

2.3 Scaling hypothesis

o Experimental finding: Critical exponents «, 3,7, d, v, 7 are not independent.
They can be computed from two numbers y; and yj, characteristic for each universality class:

a=2-D/y | B=D—y)/ye | v=Qun—D)/yt | s =yn/(D—yp) [[v=1/ys [n=D+2—2y, |

o This can be understood from a scaling hypothesis for the free energy and the correlation function (justified
later from the RG).

Scaling hypothesis for free energy

o Assume that close to the critical point, we have a regular and singular part of the free energy f(t,h) =
fsing(t, h) + freg(t, h). The singular part contains the non-analyticity.

o Scaling hypothesis (for singular part):

Fsing(t h) = b7 foing (bY1¢, 09" h) (8)

with an arbitrary dimensionless scale factor b.

« Since b was arbitrary, let b% = 1/[t| and thus b = |¢|~1/¥:

Fsing(ts k) = [t1P/¥ fsing <i1 h> (9)

’ |t|yh/yt

— h
:q)i(\t\yh/yt)

o Assume that around the phase transition, derivatives of f are dominated by its singular part (“~” signs):

8fsin — h
m (t, h) ~ _ o 9 _ |t|(D yh)/ytq)/i (myh/yt) (10)

We can let h = 0 and read off 5 = (D — yp,) /y: as in the table above. In a similar manner one can find
« and 7.

o 0 (critical isotherm): We need to let ¢ — 0 in Eq. . To find something finite, we request that
@' () ~ zP/¥=1 Then m(t = 0,h) oc hP/¥~1 and we can read off 4.



Scaling hypothesis for correlation function
e Make a scaling hypothesis for the singular part of the correlation function
Gling(r;t,h) = b 2DP=9)G o (r /by bt Y% h) (11)
and put again b¥* = 1/|t|. We also set h = 0:

Glsing(rit,h = 0) = [¢[*P-w/ng,, (r!t!l/yt; +1, o) (12)

=W (r|t]1/v¢;41,0)

o For [t| # 0, expect Ging(r) o< e™"/€ which yields ¢ o [t|~1/¥ and thus the expression for v follows.

o For |t| =0, to get a finite (non-zero) Gging(r;t = 0,h = 0), we need to request:
_9(D—
Uy (r|t|1/y‘; :I:l,()) x (r|t|1/yt) (D=m) (13)

Read off D — 2+ n = 2(D — yp,) from which the expression in the table follows.
e Remark: Scaling hypothesis yields experimentally testable...

— scaling relations
2—a=20+y=0(0+1) (14)

— hyperscaling relations (involving the G(r)-exponents)
2—a=Dv
v=(2-nv
Dynamical critical exponent

o For time-dependent G(r, ), the correlation time 7, is decay time of order-parameter fluctuations. It is
relates to correlation length as a power law

Te x & o [t|7VF (15)

e z is the dynamical critical exponent.

e Critical slowing down: Order parameter fluctuations decay slower and slower as one gets closer and
closer to the critical point.
See Ex. for an application involving z.

2.4 Exercises
2.4.1 Classical Ising model in 1D: Exact solution

Consider the nearest-neighbor classical Ising model of Eq. |3[on a ring of N sites (D = 1) with periodic boundary
conditions.

1. Show that the partition function can be written as Z = Tr [TN } with the transfer matriz given by

JJR)/T =T
T=\ -yr u-mwr (16)



2. Using the eigenvalues of T, show that in the thermodynamic limit the free energy per spin reads

f(h,T)=-J—Tln {cosh (h/T) 4 \/sinh? (h/T) + e=47/T| . (17)
Show that one can approximate

—J —Te 2//T th=0,

—J — |h| = Te=4//Te=2Ih/T . p oL, (18)

f(h,T) = {
if T < Jor T < J,|h|, respectively. Argue that there is a critical line at (7" = 0,h) but no phase
transition at any finite temperature.

3. Roughly sketch the magnetization per spin m(T,h) = —% as a function of h for various 7' (no new
calculations needed).
2.4.2 Kibble-Zurek mechanism

Let a continuous phase transition with control parameter ¢ be equipped with universal critical exponents v, z as
defined above. In contrast to the discussion for the equilibrium case above, the control parameter is now varied
in time 7 from the disordered (¢ > 0) towards the ordered (¢ < 0) side following the linearized approximation

t(1) o< —=AT (19)

so that the equilibrium critical value ¢ = 0 is crossed at 7 = 0. It can be expected that instead of a spatially
homogeneous order parameter, the driving at finite velocity A results in a random configuration of ordered
domains of finite size .

1. Argue that the time-evolution of the system can be divided in three stages where the dynamics is essen-
tially adiabatic far away from 7 = 0 for |t| > { and frozen otherwise. Show that

Foc A/ (Hv2), (20)

2. Show that the typical domain size [ depends on the driving velocity A as
[ oc A7/ (V) (21)

The remarkable prediction of Eq. [21| connects static critical exponents z, v to the observable | measured
in a dynamic experiment. It can be used in experiment, see e.g. [Ebadi et al., Nature 595, 227 (2021)]
around Fig. 3 for a recent example involving a quantum phase transition.



3 Mean-field theory and Gaussian approximation

Goal:

3.1

Simple microscopic description of phase transitions.
Mean-field theory (MFT): Neglect fluctuations.

Gaussian approximation: Fluctuations which are exactly tractable.

Mean-field theory

Recall D-dimensional nearest-neighbor Ising model, Eq. , H=—J% 885 —h>si. Set =1 /T
(don’t confuse with critical exponent!).

Idea: Split s; into average value m € R and fluctuation:

5= (5i) + 05 (22)

m

Fluctuation: More than one most likely {s;}, configuration contributes to the partition function

Z= > (23)

{s;=%1}
Mean-field approximation: Neglect terms in H quadratic in the fluctuation:
sisj = (m+8s;) (m+ds;) = m? +m (§s; + 65j)+ 05,05, =~ m?+m (5s; + ds;) = —m*+m (s; +5;) (24)
and obtain (with 3 ;) counting bonds!)

NzJ o
5 —Z(h—l—sz)si

]

Hyr =
z = coordination number, N = #sites

Partition function Z = (si=+1} e PH in mean-field approximation:

Zur = Z 6—5¥m2+ziﬁ(h+zt]m)si (25)
{si=%£1}
— 6*5N§Jm21—[ Z eB(htzim)s; (26)
i s;==+1
= ¢ P (2cosh [B (h+ zTm)]}Y (27)
_ e—ﬁNﬁle(T:hm’L) (28)

Note that m is yet to be determined.

Landau-function:
zJ

Lyr (T, h;m) = ?mQ —T'In[2cosh [B (h+ zJm)]] (29)

T,h;m)

determines the probability density e~ #N£Lumr( to observe order parameter m.

MFT-prediction for physically realized value of m (denoted by myg): The most probable value. = Find
minimum of Lysp (T, h;m).

OLyr (T, h;m) 1
A, £ 0 (30)
which defines mg(T, h) and leads to
mo = tanh [ ((h + zJmg))] (31)

10
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Figure 4: Mean-field approximation for the Ising model. Panel (a) shows the graphical solution of Eq. and panel
(b) the Landau function above (red) and below (blue) the critical temperature.

o For h # 0, there is always at least one non-trivial solution, see Fig. [fh. If there are two solutions, one
has to find the global minimum of Ly;r (T, h;m).

e Free energy density: Once my is determined as a function of T, h, we find:

fMF(Tv h) =Lur (T7 h; mg (Ta h)) (32)

Mean-field critical temperature

e Set h = 0 to find critical temperature: Compare the slopes on the left and the right-hand-side of Eq. .
Obtain two non-zero mg-solutions below a critical temperature

TC,MF = zJ. (33)
o Example: Hyper-cubic lattice in D-dimensions: z = 2D — T, C?M r=2DJ.

Exact results: TP=! = 0, TP=2 = 2.269J (sinh (2.J/T.) = 1). Monte-Carlo simulations for D > 3.
Comparison to mean-field (relative):

D 1] 2 3 4 5 6 7
TP /TEr || 0] 0.57 [ 0.752 | 0.835 | 0.878 | 0.903 | 0.919

e General rule:
The lower D, the more important are fluctuations that disorder the system and thus reduce T..
In large D, fluctuations tend to average out.

Mean-field thermodynamic critical exponents

o For temperatures T' >~ T, y/f, the minimum of Ly p (T, h;m) is close to m = 0. Expand Landau-function
in m (see Fig. [db):

Ly (T, h;m) :f+gm2+%m4—hm+... (34)
with (In[2cosha] = In2 + £ — 2 4 O(«5))
f = —Th? (35)
T
ro= S (T —Tomrp) = T = Tonr (36)
u = 2T(T.pr/T)* ~ 2T, (37)
« Find mg from W‘m:mo < 0 and neglect higher order terms (...):

rmg + %m% =h (38)

11



e Read off critical exponents in MFT:

— Mean-field exponents are independent of dimension D.
— We find, e.g. Sy = 1/2 far from the exact results 6{)‘17;9 =0.1250r

Ising mean-field critical exponents

a

g

v 0

0 (C jumps)

1/2

1 3

Ising
D=3 —

0.327.

o Remark: v,n pertain to G(r) which cannot be described in MFT as spatially homogeneous order param-

eter is assumed.

3.2 Continuum ¢*-field theory for the Ising model

Heuristic derivation of continuum field theory

o Heuristic steps to continuum field theory (detail in Ex. [3.4.1): Consider again

{s;=%1}

{s;=%1}

(i)

(39)

Smooth discrete spins s; = £1 over a region V; of volume [1/Aq]” and use the field ¢(r) instead of the

spins.

o Result: (r) and space coordinate r are now continuous.

o Functional integral (c.f. field-theory I): Integrate over probability e Snolel)] of ©(r) configurations in

the thermodynamic ensemble:

o Expand Sy, [¢]: Close to the critical point, ¢(r) ~ m is small and fluctuations are smooth.

¢ Obtain the Ginzburg-Landau-Wilson action:

Snoldl = [ d%r | fo = hople) + o) + T [Vl + o)

Ug

4!

k1234

2 2

with (see Ex. a = lattice-constant of hyper-cubic lattice)

Jo
ho

To

€o

Ug

e Remarks:

—a P2
/BhaflfD/Q
T—-1T,
aT,
1/(2D)
2CLD_4

— There should be a cut-off at the momentum integrals at k& < Ay.

Reason: No information on the spin fluctuations below coarse graining length-scale 1/Ag.

— Used ¢(r) = [, e*Tp(k) and % Sk — 2m)7P fj;o dPk = [,
— Dimension of the fields [¢(k)] = [a]'T?/? and [p(r)] = [a]'~P/2.
— Identity [ e™®T = §(r) is only strictly correct for Ag — oo.

12
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(2m) 6 (ki + ... + ka) (k1) (ko) (ks ) o (ks)

(40)

(41)

(42)



Recovering mean-field theory

o Use the saddle point approximation which approximates ¢(r) — ¢ (homogeneous field):

400 d(ﬁ S\ 13 400 d_ r
2 [T [T e[ v (g end)

e In the limit V — oo, the integrand is strongly peaked. Let ¢ attain its most probable value @g:

1 08 _ Uug _
0L Bl rogo + W —ho =0 (49)
This is the same as the MF equation if we identify
poxcm (50)
TO,UO,hO xr, U,h (51)

(proportionality factors will be worked out in the exercise)
e Relation between the Landau function and the saddle-point action:

SAO [(,5 0.8 m] = ﬂNEMF (T, h; m) (52)

e Conclusion: MFT = Saddle-point approximation for functional integral representation where spatial
fluctuations of order parameter are ignored.

3.3 Gaussian approximation
Truncating the action
o Split ¢(r) in homogeneous part and fluctuation (c.f. idea of MFT, still exact):
p(r) = @o + dep(r)
plk) = (2m)" 6(k) o + dp(k)

e In MFT, we had to discard the quadratic order fluctuation terms ds;ds;.
Now: Keep dp(k)dp(—k)-terms, evaluate using Gaussian functional integral.

o Assume hg = 0 (such that ropg + 2L cpo =0).
Obtain the Gaussian approx1matlon of the p*-action Eq. .

Sao [P0 + 0] = {fo + 555 + 0 900] + {7’0900 +422 I Wo} dp(k =0)

—0

1 4.3
+ 5 / [ro +cok? + —= . 21“)@%} dp(k)dp(—k)
y 2 4l

e Substitute the saddle point value @3 =0 or @3 = —6r0/ug for 79 = 0:

o = 1 Vot 3 D ro+ o] 33 (—k) T>T.
P K —éﬁ} + 1 [=2r0 + cok?] p(k)dp(~k) T <T.

2 ug

(53)

Thermodynamics in Gaussian approximation

e B,7,5: Related to the homogeneous part of the magnetization, @2
This is the same in the Gaussian approximation as in the MFT — exponents do not change.

o «: (Heat-capacity exponent) Need to calculate Z = [ D[] e %% using a Gaussian integral (see Ch.
2.3.3 in [Kopietz]). Result:

a:{2—D/2 D <4 (54)

0 :D >4

13



Correlation function in Gaussian approximation: 7, v

o Gaussian approximation: Have access to spatial order parameter spatial fluctuations (beyond MFT):

o(r) = @o + d¢(r) (55)
« We find [with ¢(r) = [, e™Tp(k)]
Glr) = (pop(0) = | e Gplap)) = [ 619 (56)

)

(2m)P5(k+k’)G (k)

o From last semester (quadratic field theory with complex field - where is the inverse propagator?), we

know: 1 1
Gok) = ——— 57
O( ) co 5_2 + kQ ( )
The subscript 0 stands for “Gaussian approximation” and we defined
T > T,
cé 2= "o © (58)
—2rg T <T.,.

o In Ex. we find the FT in Eq.

1 ikor 1 D 1/rP—2 r<<€
Go(r) = — / s < KT/E D—3,D—1 (59)
co Jx &2+ k e /N EP 3y r> £

which confirms our postulate in Eq. (0]).

o Read off v from the definition of £ (recall ro ~ t) and n from the power-law in G(r) at the critical point
at which £ = oc:

’uzl/Q,nzO‘ (60)

Validity of Gaussian approximation

e Q: Is Gaussian approximation correct for critical exponents at least for large D?
(Tt,mr improves with increasing D but is never exact in mean-field unless D — c0.)

e Assess error of neglecting quartic term o ug in the full Ginzburg-Landau-Wilson action Eq. :

Swoldl =Vio+ 5 |

o+ o] (et + 50 [ n)P5 e+t ) el ool o)

4!
(61)

e Move to T' 2 T. so that rg = co/&2 (€ is the correlation length in Gaussian approximation).

o Rewrite Sy, [¢] with dimensionless momenta k = k¢ and dimensionless fields ¢(k) = 1/co /2P p(kE).
We obtain

1 79 - ~0 L ]. U0£4_D D ~ ~ e~ i P P
Snolel = Viors [ [14F] a(-Rg+5 | =og— ) [ @078 (ki + .+ ka) @lkn)p(ke)p(ks) plka)
k —— — : 9] k1,234
~1 for small k
(62)
e Relative strength of quartic part:
Uy = UO§47D/Cg. (63)

14



o For D < 4: Regardless of how small ug, if £ o [t|7" diverges as t — 0, the relative strength of the quartic
part diverges. — Gaussian approximation to critical exponents (defined in the limit ¢ — 0) is not reliable.

e Critical dimensions:

— Upper critical dimension D,,: For D > D,,, the critical exponents of the Gaussian approximation
are exact.

— Lower critical dimension Dj,,,: The largest dimension where one has T, = 0.

o Ising model: Dy =1, Dy = 4.

3.4 Exercises
3.4.1 Derivation of continuum ¢*-field theory for Ising model

In this exercise, you formally derive the continuum field theory Eq. starting from the partition function

Eq. .

1. Use the identity
exs [A7s = WMA/D@w%ﬂM“% (64)

to rewrite the J-part of the partition function. Here, x and s are real vectors with N entries x; and s;,
respectively and [ D [z] = TN, [ dz;/v/27 and A is a real and symmetric N x N matrix with entries
a;j. Show that

= ! r|ex —EXTN_lx 3 n |2 cosh (x; = L xe_g["]
2 @/9[] p[ 5% J +;1 2 h(H—ﬁh)]]_\/m/D[] (65)

i

where J;; = B.J;;. Convince yourself that the average of x; is a re-scaled version of the s;, (x)g = J (s).
Define ¢ = J ~'x which can be interpreted as a spatially fluctuating order parameter as (p;)g = (s;) = m
Confirm:

Z = \/detj/D[@] exp

_%LPchp + g:ln {2cosh ([jgoL + ﬁh)ﬂ = @/@ ] oSl (66)

2. Assume a hyper-cubic lattice in D-dimensions where T, = 2DJ and the lattice constant is a. Close
to the critical point T" ~ T, the integral is dominated by configurations where ¢; is small. Expand
S [p] accordingly neglecting terms of order O(p?) and assume small fields h. Use the Fourier-transform
;i = % Yk eXTip, with > e®Ti = Niygo and Jy = > e~ ™Ti J(r;) where J(r; —r;) = Ji; is the
translational invariant coupling. You should obtain

1
S (] = =NIn2 — B*hJx—op—o + gﬁ > Ik (1= BJx) p—xx
K

g1

+ 12 N3 Z 5k1+k2+k3+k4,0<]k1 Jks Jxs Jks Pk Pl Pks Py + O (Qo?a h27 h¢?>

k1,234

3. For the situation above, long-wavelength (small k) contributions will dominate. Expand Jy to leading
non-trivial order k% and then take the limit of infinite volume N = V/a” — oco. In this case use

ézk:%(Qﬂ)_D/Jroodez/k,

—00

Vi — 2m)P 6 (k- K)

and re-scale the fields as a!TP/2¢p) = ¢(k). Up to a unimportant shift to fy, you should recover Eq.
with the given values for hg, 79, co and ug.
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3.4.2 Fourier transformation of gapped quadratic propagator

Find the D-dimensional Fourier transform Go(r) = [, e**Go(k) for Go(k) = [¢ 2+ k‘z]_l for D > 2 and
approximate the integral for the two regimes r < ¢ and r > £. You should express your result using Kp =
Qp/(27)P where Qp = 27P/2/T(D/2) is the surface area of a unit-sphere in D-dimensional space (Can you
show this?).
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4 Quantum phase transitions

Goal:

e What is different from classical phase transitions when quantum mechanics is involved?

4.1 Overview

e Quantum phase transitions (QPT) are driven by quantum fluctuations (non-commuting parts of the
Hamiltonian that compete to minimize ground-state energy).
Thus it is controlled by a non-thermal control parameter .

e QPT only occur at T'= 0 (see below).

o Paradigmatic example: Transversal magnetic field in easy-axis Ising ferromagnet (Lithium holmium flu-
oride, LiHoF4, D = 3 cubic lattice), approximation of physics using the transverse-field Ising model
(TFIM, also called “quantum Ising model”):

Hrpig =—J Y 6767 —-TY 67 (67)
(1,9 @
Control parameter: » =I'/.J. The two non-commuting terms in Hreru compete between ferromagnetic

state |11 ... 1) (or [{{ ... |)) and paramagnetic state |[——).
(Mean-field analysis in I' — T-plane: Ex. 4.4.1)

o QPT classification (similar to thermal phase transitions):

— first order (simple ground-state level crossing)

— second order (“continuous”, with diverging length- and time scale).
e Further examples for QPT:

— Anderson localization: Electrons in disordered, non-interacting D = 3 systems can undergo a tran-
sition between insulator (localized wavefunction at F = FEp) and metal (delocalized). Reason:
Quantum interference of scattered waves.

Control parameter: Disorder strength or Fermi energy Ep.

— Quantum Hall effect: Transition between quantum Hall plateaus o, = ne?/h.
Control parameter: Magnetic field or Fermi energy Ef.

— Mott-Hubbard transition: Interacting electrons can transit between itinerant (metal) phase and a
localized phase.
Control parameter: Interaction strength (tuned by pressure, doping,...).

4.2 Quantum-to-classical mapping

Classical kinetic energy does not drive phase transition:
e Typical classical Hamiltonian: Kinetic part depends only on momenta p, potential part only on positions

q:
H (p,q) = Hiin (p) + Hpot () (68)

o Classical partition function: A high-dimensional phase-space integral, which factorizes:

Zo = / dpdq exp[—BH (p,q)] = / dp exp [~ BHym (D) / dgexp [ BHpo (¢) (69)

_>freg
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o If Hyin(p) ~ p? as usual, kinetic contribution to Z¢ is just a product of independent Gaussian integrals.
It cannot produce singularity in free energy f.

o Conclusion: Phase transition must originate from the g-(configuration) integral (c.f. Ising model indeed
lacks kinetic part).

Quantum case
e No factorization in path integral: if [PAI kins I:Ipot} # 0, then
eﬁkin‘i‘f{pot ;é eﬁkineﬁpot (70)

e Feynman’s trick to compute path integral: Use Trotter formula and insert suitable basis, e.g. from
bosonic/fermionic coherent states (see Cond-Mat-Field-theory I lecture)

Zo = TrePH
~ AN
= Tr lim {efBH/N}
N—o0

_ _ . ~_ATH B/AT
[AT = 3/N] = TrAlirgo {e }

= /D[q(r,T)] exp [—5 (q(r, 7))]

Observation: ¢(r,7) is D+ 1-dimensional with r in D-dim space and one extra imaginary-time coordinate
T €10, 5].

— Example 1: Single Ising spin in transverse magnetic field H = —h6* — 6% (0-D quantum model)

(71)

1+Arh A\
AT 1—Ath

Zo~Tr [G_BH/N}N ~ Tr {1 + AThé? + ATI’&JE}N =Tr (

The matrix can be expressed as the transfer matrix of the 1D classical Ising model in a longitudinal
magnetic field, c.f. Ex.
eBe(J+h) =B
T = e_BcJ e/Bc(J_h) (72)

— Example 2: Interacting fermions

S [, ), v(x,7)]

.3
:/ dr
J0

— Example 3: TFIM in Eq. maps to anisotropic classical 2D Ising model, see Ex. m
Thus expect generalized Landau-Ginzburg-Wilson action Eq. for order parameter ¢.

D (i) [0:6i5 + higl O(rj, 7) + Y Vi (vi, 7+ )by, 7+ 0 (ex, T)(x, T)]
i

ijkl

Uo

Cc . 2
e —hop+ o Mﬂ‘] (73)

Sle@.nl = [ @ | ar[fo+ D+ D Vel +
JO

e Zero temperature limit 7' — 0 < § — oo:

— Zg can be seen as D + 1-dimensional classical path integral Z¢ in infinite D + 1-dimensional space.

— QPT in D-space dimensions is equivalent to a classical (thermal) phase transition in D + 1 space
dimension.
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e Remarks:

— Role of temperature T

* Classical: T just multiplies coupling constants, i.e. in Ising model 5J = K.

* Quantum: Temperature controls length of 7-dimension in integral expression for partition func-
tion.

— After mapping: Classical D 4+ 1-dimensional system may be unusual and anisotropic between r- and
T-direction.

— Critical exponents for D-dim quantum systems may already be known from D + 1-classical systems.
— Dynamics of quantum system: Requires analytic continuation G(7) — G(t = i)

* ok for scaling arguments and power-laws

* spoils precise mapping of dynamic time-dependent quantities

— If resulting action S [¢(7)] becomes negative or complex, it cannot be interpreted as a classical action.
[Sign-problem!]

4.3 Scaling around continuous QPT

Scaling at T'=10

Scaling hypothesis for free energy Eq. extended for quantum case:

—1+1+...+1+42
- -
fsing (T - rc) = b b fsing ([7” - rC] byr)

e Dynamical critical exponent z: From possible anisotropic scaling in D 4+ 1 dimensional space, r — br,
7 — b*r. This also means for the correlation lengths:

é. ~ ’T‘ - 7,6‘71}7

é’r ~ é-z ~ |T - rc’—zz/’

e From scaling hypothesis, repeat derivation of scaling forms of thermodynamic observables and correlation
functions, e.g.:

O (r —re, kyiwy) = gdoO (K&, wnér) (74)
where k=momentum, w,=Matsubara frequency (momentum along 7-axis).
o Remarks:

— do is scaling dimension, see RG. For correlation function O = GG, we had dg =2 — 7.
— Interpretation: There is no other length scale than &, no other time-scale than &;.

— Ansatz also holds for real frequencies, iw, — w + 0.

Effect of T > 0 and phase diagram in r — T'—plane

o Effect of T > 0 (Fig. [5h):

— 7-direction becomes finite. Leads to “slab”-geometry with 7 € [0, 5] and infinite extent in r.

— Formal description: “Finite-size scaling”

fsing (7" — Te, T) = b_(D+Z)fsing ([7' - 7“0] bor, TbZ)
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without long-range order at T>0 (TFIM in 1d)

(c)

with long-range order at T>0

T /B T (example for vz < 1) T (e.g- TFIM in 3d)
‘:.._ é __:: ¢§‘r
""""""" . A
| 0 thermal fluctuations : - A(r)
*-. quantum critical fan .- thermally -
ST =A< |r—r” disordered "
LAKLT - =
AN A § T 1/T 3 ¥ classical critical
’ ; 3 - classical critica
thermally disordered - . uantum disordered ~ |-o.. / .
3 p Y yp anumsordersd = T.(r)
d 0 “QCP ordered NG
>

ordered at T=0

O >
Tc  non-thermal control

Te

Figure 5: Finite temperature phase diagrams in the presence of a quantum critical point.

— Consequence: Characteristic energy scale L, = 8 = T~!, characteristic length scale Li/ z:

O(r—rekwT) = LgO/ZO (qul_/z’ wlr, L‘r/&')

o Two alternative consequences of reduced dimension D in “slab”-geometry:

4.4

1. Absence of phase transition (Fig. ), order for r < r. only at T" = 0.

2. Phase transition in D-dimensional classical universality class (Fig. ) Find critical temperature
Te(r).

Crossover happens when &, ~ |r — r|™*¥ < B (green region).
Quantum critical region/fan (red region in Fig. |5)):

— At T' = 0 temporal fluctuation time-scale goes like 7. ~ & ~ &% (c.f. Eq. )

— QM: Relate 7, to fluctuation energy scale / gap A = h/7. x £% o |r — r.|V* with power vz > 0.
(Note that possibly vz > 1 — concave).

— T > 0: Will system notice gap? Depends on T' < A.

— Within quantum critical fan:
Physics dominated by thermal excitations of the quantum critical ground state.
Finite-T scaling form Eq. (75): Neglect last argument: L. /& ~ |r —r.|"?/T ~ A/T < 1. Leads to:

O (k,w,T) = L{/°0 (KL}/* wL, ) (76)

Exercises

4.4.1 Mean-field theory for quantum spin-1/2 transverse field Ising model (TFIM)

In this exercise, we perform a mean-field analysis for the (quantum!) TFIM of Eq. (67). We work on the
hyper-cubic lattice with coupling J = 1 to the z = 2D nearest neighbors.

1.

Derive the mean-field Hamiltonian Hysr of the TFIM, use 67 = m* + 667 where m? = (67) and neglect

terms quadratic in 667. Find the partition function Zj/r and the self-consistency condition for possible
non-trivial m? (I, T):

tanh (52 [mz]2+(r/z)2)— ]2 + (T/2)? (77)

. Solve the self-consistency condition for the special cases I' = 0 and 7" = 0. For T = 0, calculate m?

explicitly, sketch m?(I',T = 0) and determine the value for the critical exponent in m? o (I'. — I')T.

20



3. Use your results from the previous part and suitable expansions close to the critical points on the T- and
I'-axis to sketch the phase boundary in the I' — T'—plane.
[Hint: To see how the phase boundary (I'c,7}) emerges from the critical point (0,7[I" = 0]) found above,
set (I'c,T;) = (0 + 0T, T,[I' = 0] + 07.) and assume small dI'., 6T,.. Do the same close to (I'.[T = 0],0).]
What kind of phase transitions (quantum/classical) would you expect in an exact (non-mean-field) treat-
ment? Why is the mean-field phase diagram even qualitatively incorrect for the TFIM in D = 1.

4.4.2 Transverse field Ising model in 1D (I): Mapping to 2D classical system

Consider the 1D TFIM in Eq. in one spatial dimension (1D) with J = 1 and L, sites with periodic

boundary conditions:
ML (78)
i

In this exercise, we show the equivalence of the quantum partition function Z1p , = Try De_ﬁqﬁ for low enough
T, = 1/B, and the partition function of a 2D classical Ising model (without magnetic field, with anisotropic
coupling constants K, = J, 0., Ky = J,f.),

ZzD,c _ TrzDeK”” Zu 04,j0i+1,;+Ky Zu Ti,jTi,j+1 (79)

In the last expression, o; ; = 1 denotes the value of the classical spin at position (4,j). Our strategy is to
start from Zop . and leverage the transfer matrix approach to Zip . to 2D.

1. Express He 22001 and 6225919 a9 matrix elements of two operators O, O, in the 2L _dimensional
Hilbert space of a spin-1/2 chain spanned by the basis |01, 09, ..., 01, ), {O‘i}i:17_n7LI = 41. Then use these
results to show

= ..1L
Zop,e = (2sinh [2K,)) 252 Ty ([ Ko 22001700 2 Koot y) (80)
where tanh I_(y = ¢ 2Ky,

N L,
2. Use the Trotter-formula Z;p 4 ~ Tr1p [e_BqH / Ly} Y for L, large enough to establish the mapping between

Z1p,q and an anisotropic Zop .. Use the mapping to argue that there is only a QPT in the H for L, —
and T, — 0.

3. It is known that anisotropy in the 2D classical Ising model does not change the critical exponents. The
critical temperature is given implicitly by sinh (2K)sinh (2K,) = 1. Use this to find the exact critical
transverse field I'.. By which factor does the mean-field solution of Ex. [£.4.1] overestimate the exact I'.?

4.4.3 Transverse field Ising model in 1D (IT): Exact eigenenergies

Here we are interested in finding the exact eigenenergy spectrum of the 1D TFIM in Eq. We will find the
gap A as a function of I' and confirm the above value of its critical strength.

1. Consider the Jordan-Wigner transformation in 1D that maps spin-1/2 to fermionic operators ¢;, c}L:

6F = (1—263@-)

i B _H(l_Qc;[cj) (Ci‘i‘c;r)

Jj<i

Confirm that this mapping indeed fulfills the spin algebra by computing & ('}5, for a, f = {x, 2}, i =7
and 7 # 7'.

2. Insert the Jordan-Wigner transformation in the 1D TFIM Hamiltonian and use a Fourier-transformation
cr = f%z > cje_’k] to obtain

H= Z( — cos k] ckck —4sink |c kcL +c_ kck} F) (81)
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3. Solve this c-particle number non-conserving Hamiltonian using a Bogoliubov transformation, ¢ = upyx +
ivk’yik where 'y,(j) again fulfill fermionic anti-commutation relations if uy, v, are real numbers satisfying
ui +vi =1, u_p = up and v_ = —vg. They can be parameterized by an angle, ux = cos (6;/2) and

vg = sin (0 /2). Find (k-dependent!) 6 such that

H= Z Ek’y,i’yk + const. (82)
k

and obtain the single-particle energy Ej, = 2v/1 — 2T cos k + I'2. What is the critical value of I' at which
Ej, becomes gapless (at which k7).
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5 Wilsonian renormalization group

Goal:

5.1

Renormalization group (RG) = Set of ideas, not one coherent theory.
Requires experience for application (— examples and exercises).

study interacting systems beyond perturbation theory

Connect physics at different energy scales (high to low energy / short to large length),
provides simplified effective models valid for each scale.

Examples for length scales: Lattice spacing a < correlation length ¢ < system size L.
Justification for scaling hypothesis, universality and approximate calculation of critical exponents.
Deeper understanding of phase diagrams and emergent scales [i.e. Kondo temperature].

Here: Only condensed matter application (skip high-energy physics viewpoint)

Basic idea of the RG

Partition function as path integral over field ® (bosonic/fermionic/mixed), coupling constants g =

(glv g2, 93, )
(See, e.g. Ex. for the derivation of ¢*-theory from Ising model):

2() = [Dl)e i (33)

RG-Idea: Iterative integration over ® in Eq. (Simplifying assumptions needed for generic case.)
Head towards low-energy / long-distance effective theory.

Two steps:

. Mode elimination:

For momentum-shell RG in Fig. [6p (other incarnations - see below):
Define “shell” of high-energy modes close to the UV cutoff Ag, e.g. in k-space k € (A, Ag] with

A=Ag/b, b>1. (84)

Those are the high-energy (fast, “>") modes that should be integrated out:

O(k) =0(A-k)®(k) +O(k— A)P(k) (85)
P< D>
and define
Z= /D (@] /D (@] e=SIe=+7 8] = /D [@<]eSK[®Te"] (86)
Remark:

(a) Integration in the last step can only be carried out approximately in practice.

(b) Set of coupling constants g is usually enlarged and must be truncated.

. Rescaling:

Re-scale momenta and fields such that Sy [®<, g~ ] has the same form as Sy,.
In momentum-shell RG: Stretch momenta from k € [0, A] to k&’ € [0, Ag):

k - k=0bk
(k) — V(K) = (K /D)
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(a) Momentum-shell RG (b) Real-space RG

ky
Ao
A O ..... O ...... O ...... O ........ O ...... O
| > —~—
0] Q@ @

Figure 6: Different incarnations of the RG mode-elimination step.

Arrive at action S [®,g']. Read off the RG-trafo of coupling constants:

g =R(bg) (87)

Remark: For quantum system, also eliminate (large) Matsubara frequencies iw, re-scale with possibly
different factor:
iw — i = iwb”® (88)

Remark: RG-trafo is semi-group (associativity holds (a- (b-¢) = (a-b) - ¢), but no inverse):
— Associativity: Can combine RG steps for b and b to b” = b'b. This yields

g" =R(;R(b;g)) =R (Vb g) (89)
——
g/
— No inverse: Due to truncation of coupling space. This means that different microscopic models can
give rise to same long-wavelength properties.

Iterating the RG transformation:
g™ =R(b;g" V) = R(V": g) (90)
In limit n — oo, it holds A = Ag/b" "=5° 0.

Thus we have integrated out all degrees of freedom, obtain Z. However, as the RG cannot be carried out
exactly, this is usually not what is done.

e Incarnations of mode-elimination step:

1. Momentum-shell RG (Wilson), as outlined above. Requires translational invariant systems. See

Sec. B4l

2. Real-space RG (Migdal-Kadanoff): For spin systems, decimate certain lattice sites by partial traces
over Hilbert space.
See Sec. for clean 1D system and Sec. for disordered 1D system.
Hard to generalize to D = 2,3, ....

3. Functional RG (Wegner, Wetterich): Formally exact version of momentum-shell RG (1), go from
the level of coupling parameters gin) to vertex functions I'y (K7, Ko, ...) which depend smoothly on
cutoff. See Sec. [6l

4. Numerical RG (Wilson): For impurity models (interacting site 4+ non-interacting bath), numerical
implementation, for some “poor-man” version, see Sec.
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5.2 Example: Real-space RG for Ising model in 1D

e Recall 1D classical Ising model
N N
H = *stisz#l - hZSl — E[)
i=1 i=1
where Ej is an energy offset and IV assumed even.

 Recall transfer matrix solution (Ex. [2.4.1)) for partition function:

ZN (f,g,ﬁ) = {S}Z::il e PH =Ty [TN}

andg:ﬁJ,iL:hﬂ,fzﬁEo/N

RG step

¢ Mode elimination step: Carry out trace Z{Si} = Z{Sieven} Z{s,- o} only for even sites i:

Zy (19 0) =T [(T)Y]

with N' = N/2 and

T =72 — 2f ( 29+2h 4 6529 eh 1 e h

eh +6_h 629_2h 4 6_29

(92)

(93)

Important: Z after mode elimination has same form as the initial Z, but for lattice of lattice constant

a’ = 2a and for only N’ = N/2 sites.

« We want to write 7" using the form of 7' with parameters {f’, ¢, h'}:
5 /+}~l/ 79/
rLF e’ e~
T =e ( e_g/ eg/_h/ )

o Relation between primed and unprimed parameters (short calculation):

fl=2of + %ln [16 cosh? (fz) cosh (Zg + ﬁ) cosh (29 — ﬁ)}

, 1 . lcosh (29 + E) cosh (29 — E)]

7 4 cosh? (ﬁ)
=i+t M
a 2 cosh (2g — B)

Remarks:

— Exact relations are peculiar to D=1. For D=2 3,... new couplings would be generated.

(94)

— The above equations already contain rescaling step. Indeed, the contribution 2 f on the rhs of f’
comes from the reduced number of sites N’ = N/2. However, no field (spin) rescaling was needed

(=1
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critical point (ordered spins)
divergent correlation length

Figure 7: RG flow of the dimensionless coupling x = tanh(.J/T) for the Ising model in 1D.

« Consider special case h = 0 (— k' = 0):

ff = 2f+In [2\/cosh(29)}

J = ln{ cosh(?g)}

For the ¢’ equation, we exponentiate ed = /cosh (2¢9) and find with

/ / 1
I +e 9 = h(2 1+ ———
e e \/cosh (2g) < p— (29))

that

1+;
tanh g/ — — ©C9)

" cosh(2g)

We use cosh (2g) = 2cosh? () — 1 = 2sinh? (g) + 1 to finally obtain (similar for f’):

tanh ¢’ = tanh? g

[ cosh (g)
L cosh (¢')

f'=2f+1n[2cosh (g)] + In

Iteration and fixed points

« Recall the definition of g = .J/T with T the temperature. Define z,, = tanh g™ € [0, 1].
RG step in terms of z,, see also Fig. [7}

2
Tnt+1 = Ty,

e Fized point: Configuration x, that does not change under Eq.

— Unstable fixed point at x, = 1.
— Stable fixed point at x, = 0.

e One may interpret either T or J as changing under RG:

(97)

(98)

if one chooses T, it increases under the flow to T' = oo at the stable fixed point, or stays at T' = 0 at the

unstable fixed point.
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Correlation length £

o Correlation length defined via the long-distance tail of correlation function G(r; — r;).

e We can chose r;; from the non-decimated sites. We show that site-decimation does not affect the

correlation function (H = SH):

) 55.55,e—ﬁ(81,82,83---78N)
51,52,53,...,8 )
G(ri — I'j) _ 1,52,53,--,5N -

e—H(sl,sg,sg,...,sN)

2s1,52,58,058

. . *I:I(S1 §2,83... sN)
251»33:-~~75N—1 68153] 2527547~--75N € o 7

E : o H(s1,52,83...,5N)

82,54,..,SN

281,83,...781\771

oA (51,53, 5N 1)

. . *I:'I/ 581,83,...,SN—1
Z51,53:-~~75N71 58158-76 ( T )

e_ﬁ/(slvsii»---ysN—l)

231:‘937~~-»3N—1

e Correlation length is defined in units of lattice constant a, which changes under RG step.
After the decimation, r;,r; have moved closer together:

¢ = () "2 ¢(x) /2.

On the other hand, we have 2’ = 22 from the RG transformation. This leads to

e The equation has the solution
ag

§@) = In(z)

where ag is arbitrary length scale, it can be taken to physical (initial) lattice constant a.

o Use Eq. to obtain correlation length at low temperature: Use g = J/T > 1 in:
z=tanhg~1— 2%

and then obtain from Eq. (102))

€~ g o2J/T
e The correlation length is finite for any 7" > 0 and the 1D Ising chain is disordered.

Infinitesimal form of RG recursion and beta-function

e Above, we eliminated every 2nd spin, corresponding to rescaling factor b = 2.
We can equally well work with b = 3,4, ... to get

tanh ¢’ = tanh” ¢

f’::bf¥+(b——l)ln[Qcosh(gﬂ-+1ﬂ[;EZ?éjz}

o Analytically continue for arbitrary real b (natural for momentum shell-RG):

b=e =1+14+0(?
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Set ¢’ = g; with gy = ¢ and likewise for x; = tanh g;.
For [ — 0, write the RG iteration in form of a differential equation:
2
T = :Ug = xé+l+o(l ) — T (1 +1llnxg + (9(12))
x; — To
l

=zolnzo + O(I)

or, taking the limit [ — 0,

Or=—=p0(x)=zhhz (108)

also known as the beta-function for x.

o Fixed points of the RG flow are zeros of the beta-function, 3(zy) 0.

o Canonical dimension D, of coupling constant ¢ (from rescaling step, also called “engineering dimension”):
Flow equations for coupling constant g of dimension 1/(length)Ps start out with

819 =Dyg + ... (109)

o Example: For the free-energy flow of the D-dimensional Ising model, we have that f has units of
1/(length)®, thus Df=D and

af=Df+ .. (110)

5.3 General properties of RG flows

e Goal: Understand

— relation between RG fixed points and critical points

— microscopic justification of scaling hypothesis and identification of critical exponents

Fixed points and critical surface

e Recall RG trafo g’ = R(b > 1;g) from Eq. for general couplings g = {g1, g2, ...}
The RG trafo of the correlation length is £(g’) = £(g) /b, see Eq. (100)).

o A fized point g* = {47, g5, ...} fulfills
g =R(b;g")
§(g") =¢(g") /b
o Classification of fixed points according to the two possible solutions for & (g*):

— Trivial fixed point: £ (g*) =0
— Critical fixed point: £ (g*) = oo

o Example: Square-lattice Ising model (2D) RG flow in Fig. [§| (projected onto 5J — 8J’ plane):

— Three f.p. (two trivial f.p. : disordered T' = oo and ordered at T' = 0, one critical f.p. with £ = c0)

— Each f.p. (trivial and critical) has its own basin of attraction (points flowing into f.p. ).

— Basin of attraction for trivial f.p. = phases

— Basin of attraction for critical f.p. = critical surface (critical manifold), has also £ = co
Reason: £(g) = b"¢ (g(”)> and for g on the critical line, we have g(™ e g* for which £ (g*) = oc.
Thus £(g) = oo.

— For start close to critical line, flow is almost towards the critical fixed point where it lingers and is
very slow.

— Reason to study vicinity of the critical f.p. (next).

— Careful: Critical fixed point (e) is not the same as critical point (M, on critical surface).
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g2 = BJ’

T = OXO f.p. (disordered)
£€=0

Local RG flow close to fixed point

o Linearized flow close to a fixed point g*:

0g' =g’ —g" = R(b;g) — R(b;g") = R(b;g") - g
where the derivative-matrix R has elements

ORi(b; g)

Rij(b;8") = 99,
J

lg=g*
R is a square matrix (but not necessarily symmetric).

Find the left eigenvectors v and eigenvalues My,

v R(b:g") =vL A,

o

T=0 f.p. (ordered)

g1 = BJ

Figure 8: RG-flow of the 2D Ising model, projected to the dimensionless (next-)nearest neighbor couplings J (J').

(111)

(112)

(113)

The {vg} do not need to be all linearly independent, but let us assume they are (matrix is not defective).

We project the coupling vector dg onto the v and obtain the scaling variables

Ug = V5. - 0g = va-égi
i

The RG transformation doesn’t mix the a (see grey arrows in Fig. :

/
Uy = Aalq

b-dependence: From the associativity of RG trafo, we have

R(b;g")-R(V;g") = R(bb';g*) = R(V; ") - R(b; g%)

— Eigenvectors: Commuting matrices have the same eigenvectors — v are independent of b.

— Eigenvalues: Must satisfy Ay (b) A (D) SW (bt'), thus
Aa(b) = bYe

where the RG eigenvalue y, does not depend on b.

« Consequence: RG trafo for the scaling variables u, around the fixed point u* = 0 for any b = €' :

/
Uy = byauow aluoz = YalUx

Warning: Due to the linearization in Eq. (111]), there are corrections of order O(u2).
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Classification of couplings u,

o Assume y, € R (case y, ¢ R possible but rare):
e Distinguish three cases:

— Yo > 0: Relevant coupling, |us| # 0 grows exponentially under RG
— Yo < 0: Irrelevant coupling, |uq| # 0 decreases exponentially under RG

— Yo = 0: Marginal coupling.

Go to higher order in flow equation Ojus = Oug + #u2 + ... to decide if the coupling u,, is marginally

relevant or marginally irrelevant.

Justification of scaling hypothesis for free energy f

o Consider critical fixed point with two relevant scaling variables: ¢ ~ (1" — T,)/T., h o magnetic field

(c.f. Ising model).

« RG flow equations (close to fixed point):
ot = yit, Oh = yph

or
t'=b¥t, h' =k

with ¢ > 0 and y, > 0. (We will compute 1 ,, approximately in Sec. using ¢*-theory.)

e Recall: RG preserves the partition function
ZN (t, h) - ZN/bD (t/ - bytt, h/ - byhh)
with N or N/bP lattice sites, respectively.

o For the free energy density, we find

1 1

1
f ~ *NIHZN == 7b7DW1nZN/bD

and we read off:

fsing(ta h) — b_Dfsing (t, - bytt, h, - byhh)

o Restriction to singular part (“sing”) is caused by the neglect of

— higher-order in ¢, h flow

— marginal or irrelevant couplings

e We confirmed the scaling hypothesis from Eq. .

(119)

(120)

(121)

(122)

(123)

Critical exponents (i.e. v = 1/y;) are related to the linearized RG flow close to the fixed point and its

eigenvalues.

e Origin of universality:
The y, are properties of the fixed point.
They do not depend on the initial couplings g which will vary with the physical system.
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Scaling hypothesis for correlation function G(r)

 Recall definition, assume kj 2 < Ag/b and employ the RG step dp(k) = (,0¢'(k'), k =k'/b :

2m)" 6 (ki + ko) G (kisg) = 27 / Dlple 51785 (k1) 6 (ko)

= G2 /D —SlhElsy (k) 0y’ (kh)
= G MY K +k5) G (K 8)
{5(bk):b—D5(k)} = P @2m)P 6 (ki + ko) G (bky; &)

By comparison, we find

G (k;g) = ¢b "G (bk; g)

e Convention: Parametrization
o= 0P,

so that
G (k;g) = b"Z,G (bk; &)

Using b = €, define Z; = Z,__... Flow equation for Z; parameterized as:

8121 = —le .

Suppose llim m =, then Z; = e = b~ and for large enough I,
— 00

G (kig) = b0"7"G (tk:g) .

At a fixed point g = g’ = g*, this can be solved as

Glk) = k| 2"

¢ Conclusion:

(124)

(125)

(126)

(127)

(128)

(129)

Anomalous dimension 7 introduced in Eq. @ connected to microscopic RG via field rescaling factor (.

« Example: Ising model / ¢*-theory.
Relation between y;, and (: Consider field-term o< p(k = 0) from the effective action

ho(k = 0) = W'y (K = 0) = M'¢; ok = 0)
Read off i/ = (yh, compare to A’ = b¥h. Find
G ="

Insert in Eq. (124). Consider only relevant couplings g = (¢, h) (singular part only):

Giing (k;t, h) = b= P0Gy (Dk; bY', b9 R)

which is the Fourier-transformation of the scaling hypothesis in Eq. .

5.4 Example: RG of ¢*-theory and Wilson-Fisher fixed point
e Goals:

— Find flow equations for ¢*-theory beyond engineering dimensions.
— Mode elimination step via perturbation theory in ug.

— Analysis of flow diagram and critical exponents (for e =4 — D < 1)
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RG flow equations

« Recall ¢*-theory (Ginzburg-Landau-Wilson action) from Eq. .
Set magnetic field to zero, assume high-temperature regime ro > 0:

1 (Ao U Ao
Sho el = Vo + 5 /k 70+ o] p(—K)p(k) + 7 /k (2m)75 (I + .. + k) (k) (koo (ks o (k)
: 1,2,3,4
(133)
o Implement mode elimination step with cutoff A = Ag/b < Ag: p(k) = O(A — k)p(k) + O(k — A)p(k),

@< >

yields three contributions:
Sno ] = Sa [¢=] + S0 [#7] + Simia [¢<,¢7] (134)

— “Smaller part” Sy [p<] is like Sy, [¢] but with fli\O ok)... — fl? ©<(k)....
— “Larger part” Sy a, [¢~] is similar with fli\o o(k)... = |£‘°>A o~ (k)...

— “Mixing term”: Of order ug. Possibilities of picking 2 ¢<-fields of the 4 ¢ fields 6 = ( ;1 ) :

Smiz [ —6></ / (2m) P8 (k1 + ..+ k) o (ki)™ (ko)™ (k3)o” (k)
ki2 34|>A
9 3 9 3 >
+70 (@) () e
 Integrate over ¢~ to get new effective action:
e SAlp = fS =, eSus] o =Sale= . fo,r0,c0,u0] /D (0] e~ SM [T Smiale=,¢7] (135)
or
Su L 5SS ] = Sy oS foros o] | [ D[] e Sl ImSmle 1] (130)

Expand the In in powers of ug:

=S >_Smiz§ 5 >
~Inf.] = —In|[ D[p7]e a7l —1n [ D[] e Snnole7I=Smial” 7]
[ Dl el

p<—independent

L | [[ D] e 0l (1= Suie [0, 07] + 382, [0, 7] + O(u))
= [m—Jo=In fD [©>] e~ SA.n0 7]
S A P el G “Inale7lg L [ /Dly S“O[“Dms;im [, @]
- 0 fp *SA,AO [¢~] fp e~ SAn0 97 ]
L ~ugp = 24udp<? ~udp 4+u(2); 24uZp<b4..

<,u<]: Need to keep

e Consider leading—in uo corrections to quadratic/quartic parts of Sy [¢<, f<,r<,c
terms of order upy =2 and ud, 4.
— Can replace the expectation values with respect to the interacting action Sy, [¢~] by expectation
values with respect to its Gaussian part, SR,AO [p”] = %flﬁl(;/\ (70 + cok?] ¢~ (—k)p~ (k).
Notation: .

f D [(,D>] e_SA,AO 7.,

[ Dlp>] e hnole”]
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We then have
- 1 <
~In[.] ~ f<—fo-In [1 = (Smiz [¢7,07 )0 + 5 (Shia [¢\790>]>0>}

{ln 1+ z] ~x— x2/2} ~ S — fo+ (Smiz [¢, 90>]>0,> . [<Sr2mx [¢" ’90>]>07> — (Smia [#7 90>]>(2),>]

In light of Eq. (136]), we compare the parts of order (¢<)? [terms ~ ¢< or ~ (<) vanish] and read off

() = 2 (rot k) + (S [, 97 |7
- (70 + cok?) + 67 /AO (¢” (@)¢” (—a))
2 4! Jig>A il
1/(ro+coq?)
After comparison of both sides, we find
cS = (138)
up [ dPk 1 KpAP= (Ao — A
re=rot 2/A )P ro el = 10 0 50, +(coAg) | (139)

In the above, Kp = Qp/(27)P where Qp = 27°/2/T(D/2) is the surface area of a unit-sphere in D-
dimensional space (c.f. Ex. |3.4.2)).

For the new interaction constant <, we consider the u3,~*

2 [<S72mx [7:'\7 90>]> - <szz [\;\/7()0>} >(2),>

0,>

contribution on the rhs of —In[...] = ....

_ —<6/ / 2m)P8 (ky + .. + k) o (k1) (ko)™ (ks) o™ (ka)
k12 34|>A

x 6?/ / (2m)P6 (a1 + - +aa) o (a1) (a2)9” (a3)e” (aa) >7
qi,2 34|>A

= ( ) / / (2m)76 (k1 + ks + ks + ka) / d(a1 +az +as+aqa)
ki,2 34\>A qi,2 34|>A
X (an)e ™ (k)e™ (a2)e™ (ko) (07 (ka)e™ (a3))g (97 (ka)p” (a >07>
where the factor 2 comes from the Wick-theorem with the two choices of pairing k3 = —q3 4.

We use (o~ (k)¢~(a))g~ = 2m)P 6 (k + q) Go (k) with Go (k) = 1/(rg + cok?) and carefully consider all
the J-functions:

A
= / / (2m)Ps ( k1+k2+k3+k4)/ 2m)P5 (q1 +q2 — ks —kq) o (q1)p (k) (qo)p (ko)
ki 34|>A q

1,2

% 9= ( u0> 1
2 4! (7“0 + Cokg) (T() + Cgki)
= / / 2m)P8 (a1 +az + ki + ko) o (a1)p (ki)™ (a)p™ (ko)
ki2 Jqi,2
S(o5) [ e :
X —2 6 2m)7 0 (k1 + ko + ks + k
4l |k3,4\>A( JFotatke +hks+ky) (ro + cok3) (ro + cok?)

The last line depends on k; +ko. To get a momentum independent interaction strength, we approximate
k12 = 0 which is plausible because they are “smaller” momenta. We get

uo) /Ao dPk 1 3 o KpAY ™t (Ag—A)

1
uS = wug —412= (6 ~ uy — =1,
0 2 4! A (27T)D (7-0 + Cok2)2 0 2 0 (T‘Q + COA%)Q

(140)

3,2
2%
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e Remarks:

— The approximate expressions for r<,c¢<,u~ only involve a single momentum integral, this corre-
sponds to just one loop in the corresponding Feynman diagrams (— “one-loop approximation”).

— Formally, terms describing a momentum dependence of a vertex u(kj 23) = u©® + u(l)kl + ... are less
relevant than u(?) because [u()] = [u(9] x [length] under rescaling they have a smaller engineering

dimension than u(?).

o Rescaling step (from 7<,u< to r’,u/): Use k = b1k’ and p<(kK'/b = k) = (' (K'):

1 A 1 (Mo B
2/k [r< + c<k2} < (=k)p<(k) = 3 g CEb b [7“< +cSb 27{7’2} ¢'(—K)¢' (k')
U< A U< AO _
4% 2m)P8 (ki + ... + ky) < (k1)...0"(ky) = 4% Go P 2m)PoPs (k) + ... + K)) @' (K))...¢ (ka)
* Jki234 P UK 934

Want to keep the prefactor of the k2-term invariant, this requires ¢, = b*t2/2. We then get
= b3
U/ — b4fDu<

We change to b = ¢! and find with A = Age™":

/ y KpAD-1 (AO - Aoe*l>

r o= e’ |rg+u
0 0 2(7“0 + C[)A%)
= ro+2rg+uy—""—"5- +0O(
00T 0900 + coA2) )
19) = 2 —
i nt 2 r + col§
and likewise D
3 KpA
oy = (4—D “uf 0 141
g = ( Ju 9t (11 + coA3)? (141)
e C(lean up by defining dimensionless couplings:
1 Kp
r=r——s U =U————— 142
T TZCOA(Q)7 uy Ulché_D (142)
in terms of which
o =27+ " | g = (4— Dy — 2 (143)
ry = 2r - u; = — uy — =
S P2 1)2

Wilson-Fisher fixed point for D > 4

o Analyze the flow given by Eq. (143) above, see Fig. |§| for flow diagrams at D = 4.5, D =3.8 and D = 3.

— For D > 4, we only have the Gaussian critical fixed point, (uy,7%) = (0,0). (=Dyp = 4)

— For D < 4, the Gaussian fixed point becomes unstable for u > 0:
Wilson-Fisher f.p. controls the universality of the phase transition. — Gaussian approximation
breaks down.
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Figure 9: RG flow of the ¢*-theory above and below D = 4 according to Eq. (143).

Critical exponents in D < 4: e—expansion

o We are interested in the physical case D = 3.
Q: Can we linearize the flow around the Wilson-Fisher fixed point and find critical exponents?
This would not be reliable, because the flow equations are approximate and only valid to order ul2

« A more consistent way is to set € = D,;, — D =4 — D > 0: The fixed point conditions are

_ 1wy
0 =27, + -
T
3wl
0= ety — ——>*
TS+ 1)2

Without the O(u?) terms, can only reliably solve for 7, @, up to O(g): 4, = %e + O(e?) and 7, =
—€/6 + O(€?).

o The linearized flow equations around the Wilson-Fisher fixed point (67 = 7, — 74, du; = Uy — Uy) are

o\ _[(2-% i+ 5 o7
O ( oy > o ( 0 —€ oy (144)

One can find the left eigenvectors and eigenvalues (up to order O(¢)):

V{ = (0,1), y1 = —€ =D —4 <0 (irrelevant.)
L-¢/6

), Yo =2 — § > 0 (relevant.)

 The irrelevant scaling variable is v7 - < ggl ) = 61, the relevant scaling variable is vi - ( gg > =
l !

o7 + =L, = 1.

o According to Sec. 5.3 we find

1
Y2

v

_ 1 € 2
=3 + 12 + O(€%) (145)

e Remark: One often lets € — 1 at the end of this calculation, which yields v1_;y,, = 0.58 and the exact
value is veg ~ 0.63. Recall MFT / Gaussian fixed point: v = 0.5. Systematic improvement O(e) is
possible in a two-loop calculation (way more complicated!).
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(a) p(T) (b) V(E) (c) virtual geﬁ\ﬁ (d) os ‘ Kondo -flow 4:1’ . /
occupied \
D/b N

irtual hole

Figure 10: Kondo problem: (a) Typical resistance versus temperature curve for metals with magnetic impurities. (b)

Flat

density of states assumed for host system with bandwidth 2D. (c) Diagrams for virtual electron or virtual hole

excitations. (d) Poor man’s scaling: Flow diagram in the vg.J,-19.J | -plane.

5.9

Example: Kondo-Effect and poor-man scaling

In metals with magnetic impurities (local quantum spin-1/2), the resistance does have a minimum in
temperature and then increases again (Fig. [L0R).

Unusual, since well-known mechanisms would lead to further decaying or constant resistance as T — O:

— electron-electron scattering p ~ T2
— electron-phonon scattering p ~ T°
— non-magnetic impurity scattering p ~ const.

Model for single impurity S at r = 0 with local spin-exchange interaction to non-interacting finite-size V'
bath of electrons c¢ps

H = Z (ex — M)CLUCkg +2Jsr=0 S = Ho + Hint
k,o‘H&:_/

We use cro = Y €¥ ey, and find for the spin operator of the itinerant electrons at r = 0:

1, —
a a a
Sp=0 = 5 r=00"0,0' Cr=00" = 5 E :CkgTa,U/ck'U' (146)
KK

Expand Pauli matrices, generalize to anisotropic Kondo model with S* = §% 4 §SY.
Assume flat density of states (per spin, with units [1/energy]), v(E) = 3, 0 (E — &) = v (Fig. [10p):

H = kaCLngg + JZ Z (CLTCk’T — CLLCk/\L) S + JJ_ Z (CLTCklisi + CTkJ’Ck/TSJr) (147)
k,o k. k’ k,k’

Perturbation theory for resistivity p in J [Kondo,1964]:
p=po (1= 4JvoIn (T/D) + O(J%)) (148)

— explains increase of p(T") as T'— 0
— identifies a temperature at which perturbation theory breaks down (second term O(1)): Tx ~
1
D exp (— T J>

— Wilson solved the problem using numerical RG (NRG): Below the crossover temperature Tk,
the impurity S forms a singlet with the c-electrons. This bound state is decoupled from remaining
c-electrons but leads to enhanced scattering.
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'e??

Anderson’s “Poor-man’s” scaling

Goal: Derive Tk using RG based on Hamiltonian and a “run-away-flow”.

Plan for RG:
Ground state of Hj is filled Fermi sea up to ' = 0. States ‘w, /+> with at least one hole/electron in the

lower /upper band-edge D/b < |&x| < D are highly excited with energy > D/b.
Integrate out these high-energy states (take them into account as virtual states in perturbation theory),
see how J, | flows.

Formal setup of perturbation theory: Divide Hilbert-space into ’1/1_ /+>—like states and the rest [¢),

H _ H_Q ~0 |¢_>
Hy)=| Ho- Hop Ho+ vo) | (149)
~0 Hyo Hyy [v4)

As Hjy does not change between the sectors, the off-diagonal terms are ~ J.

We write Schrodinger equation for [i)g)-states:

1
(Hoo + Hoy ————H 0 + Ho- 0) [0) = E |vo) (150)
E—Hiy

—FH_
E-H _

virtual electron virtual hole

Because Hoq ~ J, we can neglect J that appear in Hpp__ ;4 in the denominators and approximate
them with 1/(E — Hp) with Hp the non-interacting Hamiltonian.

Preparation: From [E — Hy, ¢qo] = §qCqo We find

(| fo1 1

_ - 151
“CE_Hy E-Hy—€q Y  ““E_Hy, E-Ho+E&q " (151)

S#S% = 1/4 processes: Focus on the virtual electron term with H, ¢ involving cll 1oCqoo With g at energy
of the upper band edge and arbitrary qp.

1 5 oD 1
E — H, Hiolo) = JZ(S7)° ) (CLOTCMT - Cchoﬁk#) E—H, (CL+TCqOT - CLquN) o)
ko,k+,90,9+

Hot

1

- 72 2 i T T T
= J2(59) Z E—Hy— D+ & (CkOTCk+T - Ck0¢ck+¢> (Cq+TCq0T - Cq+¢0qo¢> |vbo)

ko,k+,q90,9+

Strategy: Use ¢y, [1o) = 0 since |tpg) does not contain any excited electrons in the upper band-edge.
Find

T T T ¥
(CkoTCk+T - Ck0¢ck+¢) (ancqu - Cq+¢cq0¢) |%0)

(T T T T
_(CkoTclﬂ-ch_,_TCQOT + Ck0¢0k+¢cq+¢cqo¢) [Y0)
—— N——

H5k+,q+ %6k+,q+
and use ), = f[?/b VdE =
1 J? 1
H0+E P Hyo o) = ZZ Z F_Ho_Di¢ (CLOTCqOT + chrcquoi) [10)
ko,qo0 0 ko
= 3 > {2 goCann [4o)
4 ko,qo \ O 0o E—Hy—D + &IO
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The corresponding process for the virtual hole c¢q_| excitations follows as

1 1
HO— E_H H_O |¢0> = JZQ (SZ)Q Z (CL_TCkoT - CL_¢CkO¢) ﬁ (CLOTCq*T — ClLloJ,qui) |1/}0>
0 ko,k+,90,9+ 0

J? 1 . T

— Z kz E—Hy—D— fko (CkOTCq(ﬁ + Ckoicqw) |¢0>

0,90

J? ; 1

Ry CkooC o
4 k%(;g (zcr: 00 ~qoo E_HO_D_qu‘ >

e We are interested in energies close to the ground-state energy Ey of Hy. — Approximate all denominators

by 1/(—D).

e Result: Virtual §%5%-processes give rise to non-magnetic scattering terms that do not depend on the spin

of the scattered electrons. This is what an ordinary impurity potential would do. — Neglect these terms,
since also absent in initial Hamiltonian.

e S8t =1/2—-S5, and STS™ =1/2+ S, processes: Create virtual electron CIHU

1 1
H0+E H, Hyo|t) =~ _7‘]12— Z (CLTCquJ/S + Ck¢Cq+TS ) ( ch/¢S + C ¢Cq’TS ) [1o)
k7Q+’q,
1
= 5/t D | a1 S8t + ey cqn ST | o)
k,q’ 1/2—-S. 1/248.
1
= 5 2 S, Z (CLTCq/T - c;r(icqli) |to) + (pot. scatt. — from1/2 — terms)
k,q’
and we do the same for the virtual hole cq_:
1 1, i
Ho-p—peHolbo) = —5 Lkgz’q( LS el ST (cliea 157 + clyeq 15T) o)
1 _ -
= D i kZ: (Ck‘LCTuS S+ + CkTCLTSJ'_S ) |1,Z)0>
7q
1
- 5 2 S, kz (cmc:fu - cchLO [1o) + (pot. scatt.)
a
1
T _ 2
(movec tofront) = pJi S, Z( CatCkt — q¢ck¢) [1o) + (pot. scatt.)

which is the same as in the virtual electron term.
In summary: We read off for the effective S,-term:

J.(b) = J. 4+ 2uJ3 (1 —1/b) (152)
Remaining processes (S*S* = S*/2, ...) analogously lead to:

JL(b) = J + 2w J. (1—1/b) (153)

No need for re-scaling, as the Hamiltonian stays in its initial form.

We can interpret J, | (b) as the result of iterative application of perturbation theory, integrating out bath
electrons with || € [D/b, D].

The dimensionless quantity which should be small for the equations above to be trusted is J, | 1p.
Use infinitesimal b (via b = €') to write flow:

O (Jvo) =2 (Jiwo)?, 9y (Jiwo) = 2(JLw) (Jawp) (154)
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Interpretation of flow and Kondo scale

5.6

The flow diagram is shown in Fig. [10[(d). There is a line of fixed points at J; = 0.
Observations: (J,10)% — (JL1p)? = const. Follows from &;(...) = 0.

J.vo never decreases, since 0; (J,1v9) > 0. Have a line of stable fixed points (J,19,0) for J, < 0 with basin
of attraction |J | < |J,| (grey).

In particular, the isotropic ferromagnetic Kondo model J, = J;, = J < 0 is asymptotically free (flows to
J =0).

All other initial conditions with J; # 0 flow to strong coupling and the flow equations break down
(“runaway flow”).
At which energy scale does that happen?

Specialize to J; = J, = J with 0 < 1pJ < 1. Find the Kondo scale D; = Tk where strong coupling is
reached.
Integrate the flow

d (o) 1 1 (D)
=2dl - — — —=2[=2In| — 155
(voJ)? Jivg  Jp Dy (155)

The flow has to terminate at D; = Tx when the dimensionless running coupling constant J;jvy becomes

o o (D) 156

o1 >l

We neglect the left term and are left with J%o ~2In (%) or

1
Tk ~ Dexp (— 2J1/0> (157)

Note: This result does not depend on the exact value O(1) where we stopped the flow.

Example: Fermi-Liquid theory — RG with a Fermi surface

[Polchinski, arxiv hep-the/9210046 (1999)] and [Shankar, Rev. Mod. Phys. 66, 129 (1994)]

Question: Real metals have (strong) Coulomb interactions.
Why is the model of non-interacting electrons still working so well?

Answer by Lev Landau (1956): Landau’s Fermi liquid theory.
Main idea: Most important excitations of metals (with dispersion €y ) are particle-hole pairs close to the
Fermi surface ex = p, see Fig. [11]a).

At low enough energies, these excitations behave like non-interacting particles/holes. They carry charge
+e and spin S = 1/2 and can be described as free Fermi gas.
Some parameters differ from bare electrons, i.e. effective mass m* > my.

Here: RG perspective.

Model

e Modeling:

Ho=) (ex— ) o ko (158)
k,o

assume €y = k?/(2m) and kr the radius of Fermi surface defined by &y = pin D =2,3.
Remark: Parabolic dispersion could approximate band-bottom of nearest-neighbor hopping on hyper-
cubic lattice, ey = —t 25:1 cosky, ~ —Dt + %k?
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(a) Fermi sea and Fermi surface (b) Scaling towards Fermi surface (c) Wavevectors at scattering

(before application of § function)

el / ]\[ ()Q

Zero initial momentum

Figure 11: Landau’s Fermi liquid theory: (a) Definition of Fermi sea (grey) and Fermi surface (red). (b) Scaling towards
Fermi surface.

o Consider excitation from k with k& ~ kr to wave-vector k + q with ¢ < kg

(k+a)® k¥ _k

—ex = = — . q+ 0P ~vp- 159
€k4+q — €k 5 o mq—i‘ (¢°) ~vr-q (159)

where vp = Okek|k=ip is the Fermi velocity (linear approximation)

« RG: Want to integrate out high-energy excitations successively and take into account their effect on low
energy degrees of freedom.

e Problem: Low energy modes don’t live at k = 0, but at the Fermi surface k = kr — need to scale towards

kg, see Fig. [L1|(b).

Gaussian action

o Gaussian imaginary time action with Q = (0, ¢) the angular coordinate.

So = / dr / a0 / (7,4, 9) [0r + vrg] ¥ (7, Q) (160)

This is a collection of independent one-dimensional theories parameterized by 2

= (0,9).
If the curvature for the Fermi surface is taken into account, the theories are coupled — irrelevant pertur-
bation.

e RG: Integration over ¢~ with ¢ € +(A/b,A) decouples from integration over <, thus only need to
consider re-scaling step. Want to keep v fixed, we find

Q—Q

q—q =qb
T—=7 =71/b
Y=y =07

which indeed reproduces Sy:

+A/b
50_/d7/d9/ ¥ (1,¢,Q) [0 + vrql ¥ (1,4,Q)
AJb 2T

b / dr' / dQ / b*lfgq b2 (1,4, Q) b [0 + vpg b2 (1, 4,9)
_A m
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o Strategy: Write down perturbations to Sy and decide if they are relevant, marginal, or irrelevant.

« Example: Deformations of Fermi surface m(Q)y:

/dT/dQ/ m@mp = /dT /dQ /IA ;l‘jr z;’w’ (161)

and we read off y,, = 1, so m(f2) is relevant.
Can absorb m(£2) in definition of dispersion ¢y, need to expand around correct Fermi surface, shape can
change under RG.

Interactions - naive approach
e Interaction U couples different €2. Need to preserve 3d momentum,
ki = (kr +¢i) (162)

T
with ; = ( cos ¢; sin#;, sin¢;sinf; cosb; )

+A 4
Sint = /dTll_[l/dQ / 7¢1¢2¢3w4U(1 2,3,4) 67 (k; + kg — k3 — ky) (163)

e Rescaling for d-function: The ¢; scale to zero, but the kp stay fixed. Thus
D L p
) (k1 + ko — k3 — k4) ~ k—é (Ql +Qy — Q3 — 94) (164)
F

and the J-function does not change under rescaling.

e Rescaling of interaction U:
Ndg 1
Sin = [ a’ H a0 [ GG U (1,2,3,4) L5 (R 2 - -0 (165)
—A ™ F
so that U’ = b~'U which means
yo =1 (166)

e Surprising result: Electron-electron interactions are irrelevant.
Strong argument for why Fermi-Liquid theory works.
Electron interaction becomes weaker and weaker as energy is lowered and nearly free electron gas is good
description of conductor.

Interactions revisited

e Q: Superconductivity is interaction driven phenomenon.
How can we ever get superconductivity if interactions become weaker and weaker at low energy?
What is wrong with our argument?

o Parameterize scattering process ki 2 — k3 4 with

k3 :k1 —l—kp5ﬂ+5q
ky :k2+kpéfl+6q

so that 3
o7 (ki + ko — kg — k) = 07 (kpdQ2 + dq + ko2 + 6q) (167)
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For generic momenta ki 234, the large momenta krpd€2 and kpoQ are linearly independent vectors in
D-dimensional space. The above argument is valid.

|
Consider special case where directions {21 2 of scattering electrons are opposite, 21 = —£2s.
For a parity-symmetric Fermi surface (with ey = —ey): Large variational momenta krd€Q2 and krpo€2 come
from the same tangential planes and there remains an explicit é-function constraint on the g-direction:

67 (ki + ko — kg — ka) = 0771 (ko + kpdQ2) 5 (5q + 5@) (168)

Now, we get and additional factor b upon rescaling

5q/ + 6@/

5(5q+5q):5( ;

> =06 (69" +0q’) (169)

which yields yy = 0.
Conclusion: Interactions corresponding to vanishing incoming (and outgoing) momenta

U (9, -, Q3,—Q3) = V (Qy, Q) " "2 v (Q - 03) (170)
are marginal under re-scaling!

Comment:

— Interactions are always irrelevant, but for special kinematics can offset this.
— Many Feynman diagrams are irrelevant, unless certain momentum restrictions apply, see Fig. (a).
— In D=1, krpdé2 = 0, so all interaction is always marginal.

One-loop correction of the marginal interaction in Fig. (b) to understand fate of interaction. Expand

V (21 - Q3) to angular momentum channels L. Then find the flow [Shankar, Rev. Mod. Phys. 66, 129
(1994)]:

1
aVvr = —EVE (171)
so that:
— Repulsive V, > 0 are marginally irrelevant, 9;|V,| = —2=|Vz[2. Example: Screened Coulomb
interactions.

— Attractive V, < 0 are marginally relevant, §;|Vz| = 4+4=|V.|%. Example: Can generate effectively
attractive interaction from phonons.

Attractive interaction leads to superconductivity: Solve flow

V.(0)
Vi(l) = 179
A N AON (172)
diverges at I, = 47/VL(0) or
Ay, = Aeb = 6*47T/|VL(0)|£TCBCS (173)

Comment: Similar in spirit to Kondo temperature Tk which we derived from run-away flow of marginal
coupling. But here: Phase transition with broken U(1) symmetry.

Repulsive interaction: It the Fermi liquid stable? Not in general, irrelevant couplings can generate some
Vi, < 0 which then run away.

Consistent with Kohn-Luttinger Theorem: Every Fermi liquid with e, = e_y is unstable towards super-
conductivity at sufficiently small temperatures.
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(a) (b)
P2 —P2
p' r' N2 j z
a) P> b) jP c) /p
P1 —P1

become marginal. (b) One-loop renormalization of marginal interaction.

5.7 Exercises
5.7.1 Real-space RG for disordered Heisenberg chain

This exercise applies the real-space RG to a disordered spin-1/2 Heisenberg chain with antiferromagnetic
couplings J; > 0 chosen randomly from a (normalized) probability distribution P(.J) for each site i:

H = > JiSi-Sit. (174)

1) Decimation scheme: Assume strong disorder, meaning a wide distribution P(J). Assume J, = Q to be the
largest coupling in the whole chain, with the neighboring couplings likely satisfying J,+1 < 2. Diagonalize
the isolated strongest-bond subsystem H, = J,S, - Sp+1, assume it to be in its ground-state (singlet) and
compute the resulting effective coupling between the two neighboring spins, in lowest non-trivial (second)
order perturbation theory. You should find again a Heisenberg term, JS{ Jin 4+25n-1 " Spyo, with

ef f _ Jn—1Jnt1
It gy = Dot det (175)

which is much smaller than J,11. After the decimation step, we have retained again a Heisenberg chain where
the largest bond is now what used to be the second-largest in the initial chain. Assuming that this scheme
could be continued, draw a schematic of the ground state spin configuration of the physical chain where singlet
bonds are indicated by a line. It is called a random-singlet state.

2) Iteration: Instead of the RG flow of a few coupling constants, we are now seeking to describe the flow of the
full distribution Pqo(J). To facilitate the math, introduce

G =In(Q/J;) € [0,00), (176)
neglect the factor 2 in Eq. (175) and define the RG flow parameter to be
T = 1n(Q0/9Q) (177)

where €) is the largest bond at the respective RG step and €2y is the largest bond of the initial chain. By
eliminating the strongest bonds J,,, within Q — dQ < J,,, < Q, show that the flow equation for Pr(¢) takes the

form
oPr(¢) — 0Pr(¢

) a<>+pp<o> o [ar@m@c-a-¢) (178)

which conserves the total probability.

3) Solve the flow equation (178)) by rewriting it for the distribution function Q(z) of the quantity x = (/T
You should find

9Q(x)

0= (z+1) pe

+ Q@) +Q0) / day / A, Q(2) Q)5 (3 — 31 — ) (179)
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Solve this equation for @Q(x) by guessing the simple function that retains its form under convolution, the
exponential, Q(x) = e~*. Show that it corresponds to

1-1/1(Q)
Po(J) = — > <¥> . (180)

Define the typical J at RG-time I' as the J that corresponds to the mean of ¢. Show that Ji, = 02/Qq
and argue why our initial strong disorder assumption is better and better fulfilled as we iterate the flow. It
turns out that our solution (180|) represents a stable fixed point which is globally attractive and thus universal,
i.e. all initial distributions approach it as I" grows. It is called infinite-randomness fixed point.

4) Physical properties: Show that the density of surviving spins (not locked up in a singlet) as a function of

energy scale  (or I, respectively) is
n = ng/T? (181)

where ng is the initial spin density. From this, argue that:

e The excitation energy of singlets of length L is Jp ~ e~VEL, (This “infinite-randomness” scaling is in
strong contrast to the usual quantum-critical scaling £ ~ L™?.)

no

T2 (Q0/T) You will have to use

o The magnetic susceptibility as a function of temperature T is x(7) ~

the susceptibility of a free spin, x ~ 1/T.

5.7.2 Irrelevant couplings

This exercise will discuss the effect of irrelevant couplings on physical observables.
1. Consider the RG flow equations for one relevant and one irrelevant coupling,

Ou = yyu + A(u,v)
O = yyv + B(u,v)

where y,, = 1 > 0 and y, = —1 < 0 and argue that for small |ul, |v|, the functions A, B have the following
expansions:

A(u,v) = aru® + aguv + azv® + ...

B(u,v) = biu? + byuv + bgv® + ...

In the u — v plane, plot the flow (u;,v;) parameterized by [ € [0, 2] starting from the points (0.2,0) and
(0.2,0.3). Use A(u,v) = —uv and B(u,v) = —u? and a computer (e.g. MATHEMATICA’S NDSolve) to
solve this task. Show numerically that for large enough I, the flow for the initial couplings (0.2,0.3) can
be reproduced by the flow starting from an initial point (ug,0) and give the approximate value of .
This means the effect of a non-zero irrelevant coupling can be absorbed into a redefinition of the initial
relevant coupling and we don’t need to consider the irrelevant couplings in a scaling equation like Eq. .

2. The conclusion above does not hold if the scaling functions exhibit a singular dependence on an irrelevant
coupling v so that it cannot be set to zero. This is called a dangerously irrelevant coupling. A famous
example where this happens is the ¢*-theory for D > 4, see Eq. . As a preparation, consider the
Gaussian action without interaction term:

Ao
Sao [p] = —how(k = 0) + ;/k [7“0 + Cok'ﬂ o(—=k)p(k) (182)

(a) Integrate out the fields for Ag/b < k < A¢ (which just adds a field independent term that we don’t
consider) and re-scale momenta and fields keeping ¢( fixed to derive the RG relations r' = b¥try and
h =b¥hy with y; =2 and y, = 1+ D/2.
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(b) Add an interaction term

Ao
Sint [g] = 0 /k (2m)P8 (K + .+ ka) p(kr) o (ko) ok o k) (183)

|
4l 1,2,3,4

disregard the terms generated by momentum shell integration (they will be considered in Sec.
and do the above rescaling step, you should find y, = 4 — D so that the interaction u becomes
irrelevant for D > 4. [Careful: in the toy model of part (1.) above, the irrelevant coupling was
called v.] In the following, consider the case D > 4.

(c) Using the standard scaling ansatz for the free energy fsing(t, h) without irrelevant fields, determine
the critical exponent j.

(d) As S in (c) does not agree with the result of the Gaussian approximation, § = 1/2 (derived without
RG) we need to modify the scaling ansatz including the irrelevant coupling uw. Argue that the
magnetization has the scaling form

m (t, h,u) = b Pm (bYet, b h, b¥u) (184)
set h = 0 and derive the scaling relation
m (£,0,1) = [t~ W=D v (41,0, [t 77/ ). (185)

According to Landau theory, a finite u is needed to get a spontaneous magnetization at h = 0 and
we cannot set the last argument to zero. Show that Landau theory predicts m(—1,0,u) o u1/?
and use this to derive § = 1/2.

5.7.3 Fixed points

Consider a system with three coupling constants (r, g1 > 0 and g2), which obey the following set of RG flow
equations

Or = 2r—24r(g1 + go) (186)
dg1 = (4—D)g1 —8(n+8)g} — 48192 (187)
diga = (4— D)g2 — 7295 — 969192 (188)

where n € N is some parameter and D is the spatial dimension of the system.

1. Determine the set of RG fixed points (hint: there are four of them). Consider the trivial fixed point
r = g1 = g2 = 0. Below which dimension D do the couplings ¢g; and g2 become relevant perturbations to
the trivial fixed point?

2. Set e =4 —D > 0 to be small (¢ < 1), linearise the RG flow equations around each fixed point and
determine the corresponding RG eigenvalues, left eigenvectors and the scaling variables. Which of the
fixed points have only one relevant perturbation (=critical fixed points)? These can control the critical
properties of a continuous phase transition. Discuss the cases n > 4 and n < 4 separately.

3. Set r = 0 and sketch the flow diagrams in the (g1 > 0, g2) half-plane for the n > 4 and n < 4 case. For
concreteness, take n = 5 and n = 3, respectively.

4. Consider the n > 4 case and determine the correlation length exponent v up to order O(¢) at the critical
fixed point.
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5.7.4 One-loop flow equations for the O(N)-symmetric p*-theory

Consider the generalized @*-theory for an N-component vector field, (k) = (p1(k), pa(k), ..., on(k)) for
k € R? with the action

1 [ho 2 a 2, Uo Y 2 2
Stel =5 [ o+etl Y @+ 5 [ Y e (189)

2 i=1 ij=1

1. Show that the action is invariant under O(N) rotations, p; — Z;V:l M;jp; where M is an orthogonal
N x N matrix.

2. Fourier transform the interaction term to momentum space and perform the RG step in analogy to the
N =1 case of the lecture. Show that the flow equations for the dimensionless couplings 7, u take the
form

(N +8)u?

6(1+7)> (190)

o = (4— D)ﬂ—
——

Hint: Coming from the N = 1 case, when generalizing to N > 1, you only need to worry about combi-
natorial factors. They can be tracked by using Feynman diagrams with a vertex j > —— < i which carry
indices of the fields. Internal loops representing integrals over larger fields with flavor indices that are not
fizxed by outer (smaller) fields lead to a factor of N.

3. Repeat the epsilon-expansion analysis for the non-trivial fixed point appearing for D < 4 and find the
critical exponents to first order in €. Set D = 3 and N = 3 find an approximation for v of the three-
dimensional Heisenberg universality class governing magnetic phase transitions in classical spin systems.
The exact value is v = 0.71.

5.7.5 Kondo impurity in gapless fermionic system

The Kondo impurity described by the Hamiltonian in Eq. (147) can be studied in the case where the density
of states (DOS) as a function of energy is not just a constant (1) as in the lecture but given by a power law,
v [C|E]" :|E| <D

v(F) = 0 (FE — = - 191

()= 3258 -6 {0 g (191)

with » > 0.

What r corresponds to the case of two-dimensional graphene with & = +hv|k|? Here, £+ correspond to
conduction and valence band of a single spin-polarized Dirac node.

For the isotropic case J| = J, = J, generalize the poor man’s scaling approach from the lecture to find the flow
equation for .J; . Combine this with v; = v(De™!) to obtain the flow equation for the dimensionless parameter
Jiv;. Draw the RG flow diagram for J > 0 and discuss the changes to the » = 0 case discussed in the lecture.

5.7.6 RG approach for the Sine-Gordon model

The Sine-Gordon-Model is a well-known model of mathematical physics with applications from high-energy
physics, non-linear physics to condensed matter physics (Josephson junction arrays, disordered quantum wires
with electron interactions, ...). We here perform the RG analysis for the Sine-Gordon action:

Slg] = /O r /0 " i ( 2;;u¢v2¢ + (erg)? cos(\/§¢)) , (192)

where ¢(z, 7) is a real dimensionless bosonic field; V? = u292+92 with u being a velocity; ¢ is the UV scale in the
real space; K > 0 is a dimensionless parameter which reflects compressibility of the underlying quantum liquid
and g > 0 is the interaction. We will study an infinite sample at zero temperature: L — oo; = 1/T — oo.

46



1. Re-scale x such that we get an isotropic derivative, V2 = 92 + 92. Rewrite the action Eq. (192) in
Fourier-space. Impose a sharp UV-cutoff A on the (1+1)-momentum k.

2. In order to renormalize g, split the field ¢ into a “smaller” part ¢< with |k| < A(l) = Ae~! and the
remaining “larger” part ¢~. Expand the mixing term to order O(g), integrate out the fast modes, and
do the re-scaling step. You should obtain the flow equation

Ag(l) = 29(1) [1 — K(1)] . (193)
Hint: You should use the identity cosy = (e™®¥ + e~%)/2 and the complex Gaussian integral

N
detA

/ I d [Redi] d [Tméy] exp | =67 [Al;; &5 + by + 6fei| = ———exp [b: Enp } : (194)

J

3. Renormalization of K is given by terms of order O(g?) which you don’t have to compute. You can use
K" = g*K(I)C, (195)

where C' > 0 is a constant. Sketch and analyze the RG flow diagram in the K > 0,g > 0 plane. Where
are the stable and unstable fixed points (fixed lines)? For g > 0, what is the condition for the initial
parameters (g, K) to avoid a run-away flow? Hint: Find an invariant of the flow equation.
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6 Functional RG

Goals:

e implement RG idea in a formally exact way, on the level of imaginary time correlation functions
o functional RG (fRG) keeps track of momentum- and frequency-dependence

o get quantitative results beyond critical exponents and ”~” sign, but requires (super-)computers

6.1 Functional methods

Partition function and conventions

e Assume partition function Z can be written as unconstrained functional integral.

z- / D [®] exp|—(So [®] + S1 [@])] (196)
(@]

e Treat classical and quantum systems, fermionic and bosonic particles in one formalism: Superfield & =
(Poys Pay, --.) With (anti-)commutation properties encoded by ®q, Pp, = (Pp, oy -

o Gaussian part in (anti-)symmetrized notation:

So [®] = —;///CDQ [Ggl]w, D, = —% (2,Gq'0) (197)

Product is defined as (®, ¥) = [ ®,¥,. Statistics is encoded in ¢ = £1 for bosons/fermions. We assume
properly (anti-)symmetrized Gy, i.e. in each sector

(Go =G{ (198)

(jSD = fw fk)

(2

o Examples: (recall BLV Yok — [ %ﬁ J

1. Classical p*-theory: {®o} = {ok}, (=1, [, — [,

1
So ] = 2/k [To + Cokz] PkP+k (199)

leads to
(s = —(2m)P8P (k4 K) [0 + cok?] (200)

2. Spinless fermions: Need two types of fields, {®,} — {%’w,k, &iw’k}, ¢ = —1, abbreviate K = (iw, k),
fw fk = fK _
Now a = (¢, K) or (¢, K). B
Recall that Fourier-transform of (independent!) Grassmann fields 1) and 1) are oppositely defined:
P(kw) = féB dr [ drp(rr)e R ) (kw) = foﬁ dr [ drip(rr)etikr—ior,

so[ov] = [ Gy (Kyin

iw—fk

1 ~ 1
T ACHD ( o) o ) ( e )

1 . : a0 G E) ) (e
= —Q/K,K,(%,w)<2w>D+16<w—w>5D<k‘k)(G—1<K> K )(1;;)
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Green functions and generating functionals

o Disconnected n-point Greens functions: (Mind the index-ordering!)

o [D[®]e 5D, .0

Ottty f'D[(I)] e—S[® = <(I> P > (201)

e Sourcefield trick: Want to write generating functional

"G [J]
(O N i B 202
Gal‘..an 5T .6 ’J—O ( 0 )
This is achieved by introducing sourcefields J:
D [®] e~ SI2I+(J,2)
_ JD[?]e (203)
[
Remarks:
- GlJ=0]=1.
— Sources J are of same type as ® and are mutually (anti-)commuting, (J, ®) commute with all other
terms in S.
- Ggﬁ)an are fully (anti-)symmetric under index exchange.
The G,(ﬁ)__,”” can be seen as the expansion coefficients of G [J] (now the index-ordering matches!)
o 1 "
J} = Z m/ Ggyl)...anjm o, (204)
n=0 """ Jai..an

Connected Greens functions do not contain disconnected contributions when Wick theorem is applied to
them.

Define connected generating functional [in G [J] replace denominator by Zy and put natural logarithm in
front - Proof: Linked-cluster theorem)]

=z [ D[@] e S@1+() o :
G.[J] = In (Zog[JD ( fD p— :Zn!/al G oyl (205)

n=0
5"G. [J]
(n) Bl O
Gear.an 5Jan...5Jal“]’o

Example: Relation between connected and disconnected GFs

Z
0) _ =
G, In (Zo)

Gl = GU)=(%a)
Gg?gqaz = Ggl)az G(I)G( ) <®a2 (ba2> - <q)al> <(I)Oll>

The first line is equivalent to the interaction correction to the free energy (up to factor T').

(n)

Graphical representation Gea,. a,: Empty circle with arrow pointing to ai-leg, use abbreviated “line”
notation for 2-point function.
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Gg,zg)éloég - - — * = —G—a2a1

Figure 13: Graphical representation of the connected Green function (left) and its two-point version also called
the propagator (right).
G.[J] for Gaussian theory

o Can find G, [J] explicitly for Gaussian theory (S; = 0):

[D[®] o3 (2.Gy @) +(J,@)
J D @] S0l

(Gocl7] _ (206)

In numerator, shift ® = ® — G{'J,

1 1
-5 (@, G51q>) +(®) = -3 (<1>’ ~GlJ Gyt [qﬂ - GOTJD + (J, 3 — GgJ)
clean up and use (Gg\I/,CI)) = (¥, Go®P) and Gg = (Gg. The term o ® cancels with denominator.
Comparing the exponents:

1 N _ 1
Goc 7] = —3 (7.G§J) = - /a /a [Golog T o (207)
so that
2 82Goe [J] @07)
G(()C?a/a — <(pa(bo¢/>0 — WL]:O - — [GD]O[O/ (208)

55 5
[5,] © 5,1} = 0 Tad T (209)

so that from above 5 5
Gy =— (M & M) Goe [J] ’J:() (210)

Propagator and self-energy

. G?{la, is called the propagator or sometimes simply “Green function” of the theory.

Other names: Dressed or full propagator.

o In analogy with the last equation, but for general (not necessarily Gaussian) theory, define

G=—(55®55) 0l (211)

and we read off (see right part of Fig.

G? = (D,B,) = —Gua (212)

c,ax
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Figure 14: Graphical representation of the Dyson equation.

o The self-energy defined as difference between Greens function and Gaussian Greens function,

G'=G;'-%

and it follows Dyson’s equation:

G = Go+GpXGo+ GGGy + ...
= Gg+ GG

With Gg represented by a thin line, we have the graphical representation in Fig.

Alternative representation of G.[J] (without [D[®]...)

e We use

5 n
n (o) _ (_ % (J,®)
(Po)" e <5Ja> e

to write

o~ SiOH(12) _ ~Si[&]+(®)

o Use this in definition of G, [J], Eq. (205]), and pull out S; [51} from the integral

J) — / D[P] efs[q>]+(‘],q>) —51[&] [D[®]e —So[®]+(J.®)
[ D[@e-Solel [ D[] e 50

Use Eq. (207) to conclude:

= e_Sl[éi] Goc[J]

eIelll — ¢=S1[57]-3(/G V)

Amputated connected Green function

+ Motivation: Later, want to start fRG-flow from G{=> = 0, but from (218) have then

G.(Gp=0)=0

(213)

(214)

(215)

(216)

(217)

(218)

(219)

« Amputate Go from connected Green functions (difference to G.[J]: now the sources read ® instead of .J

and only appear in Sj):

_ [D[® o~ S0[®] =51 [0+] >~ q . - -
gac [(pjl = ( ZO g ; /alman GEZC,)OQ...&" @al"'(pan

. ey
Coroon = m\é:o

51

(220)
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Fﬁl/3253§

(4)

I
B1B283B4
/

Figure 15: Tree expansion for the three- and four-point connected Green functions.

« Relation between Gue [é] and G, [J]: Use shift of variable in Eq. (220), ® = & + @,

G.. [8] = 6. |- (aF) @] + 5 (2.69) (222)
Remarks:

— Amputation effect obvious from first term.

— Due to the last term, for a free theory Go.[J] = —% (J, GgJ) we have G,. = 0.

o Alternative representation of G [{T?] (similar derivation to the case for G, [@})
Gac[®]  — o—3(55:G0 55) o= 51[2] (223)

One-line irreducible vertices I'™ and tree expansion

e Motivation: Connected correlation functions can be sub-divided into “essential” blocks connected by
propagators.
Example: Dyson equation (214 for G where essential block ¥ was called self-energy.

o Anticipate similar structure for Gg") for n > 2.

Define irreducible vertex F&T&z,.,am (filled circle) as the part of the diagrams for ng) (n > m) which

cannot be separated by cutting a propagator line G,(;Q).
The irreducible vertex can be understood as the true interaction between particles.

This leads to the tree-expansion. Tree diagrams are diagrams without loops.

e Final goal: Write fRG flow equations on the basis of F,(ﬁ)a%an — I‘&nl)a/;an

e Next goal: Find expression for generating functional T’ [i)] for ng)agman such that

5T |® & -
re = <5<T>(,”[(5<31m|¢:0 & T3] :;ﬂ;/alm% r®™ e, .9, (224)
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e Reminder: Legendre-transformation f* of convex function f(z) with f” > 0:
f*(p) =p-hp) — f (h(p)) (225)
p=f'(h()) (226)

and it follows (f*)'(p) = h(p) = (f')~(p), i.e. the derivatives of f and f* are inverse to each other. To
find f*(p) graphically, draw f(z) and the linear function pzx, find the point x = h where the tangent to
f has the same slope and call the distance between the curves at that point f*(p).

/() P

f*(p) =p-h(p) — f(h(p))

h(p) p = f'(h(p))

o Legendre transform in thermodynamics (different sign-convention):
Relate internal energy U which depends on entropy S, volume V', particle number N (extensive variables)

U=U(S,V,N) (227)
dU =TdS — pdV + pdN (228)

to free energy F which depends on temperature T' (intensive variable, “slope” of U with respect to S)
F=-TS+U (229)
dF = -TdS — SdI' 4+ dU = —SdT" — pdV + pdN (230)

Need to replace all S in F' by inverting T'= dU(S,V, N)/dS.

o Claim: T’ [@} is the functional Legendre transform of G, [J]:

rje| = (J®,9) 3. |J[®]] - S |2] (231)
Eﬁ[é}

= G [J]

o, = 5. (232)

Remarks:

— Contribution Sy [@} ~ @2 in Eq. (231) is a convenience convention that “shifts” only 1“2?1)&2.

— In Eq. (231), replace all sources J by the inverted relation Eq. (232)). Note that ®, = (®,) |; with
non-vanishing sources.

— From now on, assume there is no spontaneous symmetry breaking, i.e. as J — 0 one has D, =
(®4) |70 = 0. This can be lifted, using ® = §® + ®°, see [Kopietz).

Three preparations for tree expansion: Relate 5% e %.
1. Express J in terms of ®: We have
oL |D|  6(J.®) G []] 5T - 8.Jo 0G| J
Bt i () [
0P, 0P, 0P, o 0Py 0Jy
——
B,
or -
oL [a]
Jo = Co——= (234)
0P,



2. Chain-rule: Applying the chain-rule and using (1.), we get

5_/ {Ua'} J <L>/ L [q’]g 0 (235)
5(i)a_ of 5'i)oz 0J o B o 5(i)a(5<i>a/ ¢ 0y
or, in compact notation with Z,, = dqa/Ca,
) [ & ) = 0
—=||l—=® =|L|P| |Z— 236
50 <_5<1>®5<1>} H) 57 (236)
3. Use chain rule for 5= n o= Q(S}J] (Eq. [232):
@5 Y (emle )z (G esmlew)
= 0 = = (|=—=|LI|®|Z||—=® —|G.[J 237
50 50 oJ 5 © 55 £ 19 572579l (237)
or, isolating the J from the ® terms:
0 0 ) 0 N\t
572 53] 91~ 2[5 2 5] < %) 39

Tree expansion

o In identity (238) above, expand both sides in powers of J, and compare coefficients. For the r.h.s. we

6QC[J}

first expand in powers of ®, and then use ® = to expand in powers of J,.

e Self energy 1% Use

ax 5 5

(55 @ 57 ) Gl 1m0 = ~Gaw =G, (259)

and get (J — 0 yields ® — 0)

e[ e[ o 4101 S D[ o 4] Bt

(240)
and further, using the definition of the self-energy ¥ = G gL
0 4] =1, ]! 717! _ T
[5<1>®5<1>]FM oo =— |G +|G] =% (241)
and taking matrix elements
F((121)OZ2 = [2]01()52 (242)
e General case I'™ for m > 2: Define
_ 5§ 6 1\ § 9 . T X1 -
U|® —@—=|T[®|) —(|=9—=|T|®|ls =) — ret2) 1o, .o, (243
[ } (Ls@ @ 5<1>} [ ]) <[5<1> @ 6@] { ] |‘”> ;n‘ /al...an [ ] (243)
by
with definition of the matrix in superlabel space [I‘gﬁ“gn} = F(n+jz ., lepresenting the effective

interactions for n > 0. Note that U {@ = O} =0. Use L=T45) to get

Jotrfa)= e tr(e]- [l =uT o)+ 57 (6] =T (8] - [67] om)
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o In order to connect to Eq. (238]), we need to expand the inverse of the above

<£J © cf]) GelJl =2 (6(; 5(<SI>£ [ Dl B ZUT [(T)} i GT]!

1 > = v
= -ZG" = =-GY |u'|e|G"
1-UT [CD] GT VZ:O [ [ ] }
« Expand left (in J’s) and right (in ®’s). Use definitions [G((;nof)an} L= ngoj;?’)alan (for lhs) and

[F(”+2) } = r2 (for expansion of U [@} rhs). Take the transpose of the matrix structure.
[e7e3

A1...0n a' d1...0n

Z::n‘/al /Gcna?an oy = —ZZ an n'/ﬂ1 /61 // (245)

r=0n1=1 ny ny

X

(nu+2) (n1+2) = = = =
G(rgy Bzu)...G<rB%{ﬂ}Ll)Gz%%...@% By By

XV

« For final comparison of J-coefficients, we still need to trade ® for J:

_ 0G. [J G+
s = 6‘]3 Z n! / cﬁal.,.an Jai - Jay, (246)

on the rhs and compare terms with the same powers of sources J, on both sides.

e Symmetrization:

— Assume that GE?CZI,.,% (on lhs) and Fg?an are symmetrized with respect to label exchange. Need
to symmetrize rhs.

— Symmetrization operator S:
Consider function F,, ., of n superlabels aq..cu,, |, 41.-Qny 40y |Qny 4ngt1.meee-Qip,y grouped into v
groups, ni + ng... +n, = n such that Fy,, 4, is already properly symmetrized for exchange of labels
inside groups.
We get a fully symmetric function from

Sttty in—my 41.0-0m, (Foy.an) = B Z sgnf Fopayapm — n!/(nq!...n,!) distinct terms
1l PeSy
(247)

with

Dy .. Py, = sgng (P) (i)apu)---(i)ap(n)- (248)
Example:
If Fy 0, is not yet symmetrized, we have v = 2 blocks with n1 2 = 1 and Sa;.a0 (Fayas) = Faras +
sgie Fosar -

If Fjy,q, is already symmetrized, we have v = 1 block with n; = 2 and then Su,ay (Fayas) = Fayas-

e Full expression for ngo#)an including S: Ex. (6.5.2]).

Examples
e Casen =1 (GE?’)): Only v = 1, n; = 1: Need on rhs <f>511 = G(nﬁtl) Joy . and no symmetrization
required
B3 - _ 3) (2
G, = G- I‘B1 -G ZG’cﬂla1

Ch

- -, G- F(ﬁ) G-Z[-Ga, 3]
1
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or, using G, — G, on the left-hand side:

3
G®) - / [G : FE&) .G-Z s G, 5,

c, i3]
1

3
- Gazﬁ2r(ﬁg)ﬁ3ﬁ1 Ggya3Lazas Galﬁl

B1,2,3

3
= GazﬂQF(ﬁg)ﬂ3ﬂl Gay8,Garpy

B1,2,3

Re-label indices on the lhs and some integration variables:

3 _ (3)
ch)tlcma?, - / {G}alﬂl [G]a252 [G]O@BB Fﬂlﬁzﬁs (249)
B1,82,83

o Case n = 2 (G£4)), assume that I'®) = 0 (i.e. fermionic theory): Take v = 1, n; = 2, and iﬂ% =
fal a? Joy s ) gy = faz Gf;%(h Ja,. Need symmetrization on rhs and drop superscript on 3:

C7ﬁ11a1
1
4 _ (4) (2) (2)
G‘(%C)Ua? D) /,31 , Grﬂlﬂ2G ’ ZS&UQ? [GC,ﬁlalGC,ﬁbaJ (250)
and we insert the matrix structure
1
4 _ 4) (2) (2) (2) (2)
G£1g3a4a1a2 D) /B1 , [G]agﬁzs F63ﬁ46152 [G]a464 [Gc,ﬂlch,sz + CGc,BszCﬂzal} (251)

We can treat the last term in the bracket by re-labeling 8; <+ B2 and then changing the order of these

terms in T back (factor ¢, (2 = 1). We finish with replacing G(?)

o = —Gap and some (-independent
index shuffles

«

4 _ 4)
vao)fla2043044 - _/ﬁ [G]alﬁl [G]OézﬁQ [G]asﬂs [G]a454 Fﬁl/32/33/34‘ (252)
1,2,3,4

This reproduces the term with the blue circle in Fig. The general case for G((;4) including the three-
point vertices T'®) is treated in Ex. m

6.2 Exact fRG flow equations for generating functionals
Cutoff procedure

e Idea: Modify the Gaussian propagator:
GO — G07A
1 _
So [@] — Soal[®] = —5 (‘1), [Goa ! q>>

e Requirements:
For vanishing cutoff (A = 0), we recover the original theory.
For infinite cutoff, particles do not 'move’ and all generating functional are simply known.

G A
GO,A:{ 0 (A=0)

0 (A—o0) (253)

o Strategy / workflow:
— Derive exact hierarchy of differential equations for generating functionals G [J] etc. when A is varied
(fRG flow equations).
— Find initial conditions for generating functionals at A = oo
— Close or truncate the hierarchy of flow equations and solve them (numerically).

— Extract physical results at A =0
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LU,

Figure 16: (a) Multiplicative cutoff in momentum space. (b) Sketch of a reservoir cutoff which is diagonal in
real space.

Cutoff types and examples
o Multiplicative cutoff: Gg s = @rGo with Oy—p =1 and Op_,, = 0.
o Additive cutoff (regulator): G&}\ = Gy — Ry with [Ry—g| = 0 and |Rp—s| = 0.
o Examples:

— For Gy diagonal in momentum, can chose ®, = 0. (|k| — A) which is a step function broadened
on a scale e. As A lowers, this switches on smaller and smaller momentum modes iteratively, see

Fig. [16|a).
— For quantum systems, cutoff can switch off small Matsubara frequencies: @5 = 0 (|iwy,| — A). This
works also for Gg that are not momentum diagonal.

— Reservoir cutoff: Ry = iA, Ggp = m, couples a virtual reservoir to the system which
’ - n

is removed as A — 0. See Fig. [L6|(b).
— If Gg involves several field-types, one can chose different cutoffs for fermions and bosons.

— Non-RG type cutoffs: @, = e, effectively switches on interaction strength.
One can also design cutoffs that let the chemical potential or the temperature flow. The benefit is
that each point along the flow corresponds to a physical system.

o Morris-Lemma: If we work with sharp cutoffs, we encounter the ambiguous expression 0 (z) f (0 (x)).
This is to be interpreted as:

1
$@) 0@ =b(a) [ s (254)
Proof: We regularize 6 (x) and 0 (x) by their smooth counterparts 0,6 (x) = d. (x).

5(2) f(6@) — limd. (2)f (O (2))

o [dO-(x)] 4 @
- ?ﬁ%[ dx ]d&e(x)/o 41 ()

d 95(1)
— lim > / dt f (1)
dz Jo

d 0:(x)

Application: § (z) 6 (z) = & (z) & which amounts to setting 6 (z = 0) = 1/2.
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Flow of G, [J] (disconnected Green functions)

e The cutoff dependence of all generating functionals arises only from G 4.

o A-dependence of generating functional for disconnected Green functions G:
1
= — [ DI[®] e S0al®]=51[®]+(]®)
G 7] EN / (@] e

Zy = /D[‘I)] e~ 50.A[2]=51[%]

We differentiate with respect to A:

= (37 [0aGo ] 55)

=5 (5 [rc] 55 ) 4 11 - @ulnza) 61 1)

and finally obtain

OAGn 7] = ST { nGad] (5 5 gA)T} — (OaInZ,)Ga 1]

Flow of G, [J] (connected Green functions)

e Use definition

g Jl = —=¢ c,A[ ]’
A [J] Z,

take dp on both sides,

2 Z,
()‘\g;‘\ = ZL’AegC’A[J] |:6Agc,A + 8A11’l ( ZO’A):|
A A

 Solve for 95G. a:

2
OnGen = (0000 ')Z

e*gc,A[‘]} Opln (ZO A)
0,A

Zp

and re-express all G, [J] in Eq. - 255) by G a [J]: After a straightforward calculation, we obtain

5gc A

(255)

(256)

(257)

(258)

1 7 0Ge A 1 1T /5 5
OnGea ] = 5 < S, EXery = ) + 5T { EXery <5J ® MQC,A>} —oaln (Zo4)  (259)

o We saw earlier from Eq. that G A—voo [J] = 0.

This is not convenient, since this initial condition does not contain any information about the system.
All physical information has to be generated along the flow. It is better to have an initial condition that

corresponds to simple and sensible physical limit.

Flow of G,z [i)] (amputated connected Green functions) - Polchinski Equation

o Initial condition: Recall Eq. (223)),

and find

(260)

(261)



o Flow equation follows from differentiating Eq. (260)):

egac 8Ag(zc — 6A€gac
N AR R
2 5(1)’ 0,A 5

1 5gacA 5gaCA 1 ) 5
— gac,A _ 'c T c, L 9 T 9
e { 5 ( 53 [8AGO,A} 50 ) 7 <5<I>7 [(%GQA} 5@) gac’A}

o We find the Polchinski Equation, (Polchinski, 1984):

1 (0G4 0Gac 1 5 ) T
aAgac,A = _5 < 5(3A7 {aAGg:A} 6&)7A> - §TI' ({aAG%jA} (5&) & (S(i)gac,A> ) (262)

o Problem: For sharp cutoffs, the first term contains d-function that is not integrated over (no loops!).

Flow of T [i)] (irreducible vertices) - Wetterich Equation

o Augment definition of ' [tf’} with A:

Oa (2] = (2 [2] )~ Goa [0 [3]] + 5 (2. [Gon] ' @) (263)
& — 0Gen ]
0J

Note that now, the Jy [i)} are also A-dependent.

e Simple initial conditions:

lim Ty [@] = — lim Gyen [é] _- [i»] (264)
A—oo A—oo
Proof: Start from relation between G, and G,., Eq.
gac,A [(i)] = gc,/\[_ (G(j)jA>_1 é] + % (év Go_,}\(i)) (265)
—_———
EJ[@}

To connect the rhs to I', we prepare for the use of the Legendre transform with respect to the J {‘i)]:

P ] 5gc,A [J]
/g 0J, W
= _/‘; {Gz_\} ;,,5(%% (gac,A {‘i’} — % ((i)’ (GO,A)_I i)))
¢ = —Go AW + d

On the right hand side of Eq. (265)), we apply the Legendre transform G, [J {@’H = (J [(I)’} ,<I>’) —
Ly [#] 4 3 (. (Gon ) :

_ _ _ 1/ = 1/= 1=
Goe [8] = (2.9) =T [#] + 5 (¥, GoAd) +  (8,G;42)
and insert the prepared ® to express the right-hand side in ®. After a short calculation, we obtain

5gacA] 1 (5gacA T 5gacA>
77 _ 77 G 73
00 ] 2\ T T

Gac,A [‘i)} =TIy {‘P - Goa (266)

from which the claim follows as Alim Go,a = 0.
—00
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e The flow for I'y [i)} follows by taking dj of the defining equation (263|):

(8] = (0071 [8].5) <00 (G [0 [8])) (00 G0l 0
= (onin [2].2) — @an T ) 0G5 (800 [Gan] 1)
o

P

The first two terms cancel. For the third term we use the flow of the connected functional Eq. (259).

=1 1 /6Gea 1, ~_17 0% 1 R EAVA) 0
e [8] = (55 e T ) - gm {(one] (570 57904}
| B
+ 0aln (Z0,4) T35 (‘I’- IrGoa™" ‘I’>

and the brown terms cancel.

o We recall the relation between second functional derivatives of G, 5, L5 and I':

(jj o ngC,A) _ ((;fé LA [cp])‘l _ (;é o 2r, [4] - [GgA]l)‘l (267)

and find the Wetterich Equation (Wetterich, 1993)

onra 8] = 41 [ored] (2o ara 8] - [l ) b roun ()| o6y
L oAl

—0pARA

e The first term is sometimes more conveniently expressed with the regulator R,.

o Two strategies for solution of Wetterich equation:

)

1. Vertex expansion: Expand both sides in powers of fields ® and find flow equation for vertices PSZ.,,%
(— next Sec.
_ 12 _
2. Derivative expansion: Make ansatz I'p [@} = fr Ua (p) + O([V@} ) with p = ®2 a scalar. The

arbitrary functions Uy (p) fulfill flow equations dpUp (p) = f (A, U/(\,’""“)(p), 0, ) For more details,

see [Kopietz, Ch. 9.

6.3 Vertex expansion: Flow of '™

Qaj...0n

Preparations

o Preparation I: From the section on tree expansion, recall Eq. (243) and augment all quantities with
subscript A:

0 0 . S I o 11
5 ®5=Ta 0] - |634] =Uk[®] - [G]] (269)
_ 1 (n+2) = _
Uy [@} - Zln'/alan r{’ o, ..b (270)
Now, the Dyson equation is required to hold for each A:
[GAl™ = [Goa] " — 2 (271)
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b

i [, [icn|
A

Figure 17: Sketch of the single scale propagator for a multiplicative cutoff in momentum or Matsubara frequency.

e Preparation II:
1 _
ZoA = /D[CI)] e?% (G0l o 2T [Zn(=Go )] (272)

so that ! 4
Oaln (Z94) = 5 Tr ZGon (00Gyy )| = —5Tr GIA (901G )] (273)

o Substitute preparations in Eq. (268)) and get

oar 8] = L (pAGO—,H {(Ug @ -] ) GaA}> (o1

The term {...} can be written in a series expansion (drop A subscript)

(UT - |6"] _1)

1
+Gf = —(G"+G"UTGT +GTUTGTUTGT +..) + Gf
= —G'UT (1+GTUT +GTUTGTUT +..) G" - G' + G

. -1 S\ 1 1 1
{GIQG” =) } = GV —argr G - G grer GO
- 0

which we place back into Eq. (274)) to obtain

A N T [& T (&1 L ¢ T 1
OATy [@] = —5Tr | GaU} o] (1-Giul|a]) + GO,AzAW (275)
Yl(Grutfe])”
with the single-scale propagator,
. 1 1
G)r=-G G llGy E — —  [9,Gop] ———— 2
A A [3/\ O,A} AT T Goama [0AGo,A] = =xGon (276)
and its non-interacting version,
Goa = —Gon [04Gya] Goa = 0rGoa. (277)

For RG-type cutoffs the single-scale propagator has support only close to the (momentum-, frequency-)
scale A, see Fig.

61



Expansion of 05"y [ } in fields

o Expansion of Eq. (275)) in powers of fields: For lhs use,

aArA - n'/ AL o BaynBa,, (278)
aq...0m

for rhs use Eq. (270]).

e The field independent second term on the rhs yields
(0) 1 1
ry’ =—=-T -
Oy 27" <G°A 1—G[{A2T>

:—%Tr (GoAzA {1+G AEA‘f'G AZAG A2A+ D

1 .
=T ([1 +24Gop + ZAGoaZaGop + -] EAGMZ)

We finally pull the right 3, in the brackets and move the left out. The GO,AZ can be rotated to the
front. We are left with:

1 . 1
I VY /€TI0 o) Q— 279
oy =y (2603 g5 (279)
Interpretation: This yields the flow of the interaction-correction to the free energy F' = —T'log Z (up to
factor T'):
F—Fy=-Tlog(2/2) = TG = =T (~1”) = 70 - link to thermodynamics (280)

>1 e . o
E\nc—n ) .. The derivation is similar to tree expansion, but a bit simpler as now
) )

o Higher-order terms 9\I'
there are no J-sourcefields involved. We pick n of the ®-fields on both sides,

PR
aaAFATfal...an =
Il Onnat..+ T(n,+2) TpT(nu—142) 7T (n1+2)
n,ni Ny . Ny Ny—1 ni
o 52 Z nV‘nV 1!...”1 T (GAFA:anny+1~~an G Ayan ny—my,_1+1---Qn— nV:| |:G FA ;O] .. an1]>

v=1lniga,. . ,=1

EREE)

To (anti-)symmetrize the rhs, sum over all n! permutations of the labels aj...ci,, with correct sign. We
can also take the transpose in the trace (but don’t need to reverse the order due to S)

oo

1>
AL Aaq...am - _5 Z Z 5n,n1+...+nusa1...o¢n1;...;an_nu+1...o¢n

v=1lnyga . =

< Ty (ZG FE\RZCQL o anGAI\(TLu—l-'rQ) ...GAI‘("1+2) )

Ayanfnyfnl,,1+l--~an—ny Ayal-nanl

Example: Flow of vertices with even number of legs

e Assume all vertices with odd number of external legs vanish. For n = 1, this is clear as we assumed no
vacuum expectation values <<T>a> =0.

e Forn =2, have v =1and n; =2 (v =2 and n; 2 = 1 would involve F(3)) so that

AT =0, [y

A,aras

_ (4) _ Ly (4)
aijag —*TI' (ZGAFA alag) - _5 |:GA:| 6162 I‘A,,B1ﬁ2041042 (281)
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o For n =4 (effective interaction) we have either v =1 (n; =4) or v =2 (n] =2 = no)

1 ) .
NN - —ETr(ZGAI‘(G) +Sa1a2;a3a4{ZGAI‘(4) G, })

A,al.‘.a4 A,a1a2a3a4 A,OL30&4 A,ozlozg

and we do not consider the flow of the n = 6 vertex.
87 (8 . (8%
single-scale propagator: L‘ 2 = Galom full propagator: @92 - Ga1a2 = w

° - s B All quantities depend on A !
(skipped in diagrammatic notation)

aq (8
®
(03] (o7} — 1 « oy —lS e
2 21 2,304
@2 Q3 a2 Qg s @ Qo

6.4 Two examples:

flow of self energy: _ —

N~

flow of effective interaction:

4

3

fRG for p*-theory, vertex expansion, relation to Wilsonian RG, anomalous dimension 7

Goals:

e See vertex expansion at work for non-trivial classical mechanics field theory
e Recover RG flow equations found for coupling constants in Wilsonian momentum-shell RG
e Re-scaled vertices, truncation strategy based on relevance.

o Estimate anomalous dimension 1 from k-dependence of self-energy.

Preparations

e Only single type of bosonic field with momentum index, &, — i, ( = +1.

o Stay in the disordered phase, zero magnetic field — (px—o) = 0. For generalization to ordered phase, see
[Kopietz], Ch. 8.

o Recall action for p?-theory, assign Sp 1 in non-standard way:
1 2
Slel =5 |cok?] p(~K)p(K)
k

So ]

+ - | p(=k)pk) + uo/k , (2m)P6 (k1 + ko + ks + ka) (k1) (ko) (ks ) p(ka)

2 Ji 41

S1lel

Remark on non-standard choice for Sp 1:
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— reflects flexibility of fRG approach
— momentum independent self-energy flows starting from 7 (like in Wilsonian RG)
— would simplify calculation in the ordered phase (and keeps consistency with [Kopietz] book)

e Use multiplicative sharp cutoff in momentum space:
O(k—A)
Cok‘2

Note: Due to the cutoff k& < Ag implicit in the S[p|, we can start the flow at A = Ay.

Goa(k) =

e Dictionary for convention used in fRG flow equations:

[G(O,A)Lk, = —(2m)70 (k + k') G(0,4)(k) = — (¢rprer)

(G, = —@mP5 (k+K) Ga(k)

[Ealge = +2m)P6 (k + K) Zp (k)

Gy (k) = Go (k) + Sa(k)
Calk) = G&;(k)i Sa(k)  cok? +®é((]2 —AA))EA(k)

« Single scale propagator:
Ga(k) = —Galk) [0nGy A (k)| Gak)
_ Goa(k)
[1+ Goa(k)Ea(K)]?

{Go A=0aGopp = 0k — A)

cok? [1 4 2Ny, (10)]

fRG flow equations

(282)

(288)

o For vertices, in accordance with Eq. (283)), we take out a momentum-conserving delta-function out of

'™ and define
P s = 0P8 (4 o+ k) T (K, )
where I‘Exn) (ki, ..., ky) only really depends on n — 1 momenta.
e Recall the general fRG flow equations for vertices, we truncate I'(6) i1 5\0)
odd order since we restrict ourselves to the disordered phase.

1 - (4)
a [EA]alag - _5 /612 |:GA:| 5155 FA,,BLBQOQC%Q
4 1 . 4
0 FE\ Ll oy —§Tr (Sa1a2;a3a4 {ZGAFE\L@MG FS\ 2)41042})

e Insert preparations:

OASa(k) = + GA(k’) ¥ (K, -~k k, k)

6AFX1) (ki234) = /GA

(289)

= 0 and drop all vertices of

x {TW® (k, —k + Ky + Ko, ks, ks) Ga (—k + k; + ko) T (+k — k; — ko, —k, ki, ko)

+ (kg > kg) + (k2 > k4)}
and the factor of 1/2 has been canceled against the (kj <> k3), (k1 <> ka), (k12 <> k3 4) terms.

o Initial conditions (momentum independent): ¥, = r¢ and P5\40) = ug.
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Recovering Wilsonian momentum shell RG
o Assume coupling constants, i.e. momentum independence of 3 (k) . ra and F§\4) (k1234) . U
e Set momenta to zero at left-hand-side of fRG flow equations.

e From self-energy flow equation:

1 .
o = 5 [ Gr0TY (e 10,0
k

= UQA/kGA(k)

—5(k — A)
2
mm[1+9m MEA&ﬂ

Careful: Integrand

Ga(k) =

requires Morris’ lemma: We use fol dt[l + tz] =2 = e + 1l =4 = —x and find
: 5(k —A)
Gpalk) = ——7——"—
A( ) Cok2 + EA( )
Next, recall the definition of Kp: [, = D [dPk = Kp I EP=1. dk. We obtain:
0 = —— = k cdk—a—=—
ATA 2 (A cok? + S (k)
UA KDAD_l

2 o2 + A

e From 4-point vertex flow equation:

Orup = _3U?\/kGA(k)GA (k)

! [cok? + Ok — A)ry ]
1 2
Morris) = 33Kp [ kP sk —a) [ ae—tOF
A 3
0 [Cgk2 + tT‘A]
3 1
= “WiKp | dkkPYs(k —A)—————
2uA D/ ( )[COkQ +TA]2

3Kp u2AD-1
2 [COA2+TA]2

e We move to dimensionless quantities as before,

_ TA — K UA
TA = - D 5 i_n
COA-)’ 2A4 D’

and introduce [ as A = Age~! such that 0,f; = —Adj fa. Putting things together, we recover the same

flow equations as from Wilsonian momentum shell RG in Sec.
1
O =2 Z
A S
3 a

2[1+7)?

&, = (4 — D)y

e Back to fRG: Options to solve flow equations.

1. Treat full momentum dependence numerically: Expensive, vertex fl(4)
momenta. Symmetries, form-factors and other tricks can be applied — Master- & PhD-thesis.
2. Analytical approximations and further simplifications. — This lecture. Goal: Find 7.

Work with re-scaled flow equations to make strategy transparent.
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Re-scaled flow equations (preparation for 7)

o Idea: Make the vertices dimensionless functions of dimensionless momenta k = Aq. Use [ = In(Ag/A) as
flow parameter.

o Useful for analytic considerations, because canonical (engineering) dimensions at given fixed point can
be read off directly.

e Motivation: Substitute k = Aq and vertices in action,
1

Stel = 3 [ k] w1000 + 5 [ 2, Kol

1 n
T _% n!/kl (2m)P8 (ki + . + k) T (k) (Kt ) oK)

- % /qAD+2 [cod®| p(-aM)e(ar) +% /q APEp, (@A) p(—ad)p(ad)

1 —
+ Y [ e+ a) AP () pand)

n=46,.. " Jai,.n
and introduce new fields ¢’(q) such that the first term is 1/2 fq ?¢'(—q)¢'(q). This is of course pointless
if there is a contribution ¥, (qA) ~ q® + ..., so need to take this possibility into account via

0%\, (k)

APF2e, (1 + a(Cok,Q)Io><,0(—qA)<p(qA) = J(-a)¢'(a) (295)

=1/Z

Apply the replacements <,0(qA)AD/2+10(13/22_1/2 = ¢/(q) in the n-field term:

n— n n— n —n/2\—n n
ACDPTW (i A).p(qnlh) = APDP 20/ 22N D20 0 (q1) o () (296)
Introducing A (or ), the blue terms combine to the dimensionless flowing vertex (tilde notation):
~(n e (Z n/2 .
I‘l( ) (d1, -, An) = AD®/2-1) <Co> FS\ )(qlA, e, Qn ) (297)

and then the definition of Z; can be rewritten:

Z=1- [y (298)

e Remark: The definition of Z depends on the field theory in question, the chosen Gy o and the renormal-
ization scheme. For fermionic systems, Z is often related to iw-derivative of self-energy.

 Recall definition of anomalous dimension (c.f. scaling for correlation function, see Sec. [5.3))

1 0 [0a2A (k)]
=-0nZ = —-=02 = —-ANj—F——— k= 299
m 1Inz; 7,241 1 A(cok?) k=0 (299)
n = limn,
l—o0
« Introduce re-scaled propagators (scale as inverse I'?)):
~ co?
Gi(a) = ——Galk = Ag),
!
=z cn3 .
Gi(q) = — OZl Ga(k = Aq)

where the sign makes up for the sign in 0;f; = —A0x fa.
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o Flow for re-scaled two-point vertex: (product/chain rule, short calculation):

a<’< (2-m- >ﬂ”<>+rﬁun (300)

(2) A
B / Gl l( q,7qa _q) = _iaAEA(k) (301)

CoA

Note: Combining Eq. (301]) and (299)), we get
o1 (q)
m = (llg% g2 (302)
e Flow for re-scaled four-point vertex:

5zf§4) (d1,2,34) = <4 —D -2y — Z q; q,) (d1,2,34) + F( )(qu,g 4) (303)

f(4) (d1,2,3.4) /Gl (g +q1 +q2)
q

4) (4
X {Fl( (ar, a2, a4, —a — a1 — @) T (@ + a1 + a2, —a, a5, @) + (@2 < a3) + (a2 © q4)}
(304)

o Integral form of flow equations (check by differentiation):
= (2 ! = (2 : : (2
Fl( ) (q) = exp [2[ — / dr 777-] Fl(z)o <e_lq> -l—/ dt exp [275 - / dr 777-] Fl(f)t(e_tq) (305)
0 0 I—t

l
T (q123.4) = exp [(4 — D)l -2 / dr m] T2 (e an234) (306)
0

l !
+ / dt exp l(ﬁl — D)t — 2/ dr 777] Fl(4_)t(€_th2,3,4)
0 It

Truncation scheme based on relevance
o Idea: In flow equations for re-scaled vertices (300) and (303)), consider parantheses
aT® = (2 - —qoy)T (2)+1

o = (4 D -2 — Zqz qz> N

Up to the term 7, they contain the canonical (engineering) dimension of vertex at the Gaussian fixed
point. The remaining terms give loop-corrections.

. fl(2)—term: fl(2)(()) = 7y relevant with dimension 2, contribution ~ ¢? is marginal because qd,¢" = nq".
We have to keep it (c.f. Eq. [298):

I (q) =7+ (1 - 2) ¢ (307)

. fl(A‘)—terrn: f‘l(4) (0) = w;/Kp = @ has canonical dimension 4 — D, relevant in D < 4. Keep this term.
Finite-q parts are irrelevant for D > 3.

. Fl(ﬁ)—term: fl(ﬁ)(O) has canonical dimension (n — D[n/2 — 1])|p=¢ = 6 — 2D, irrelevant in D > 3, discard.

e Careful in D = 3: fl(6) and contributions f‘§4) ~ ¢ are marginal! Will become marginally irrelevant if
m ~ u? is considered.
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o Flow equations so far are like in momentum-shell RG but with #:

_ 1
9 _ Z 308
o = ( nl)rl+21+f (308)
3w
oy = (4—D —2m) 1y — = —— (309)
( ) 2(1+17m)

or” (a)
dq?

Flow of n; from 7, = hr%

e Goal: Close set of flow equations, find flow for Z;.

2)

¢ Momentum dependence of f‘l( generated by momentum dependence of f‘§4), see Eq. (300). This comes

from the Green function momentum dependence of the Glf‘l(4) (d1,2,3,4) flow equation (we keep fl(4) mo-
mentum independent on the rhs). We get

PO (qua54) = i} / Gi(a)Cr(a+ar +az) + (20 3) + (2 6 4))

=x:(a1+9z2)
The “bubble” x;(q) = f(7, ¢) can be found analytically in D = 3.
e Split the four-point vertex as
T (a1,28.4) = @ + 7(1,23.4) (310)
and use the integral form with v;—g = 0. This yields

!
Fl(4) (q1,2,34) = exp [(4 — D)l — 2/ dr /'77"| U=
0

l l
— /0 dt exp [(4 — D)t — 2/1,5 dr 7];| ﬁlz—t {)'a,t([ql + CIQ]e’t) +2+3)+2+« 4))}

and we can read off the flow equations Jju; = ... as above coming from the first term in x;(q) =
X1(0) + éxi(q). The second term gives rise to

—t

l l
y(qi2,34) = —/ dt exp [(4 — D)t — 2/
0 l

dr nT] it {Suiar + ale™) + 20 3) + (20 1)

(311)
« We feed the result for %; and 7; into fl(Q)(q):
. 1 2 ~
2 (q) = 2/ Gi(a) T (d',~d', a0, —q)
1
—u12/ /Gz )n(d’,—d',q,—q)
Uy 6(¢ —1) /l /l -9 o / —t
= — 4—-D)t—2 N K. _
2(1+17) /q Ty MR |2 o dr i0dld e )
o Use this in Eq. (302). After a short calculation:
‘(2)
T
”l:,}iﬂ%aéq /dtK (I, t)a2_ e 2 i (312)
1
_ _ —(D-3)t./ —t (D—=2)t. 1 —t
KD == gy i (D-1e K () e (7))
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« Equations (308]), (309)), (312)) are a closed system of equations that can be solved numerically.

o Since 7; is small, the flow of 7, a will look not much different from Fig. [0

e Tune to critical manifold flowing into Wilson-Fisher fixed point: Get a finite n = llim M, Ux, Tx. Then
—00

Eq. (312) turns into self-consistency equation for | — oo:

n =@ / dt K (00, )e=2 (313)
0

Evaluate and compare to precise value for the D = 3 Ising universality class n = 0.036:
— In € = 4 — D in leading order: n = ¢2/54 ' 0.018.
— Numerically in D = 3: n = 0.101.
fRG for spinful fermions

Goal: Derive flow equations for fermions, use them in Ex. for single-impurity Anderson model (SIAM).

Preparations

o Need two types of fields for creation and annihilation operator, {®,} — {@Z)Km ﬁKJ}, ¢ = —1, abbreviate

K = (iw, k) (the quantities that are usually conserved at a vertex) and o =1, ] is the spin index.
Now a = (¢, K, o) or (1, K',0'). Generalize spinless case from the beginning of Sec. ,

Solpw] = =3[ dre Gil(K) ek
o0’ ’ iw&K,K/(;o'/o'iHK/O'/;KU
~1 - ) — PN = —1
[Go L&,K',o/),(w,K,a) = 0k, k000 (WK, K 0510 — Hiro,K o) {Go ]K,a,;KU (314)

o Full Green function, propagate from 1’ = (K, ¢') (creation) to 1 = (K, o) (annihilation). Minus sign and
definition of G11/ with 1,1 not explicitly specified is fermionic convention.

Glﬁﬂ[ﬁ/ - <¢1J}1/> =G (315)

o The above two points require the following assignments (also hold with cutoff A):

o~ (al, &)= (cer 7
(e, G0 ) (& G ) et

0 [Z],; 0 ¢xT
2=, 07) (2 T)

G l=Gyt-x. (316)

and we read off

The above conventions are summarized in Fig. [I8]
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<

Figure 18: Diagrammatic conventions for fermionic field theories.

Interaction and vertex

o Assume total spin is conserved in bare scattering ({01, 02} — {01, 02}).
_ 1 _ -
SlWﬂ/)] = 20'1,2/ 6K’+K',K2+K1U0'10'2 (Ki)KévKQ)Kl) Q;Z)Klale/UQdJKQO'Qleoj (317)
2 KKK Ko 1Ty 1 2

The function U is symmetric under simultaneous exchange within first and last index pair.
UU10'2 (K17K57K27K1) :U0'20'1 (Ké7KivK17K2) (318)

The function U is not to be confused with the (bare) one-line irreducible vertex which is (anti-)symmetric
under exchange of all of its arguments.

o Partially symmetrized vertex (can exchange within first or last index pair):

1

(4) ’ ! 1. - n
(2|) /]{’ Kol K X 6K{+Ké7K2+K1XFO (KlaluK202aKQUQ’Klal)X¢Kiai¢K§aé¢K202¢Kla’1
1918209 8101.8202

(319)
U() (K17K27K27K1) 60 0250’01U(4) (KivKé;KlaKQ)

Sily,¢] =

IV (Ko, Kjoh; Koo, K101) = 8,14, 0,1

0101705020102 0109
(320)
o Superfield vertex with full (anti-)symmetry:
1
S1[®] = 4,/ F&Zﬁ)&%agazlq)al@az@aa@m (321)
*Jo1,2,3,4

which leads to

(4),0

_ (4)
al=(1/_JK1<71),a2=(’t/_)Kéo"2),agz(wKzag),a4:(¢K101) - 6Ki+Ké,K2+K1FO (K10-17K20-2aK20-27K10-1) (322)

and F&‘?awm with other number of ) and 1 terms vanish. The 1/4! = 1/24 is related to 1/2!/2! = 1/4
above by the 4 chose 2 = 6 possibilities to pick two ¢ and two 1 fields in a-sums.

The fully (anti-)symmetric vertex is distinguished from the partially (anti-)symmetric vertex by the
semicolon (;).

e In graphical representation of 4-point vertex and self-energy, 1 is outgoing arrow, ¢ is in-going arrow.
(Opposite to Green functions!)

Flow equations in ' truncation scheme

e From the general case above, we take the flow equations in terms of fully symmetric I':

@ _ 1 (4)
8AFA,a1a2 - _5 [ A} 51 6a FA7ﬁ152C¥10¢2 (323)
and
(4) _ L
Ol harar = ~C5 [eN 505, | G834 (324)

(4) (4 (4) (4)
{ A52/33013014FA,B4ﬁ101a2 + FA B3 a4a1FA7ﬁ4ﬁla3a2 + CFA,52ﬁ3a2a4FA,ﬁ451OA1&3

)
B2
(4) 4) (4) (4) (4)

+CFA 52B3a3a1rl\ BaPrasas + FA B2 5304:3042FA7,34,31a4a1 + A,B2Bsaraz A7/34[310<30<4}
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Figure 19: Fermionic fRG flow equations in diagrammatic convention. The last term amounts to exchanging
the labels 1 and 2 in the previous diagram and multiplying the statistical factor (. The dash over a pair of
propagators denotes a sum of the type GG 4+ GG, see Eq. (326).

o Setting j = (¢ Kjo;) and j' = (Y K;0j) [so the primes indicate ¥ and picking a1, ag = 11 for Ir'®, and
~—— ———

) i
similar oy apazay = 12'21 for T, we obtain (see Fig. :

— For self energy:

_ (2)
oA = 3AFA,M:¢1,,aQ:w1

- /22/ % ([GA} 22/ F%’)??'l'l + [GA] 22 Fgé)?m'l)

4

= ¢ /22/ [GA] 99/ F5\,)1'2/21

and we insert the conventions from above

OnSp1n = —C [ GaoT( (172;21) (325)
22/

— Interaction vertex (see Ex. for details):
Srcr iy + 1, 0ATY) (1221) = (326)
—5K§+KQ,K1+K25K{+K§,K3+K4F§\4) (1'2';43) [GA,33’GA,44’} F%) (3'4';21)
=0 1K) Ko+ K4 O+ K} K+ 54, € (GA,33’GA744’ + GA,44’GA,33’) PXL) (1'4’;31) PXL) (3'2';24)

. . A 4
—0 K4 K1 Kot Ko O+ K K, 6 (GA,33’GA,44’ + GA,44'GA,33') r(Y (14;32) T8 (325 14)

6.5 Exercises
6.5.1 Generating Functions for toy model

Consider the classical field theory of an an-harmonic oscillator defined by the action s(¢) = so(¢)+s1(¢) where
¢ € R is a single real variable and

2
4
so(p) = _TGO’
U
s1(p) = @W{
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with G < 0 and v > 0. The full partition function is given by Z = fjoooo dpe#) and the disconnected Green

functions are ¢ = I, /Iy with I,, = fj;o do p"e %) and Iy = Z. This exercise should familiarize you with
the concept of generating function(al)s in a simple setting.

1. Show that the partition function in Gaussian approximation is given by Zy = /27(—Gyp). Introduce a
source j € R and write down the definition of the generating functions (instead of functionals!)

9e(7)s Gac(@), Y(P) (327)

of the connected Green functions, amputated connected Green functions and irreducible vertices, respec-

(n) (1)

tively. The latter are denoted by g¢”, gae’,v™ and are related to the generating functions via series

expansion, e.g.
oo

%mzz,ﬂJ- (328)

n=0
The Legendre transform should be denoted by

1) = j(p)e — gc(i (),
Y = ajgc-

Show explicitly the two relations:

Gac() = 90 (~Go @) + 72/ (2Gh),

1= 87% 8290
o 8@2 8]'2 )

2. Derive the following relations:

2
o =2/ 7] g =g g =g 3 [9(2)
ggc) _ gg ) gc(w) _ G62 gEQ) +Go ( ) =Gy 4g£4)
-1 —4
10) = _4© 12 — [ggﬂ 14 — ggﬂ gb
O Fcpy o e N Ci gy

3. Use the results of part 1.) and 2.) to calculate the irreducible vertices perturbatively up to order u2.

First, find Z and ¢(™ for m = 1,2,3,4 in perturbation theory up to order u2. These results will be

needed below in Ex. to compare perturbation theory to the fRG for this toy model. You should
obtain:

U u? U 5u? 3u?
1 =26 - 565 AP = 0G5 G AW =u- -G (329)

6.5.2 General form of tree expansion, full expression for I'¥

L. In the lecture, we have stopped short of writing the complete form of the tree expansion which is free of
source terms J, and ®,. You should now perform this task which involves somewhat tedious indexing.

Combine Eqns. (245)), (246]) and (247)) to find

Gﬁ?atQ)an = _Z Z Z nl' n '/1 /1 / /”

v=0n;=1 ny

X

(nv+2) (n142)
G {r i G} {Fﬂl %G}Z

(mi+1) (my,+1)
X Sal---am%;---;an—7n,l,’zu+l"'a" {Gc,ﬁllal..‘ang : G 7/871,,,0‘71 V+1...Oén
1
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2. Use the above result to derive the complete form of the tree expansion for Gﬁf‘&lawm, including the
three-point vertex I'® and draw the diagrammatic representation. In the lecture, we have derived the
contribution including the four-point vertex I'®) which you can take from there.

6.5.3 fRG for toy-model

Consider the toy-model field theory of Ex. [6.5.1] The goal of this exercise is to derive and solve fRG flow
equations for this simple model and compare the results with the exact and perturbative approach.

1. Using the general results from the lecture, derive the flow equations for the generating functions g.(j), gac(®), ¥(@)-

2. Use the following cutoff procedure Gy — Gop = —A where the flow is from A = 0 to A = Gy. Note
that this is different from the usual convention where A starts at oo and end at zero. Expand the flow

(n)

equations for yA (@) in powers of sources to define the vertices v, for n = 0,2,4,6 and show explicitly

(2)
1 v
aA’Y(O) = 35 A )
A 21+ AW/(\Q)
(4)
1 g
aA’Y/(XZ) = 9 A(2) 2
(1 + ) A)
@7?
G S A
M T g @7 @73
[L+a7]" 140D
2 [,(17]° 1 8
9r® — a5 ] My ! 5
AT @) 2 @)
[1+ A9 } [1+ A9 } [1+Afy }
3. Find the initial conditions for the quantities from 2) at A = 0. Set Gy = —1 and truncate the above

(

hierarchy of flow equations ’yAn) for n > n. equal to their initial values at A = 0. Consider the cases
ne = 2,4,6. Integrate the set of flow equations numerically (e.g., using Mathematica) from A = 0 to
A = 1. In three plots over u € [0,0.7], compare the following three quantities to the perturbative result
of Ex. and to the exact solution (from direct numerical evaluation of the integrals I, in Ex. .

10 = —n[7/Z),

6.5.4 Flow of fermionic vertex

Derive the flow equation for the fermionic 4-point vertex shown in Eq. (326) starting from the general equation
(1324]).

6.5.5 Fermionic fRG for single-impurity Anderson model

The single impurity Anderson model (H + H;, SIAM) can be used to model a quantum dot (Hamiltonian
H) with single electronic energy level that is connected to one or more metallic leads (electrical contacts,
Hamiltonian H;). Only electrons of opposite spin meeting at the quantum dot are assumed to interact.

H = Zegng+U(nT—1/2) (ny —1/2) ZZtl<d cllg—{—hc)
o="m{ L o=t]

o0

= _tz Z ( Conl.oCmtlo h.c.)

o m=1
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left lead u right lead

Figure 20: Sketch of the single impurity Anderson model.

Here, n, = dﬁdo describes the occupation of dot electrons with spin ¢ =7,] and in T =+ 1, | = —1is
understood. The repulsive interaction is U > 0. The singe-particle energy levels e, = V; 4+ 0h/2 can be shifted
by a gate voltage V, and split under the influence of a magnetic field h. We assume two leads | = L, R which
are coupled from the left and right with hopping strength ¢;—; g and lead-internal hopping strength ¢ > 0.
Consider the case of vanishing temperature where the Matsubara frequencies become continuous.

1. The leads are non-interacting and can be integrated out exactly. Show that when seen from the quantum
dot, they induce a self-energy for the d-electrons, ¥ ,(iw) = |;|2G11.1(iw). Here Gy 11 (iw) is the real-space
Green function for the isolated lead [ for the first site m = 1 which you should calculate exactly using
the known eigenstates of the semi-infinite lead. Show that in the so called wide-band limit |w| < t,

¥ o (iw) = —isgn(w)|t;>/t = —isgn(w)T. (330)

As a consequence, the STAM with left and right lead attached reduces to a single interacting site with a
non-interacting Green function

1
iw— (Vy+oh/2) + isgn(w)l’

G (it0) = (331)

with I' =I';, + 'g.

2. Introduce a Matsubara frequency cutoff G A (iw) = 0(Jw| — A)Go(w). In a first step, neglect the flow of

|
the four-point vertex, i.e. set FE\4) (w10, Wy G wed,wio) = UM = U. Here & = —o. From the self-energy

fRG flow equation, derive the flow of the effective level position VA =V, + oh/2 + £2 (excluding I'):
UMVA /7

A— .
o (A+T)%+ (V5A)2

(332)

Confirm that the initial condition at large but finite A; reads VA=A =V, + ¢h/2. Hint: This is not as
trivial as it might seem, show that the contribution of the terms Un, /2 vanishes in the first part of the
fRG flow from A = oo to A = A; where a convergence factor e*" coming from the the interaction term
has to be considered.

3. Set A; =100, h =0, U/T" = 1,10 or 25 and solve the flow equation numerically (e.g. with Mathematica)
to obtain V, = V=0 as a function of V,;/U. Plot both the dot occupation (n+ +n,) and the conductance
G(Vy) across the dot over V,/U € [—4,4]. The conductance g(Vy) = g+(Vy) + g,(V}) can be calculated
from g,(V,) = %TFF[)U(O) where p,(w) = —1ImG,(w + i0T) is the dot spectral function analytically
continued to real frequencies. Fact: The simple expression for the conductance stems from the Kubo
formula, it only applies for T' = 0, zero frequency, zero voltage and a single interacting site.

4. Compute the flow of the four-point vertex assuming that the six-point vertex does not contribute. Use
the frequency-independent approximation involving U® from above. You should find

9 (UA)2 VAV

O\U™ = 2 2
e ()] Ja e (1)

. (333)
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Part 11

Non-equilibrium and Keldysh formalism

7 Quantum dynamics and real-time Green functions

7.1

7.2

Expectation values

uantum average of observable O: (O) = —tr[Op] where p is the density matrix that describes the state
g - P P

T trp
of the system and tr... = )", (n|...|n) is the sum over expectation values of a basis.

So far: Thermal equilibrium (in contact with bath of temperature T'):

— Canonical ensemble p = e 81

— With particle exchange: Grand canonical ensemble e~ (H=pN)B  the trace is also over all particle
numbers.

Non-equilibrium: Not necessarily a bath present, possibly time-dependent Hamiltonian. Assume state is
known at t =ty — —oo0, e.g. p(to) = e PH,

Dynamics in Schrodinger and Heisenberg picture

Schrodinger picture: State evolves in time, operators have only explicit time dependence,

[W(t)) = Ut to) [¥(to)) (1)
or for density matrix (von-Neumann equation)
p(t) = U(t, to)poU (to,t) (2)

Preparation: Time ordering operator for general operators A, B, puts later times to the left:

n JABB®E) it
T [A(t)B(t )] - {CB(t/)A(t) >t

where ( encodes the statistics, ( = +1 for bosons, ( = —1 for fermions.
Note: H = c¢f¢ with ¢ fermionic is a bosonic operator.
Similar: T} for anti-time-ordering (puts later times to the right).

Time evolution operator mediates time evolution from ty to t:

Ul(t,to) = Ty exp l—i /t dTH(T)] (4)

to

is solution of Schrodinger equation (since H (t) always appears on the left, interpret exponent as power
series):

iU (¢, t0) = H(£)U(, to). (5)

o Properties of U(t,tg):

— unitarity condition UT(t1,t5) = Ul(ta,t1)
— group properties: U(t,t) =1 and Ul(ts, t2)U(t2,t1) = U(ts,t1).
— time-independent H: U(t,tg) = e~ *(t=to),

e Time evolution of expectation value of operator O:

(0) (t):%tr[OU(t,to)poU(to,t)] kL, U(to, t)OU(t, to) po| = (O(1)) (6)
Ipo trpo

=0(t) Heisenberg pic,
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7.3 Zoo of real-time Green functions

Goal: Above: Expectation values with single time argument, now: two time arguments.

e Operators A, B:

— A(t), B(t) in Heisenberg picture.
— do not need to be hermitian.

— with ¢ = %1 for bosonic or fermionic operators

o Greater and lesser GF [correlation functions]:

Gapl(t, ’) = —i(A(t)B())
GZB( = —i( <B (t')A(t) >

o Retarded and advanced GF [response functions — Kubo]:
(with 6(0) = 1/2 and [A, B]¢ = AB — (BA is commutator or anti-commutator)

Gipt.t) = —io—+)([A(1), B#)],)
= +9(t - t/) (GiB(ta t,) - Gle(tv t,))

+i0(t' — 1) ([A(t), B{#)].)
= +0(' — 1) (Gip(t,t) — Gap(t,1")

GﬁB(ta t/)

The retarded G5 5(t,t') is only non-vanishing for ¢ — ¢ > 0, the advanced G4 g(t,t) for t — ' < 0.

o Relations at time ¢,t':

GiB(tvt/): GBTAw‘(t, t)*

Gp(t.t) = CGHalt 1)
Gt t) = Ghp(t, 1)

Ghat 1) = CGRy(t, 1)

Equal time relations [recall §(0) = 1/2]:
G (t,t) + GA(t,t) =0
GR (t,t) — G (t,t) = —i[A,B],

o Time ordered GF (for computation):

GAB(t t) = —i(T;At)B(t))
=0(t —tGog(t,t") +0(t' —t)G5p(t,t)

and anti-time ordered GF

hp(tt) = =i (TAWMB(Y))
=0(t' —t)Gog(t,t") +0(t — ") G5p(t, 1)

e Redundancy relation:

GE,B(tv t,) + GZ,B(ta t,) - GiB(tv t,) - GZB(tv t,) =0
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7.4

For later: Keldysh GF:
Ghp (1) =G (tt) + G p (t,1) (8)

and the above relations imply the “anti-hermitian” property::
Ghp(tt) = *th,m (t,t')" 9)
Parametrization with hermitian matrix F:
GK(t,t) = / dt" [GR( )Pt ¥) = P(t,")GA 1)

- Gf=Ggt.F-F.G*
!
Temporal FT for stationary state where G(¢,t') = G(t — t'):

Clw) = / T dte ()

—0o0
1

G(t) = o /OO dwe ™G (w)

Green functions in thermal equilibrium and Fluctuation-dissipation theorem

In equilibrium, we can work in frequency representation.
All GFs can be calculated from the spectral density:

Axp (W) = iG] p(w) — G 4 (W)* (10)

Definition: “Real” and “imaginary” parts of Green function (not the same as for complex numbers).
Applies for retarded, advanced and time-ordered GF:

GIRA) = RGTRA) 4 3T RA) (11)
RGIEW) = (G + G ))
WG = 5 (CTEw) - 655D W)
Relations:
|RGE = mGA = QT | (12)
IGE = —3G4 = —%A (13)

Integral relation (only for eq.!): Shift t-integration from real axis to the line t —i:

/ dt €™t (A(t)B(0)) = e / dte™" (B(0)A(t)) (14)
Use the above to get for retarded and advanced GF:
ZTGJZB(W) = —JGAB )

_ L / dt ¢! (A(t)B(0) — CB(0)A(#) (15)

= - (1 — (e —wﬂ) G W)
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and similar for time-ordered GF
Whpw) = 5 (14¢7)Ghpw)

Combining the last two equations, we find

11— Ce P o

wt .
and convolution:

. ’JGiB(w) determines full G§7B(w): Find full retarded GF with 6(t) = 5= fj;o dw -

2mi

w—1in
GE )= - [ / Tt (A B(O) — CB0)A(D)
4.B 7 w—w—1 J_
oo IGE 5(
[] — ]'/ dw/ - A,B(w)
T ) oo w —w —1in
= l /+Oo dwli_%AA’B(w,)
T J_ o w —w—1n
e Similar:
S iAaB(w)
GA,B(W) - 1 Ce_wﬁ
iAaB(w)

o Keldysh GF:

e 4 ¢
efv — ¢

(17)

G p(w) =GR p() + G pw) = —idap(w) g2 = |GF (@) - G* (w)]

This is also called the fluctuation - dissipation theorem. It only holds in equilibrium.
Fluctuation is related to the equilibrium correlation function G=, dissipation to the imaginary part of
the response functions JGE.

7.5 Contour ordered Green function

o Assume the state of a system at ¢ — —oo, p(—o00) is known. Recall Eq. @ for expectation value of
operator O:

0)(t) = trpl(t) tr [U(— 00, )OU (1, —00) p(—00)]

This is shown schematically in Fig. [21)a) in solid lines.

o Extend the time evolution from —oco to +o0o (top) and back (bottom), see dashed contour also called
Keldysh-contour. Formally, insert 1 = U(t, +00)U(+00,t) in front of O:

(0) () = tp(d) tr [U(—o0, t)U(t, +00)U(+00,t)OU (t, —00) p(—00)]
_ trpl(t)tr [U (=00, +00)U (+00, H)OU (¢, —00) p(—0)]

Note: Operator O could equally well be inserted on backward branch of contour, standard choice: O/2
on both branches.
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p(=00)  U(t,—0) O U (+oo,t)
+ Y
(a) e } '\ | realtime
)
—0 t 400
1 to tn

®) | |

o—o—fo—o—o—o—o—o—o—o>

e o o 9o o o o o o o

ton tN+1

Figure 21: (a) Expectation value (O(t)) evaluated on the Keldysh contour. (b) Time-slice convention for the
construction of functional integral representation of partition function.

o Two operators A, B on contour (either on top [+] or bottom branch [-]):
Define contour ordering operator 7. in analogy to time-ordering operator (move lower branch to left).
Contour-ordered Green function:

Gap (t,t) =—i(T.AL(t)BL(t)) = ( Gl p (t,1) Gip(tt) )

time ordered lesser
G (1) GE,B (t,t")

greater anti — time ordered

)

(18)

7.6 Exercises
7.6.1 Harmonic oscillator: Green function, spectral density and equation of motion technique

The Hamiltonian for a 1D quantum-mechanical oscillator with mass m and frequency wqg reads

Lo 1 55
where momentum and position operators satisfy [p,p] = 0 = [z, z] and [p,z] = —i.

1. Introduce the bosonic creation operator a = xv/mwg/2 + ip/\/2mwy to rewrite the Hamiltonian as
H = wy(a'a + 1/2). For the operators A = a and B = af, find the Heisenberg time-evolution, a(t) and
af(t). Assume thermal equilibrium at temperature T, find the greater and lesser Green functions Giﬁ’
the retarded and advanced Green function Gfa’f and the time ordered Green function GaTaT, both in time
and frequency domain. Confirm that the spectral density reads A,,; = 27 (w — wo).

2. Use your results in 1.) to find the retarded Green function for the position operator

GE (t) = —6(¢t) sin (wot) . (20)

mwo

Find the same result from the equation-of-motion technique, which does not require a diagonalization of
the Hamiltonian: Take the definition of G%, (¢), apply two t-derivatives and solve the resulting differential
equation.

8 Keldysh functional integral

8.1 Generating function Z[V]

¢ Define time-evolution operator on closed time contour c:

‘UC =U (—00,+00) U (400, —00) = 1‘ (21)
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o Add source-terms: H(t) — H*(t) = H(t)+ OV (t) where V(t) is a function and H* is applied on forward
branch of ¢, H~ on backward branch. Thus

U.— U [V] (22)

o “Partition function” (generating function)

1

Wtr {Uc[V]p(—00)} (23)

Z\V] =

We can compute (O) (t) from generating functional as

00 = ;fsi[(‘;)] lv=o (24)

Proof
i 0Z[V] i 1 s
245V (1) lv=o = Qtrp(—oo)tr {5V(t) Ue[V] P(—OO)} lv=0

? 1

- §trp(—oo)

tr { Lo (o, —o0) ploe) + Uy (=0, -+00) L= () by

and use
00, —00 400
5U+V(§;(t)’ )|V:0 5V5( )Tt €xp [ /_OO drH(T)+ OV (7)| |v=0
= U (400,t) (—iO) U (t, —o0)
e Remarks:

— Without source field, partition function is normalized: Z[V = 0] = 1.
— If source-field is different on the two branches, have U, [V] # 1 and Z[V] # 1

8.2 Functional integral representation for Z[V] (Bosons)
General construction

o First start without source terms (V = 0)

o Bosonic Hamiltonian in 2nd quantization with all creation operators left of annihilators (“normal or-
dered”). The operators fulfill [a,,al,] = 6,m, assume M degrees of freedom | = 1,2, ..., M:

H(a ) Ztlmalam—i— Z UlmnoalaJr GnQo (25)

l,m,n,o

o Take standard steps to coherent state functional integral, pay attention to (+) or (-) contour.

o Slice closed time contour ¢ into 2N — 2 intervals so that t; = —oco = ton and ty = 400 = ty41, See
Fig. 21|(b).

 Insert resolution of identity operator using bosonic coherent states:
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Def. coherent state | |¢) = it ha] |0), ¢ € C || overlap (p|l) = e 9l
*
action of g ay|o) = ¢ o) identity | 1= [ H Me‘ 2 0 |p) (]
T
N
d(¢*,¢)
action of af (6] al = (¢ o7 trace | trO = [ d(¢*, ¢)e” 2199 ($|0|¢)
useful identity <¢|CaTa|¢> = ¥"¥e

o The last identity is non-standard for equilibrium applications, it can be proven as follows: f(c) =
<¢\C“T“|¢>, Ocf(c) = <¢|aTacaT“_1|1j}> . We note that for an arbitrary function g, we have g(a'a)a =
ag(ata — 1). This is clear by acting on basis vector |n) which yields g(afa)a |n) = g(n — 1)y/n|n — 1) on
the left and on the right ag(afa — 1) |n) = v/ng(n — 1) |n) . Then we find 9.f(c) = < |aTacaT“ 1|@b>
<¢\aTc“TaaW> = ¢*¢ f(c). This can be uniquely solved as f(c) = e**"¥ since indeed f(c = 1) = (¢[p) =
e? .

e We label time-steps by 7 = 1,2, ..,2N: We use the formula for the trace and U, = U_g;..U_g5;-1-Usy...Usy
for the second step:

1
Z = —tr{l,
trpr{Up}

1 2
= tr/d(@N,@N)eZ’ 192801 (o | Uep| oy

- = / H (85,63) (Dan|U_slan-1) - (6l aulnv) (D1 1Uw)

j=11

X (ON|Ust|lpn-1) - - - ($2|Ust|p1) (d1|pldpan)exp {ZZ |Pnil” }

Evaluate matrix elements for 6t — 0 (keep [2NV — 2]dt fixed) where we use that H is normal ordered and
approximately time-independent on a time-scale 0t:

(0i|Ussildj1) = (gjleTHera)g; )
= (1L FidtH(a], a) + O(6t*)|¢;-1 )
(631651) [1F i0tH (%, 65-10) + O(517)]
= O [T 4 o(52)

Insert in expression for Z (suppress [ and recall ¢n11 = ¢n):

2N 2N
trp/H (85, 05) exp [z¢ b 1—mzHojw¢] Dist Y H@ -3 10| Grlotéan
Jj=1

J=N+2
(26)
Example: Single bosonic mode
« Consider single bosonic mode H = wpa'a starting out in equilibrium:
p(—x)=p=ePH = ¢~ Pwoala (27)

e Preparations:
— Normalization: trp = 300 je~fwon = 1/(1 — e=Fwo),
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— with identity from table: <¢1\6_5‘”0“T“\¢2N> = exp (e—ﬁw()¢>{¢2N)

e Find matrix iG~! in

trp/H ¢]7¢] exXp [Z Zl(ls;G“/(% (28)
g’
with the 2N x 2N-matrix (here N = 3)
~1 0 0 0 0 eP
h- -1 0 0 O 0
el | o h -1 0 0o o0
! {G Lj/ - 0o 0 1 -1 0 0 (29)
0 0 0 hy 1 0
0O 0 0 0 hy 1

where h_ =1 — idtwy and hy = 1+idtwy.

o Check normalization Z = 1: The functional integral yields 1/det (—iGil). Expand the determinant with
respect to the top row, use for upper or lower triangular matrix: detT" = t11to0... ,

det (—iG™1) = det ([iG] ™)
= (—1)(—1*V 1) — e (1 — ibtwo) N T (1idtw)
N-1

9 9\ N-1
= 1- e P <1+(N—1)5t “’0)

N-1

N -1
~ 1—e Moexp [(N - 1)5t2w8}
{6tN = const.} ~ 1—e P
As a result, normalization is confirmed:

1 — e Pwo
T 1—eBw

Continuum limit

e Take continuum limit as N — oo, 0t — 0 with Nd&t = const.

o For forward branch ¢j—i12 N — ¢4(t), Zj»v:l ot — fj;o dt, and @5 1-0j0; = 5t¢*¢7 $i-1 _,
— ¢ (t)0rp4(1).

Likewise on backward branch.

« Find:

z- [ D6, 61, 6%, 6] €519+9-] (6, (~00) [plg— (—o0)) (31)
B (00) =9 (00)
with
+oo
Sp+, b +/ lz ¢4 1(8)i0kd 4 1(t) — [¢i(t),¢+(t)}]
/ +Oo [ = )ioe i (t) — H W(t)ﬁ—(tﬂ}
and

1
D[ 04,0 6] = - lim /Hd 4.6 32)
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¢ Remarks:

— Keep in mind: Continuum notation is just an abbreviation for discrete form.

— Compare to equilibrium formalism, Z = [ D[¢*, p]e 1) with § = foﬁ dr¢*(1)0-¢(7)+H[p*(T), o(7)].
We now have two copies of the field in real-time for forward and backward branch, with opposite
signs of the action (—).

— The field ¢ is coupled to field ¢_ at the two boundaries, ¢4 (00) = ¢—(00) and (¢4 (—o0) |p|d— (—00)).
These are the entries of the off-diagonal blocks of i [G™!] in Eq. .

Green functions (for single bosonic mode)

o Find two-point function (no factor of 1/Z!), use Gaussian integral identity:

= iGj (33)

; 1 2N 2N L
(Tajayy) = (0565) =, | TLdoh ouiosohexp i 37 diGigion

kk'=1

« Back to simple model H = wpata, can invert G=! explicitly (p = e=#<0), here for N = 3 (but generaliza-
tion to arbitrary N straightforward)

[ 1 ph3h-  ph% ph? ph o] $1= 1.1
h_ 1 phih_ ph’h_  phyh ph
. 1 h? h_ 1 ph?h%  phih*  ph% ON = o1 N
G = ——— 2 2 2 ’ (34)
det (—iG—1) hZ h_ 1 1 phZhy  phZ ON41 = O- N
h*h, h_hy  hy h 1 ph? hy :
| h2h2 h_hi hZ h% hy 1 bon = b1
1= P41 ON = P4 N
——
- &’
$Pan =1 ON+1 = O- N

e Read off four different propagators G2TT defined above, depending on choice of ¢4:

3y o 1—1
e ‘””lzlv Lpd-

iGy = <o>..j«)i./>:m
iG5 = <¢—J¢:J>__d2§(jzz_;

o, ,
Gl = <¢+,j¢*+,z> = (m(h_ﬂ_w {i—ﬁwo(mh)N‘l j i i
o <¢,j¢*_7,>=cbt(h_l+;1){iw(h+h_)]vl j;

« Continuum limit, (hyh_)N — 1 as before. Use h?, = (1 + i%wo)] — eFwodti = eFiwol and det (—iG~!) =

1 — e 7«0 and the boson number np = lf;f;;g =
](‘;< (/ //) — npge 1wo (t f/)
iG7 (tLt) = (np+1) e~ wo(t—t)
Go(t,t) t>t
Gry= ¢ L) itz -
G<(t,t) :t<t
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G>(t,t) >t

36
G<(t,t) ' <t (36)

GT(t,t) = {

Up to the case t = t' (see below), this is in agreement with the result from the operator formalism in

Sec. [T.3 and Ex. [.6.11

o Equal times: The last two lines differ from the convention §(0) = 1/2 put forward in Sec. This should
not bother us because:

— In any of the two conventions: GT(t,t)+ GA(t,t) = GT(t,t) — GT(t, t) = 0 and GR(t,t) — GA(t,t) =
G~ (t,t) — G=(t,t) = —i (the commutator). This is what matters for practical calculations.

— The redundancy relation is modified at equal times:

0 :t#t

1 t=t (37)

GT(t,¥) +GT(t,t) — G™(t,t)) — G<(t,¢) = {

The right hand side is defines a manifold of measure zero and does not bother us further in the next
section.

Keldysh rotation (for generic bosons)

e Idea: Take into account the redundancy relation in a simple form. Find retarded, advanced and
Keldysh Green functions.

o Define new fields in terms of rotation applied to ¢+ (analogous for ¢% ):

bolt) = j§ (64(t) + o (1))
balt) = = (6 () — D (1))

5

2

They are called “classical” and “quantum” components.

e The rotation yields for
iGas(t,t) = (@a()05(t) (38)
with «a, 8 € {c, q}:

11 1 GT G< 11 GE(t,t) GE(t,t)
G=5 T = Ay 4 (39)
2\l1 -1 )\ & @ 1 -1 GAtY) 0
and we identify the retarded (R), advanced (A) and Keldysh (K) component introduced above in Sec.

The zero in the bottom right (<¢q(t)¢;(t’)> = 0) is the consequence of Eq. .

« Example for single bosonic mode Hy = woa'a (see Ex. [7.6.1)):

AN —iwo(t—t/) 2713 + 1 0(t - t,)
Goat (t,1) ie ( o — 1) 0 (40)
and the Fourier-trafo is
—i2m6 (wo — w) [2ng +1] —L—
G ) < (o =) s +1) oy ) (41)
w—wo—1n

o Graphical representation for —i <¢a(t)qﬁg (' )> Conventions:
— classical field ¢, - solid line
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— quantum field ¢, - dashed line
— arrow from ¢%(t') to ¢a(t)

Gt t) GA(t,t) GE(t,t)
e -— —_—
Pel(t) () Pq(t) () Pe(t) ()

Keldysh action

 Non-interacting case: Want action S[¢., ¢,] such that

(6a(063(¢)) = [ D16 0] 6ult)gs(¢)erS0ro0 (42)
reproduces Eq. . Need
400 -4 / /
Stotnl = [ arat (62(0).5(0) ( G ey ok ) ( o) ) (43)
=G-1

with the condition:
IR o [¢ " GE GR\ __[(st—t) 0
Gl'“([a*ﬁ [G—IJK>'<GA 0 )‘1:< 0 6<t—t’>> .

e Written in components, we have the following non-trivial conditions:
A
/dt” GG ) = st
" -1 R AYali e/ /
/dt G @GRy = st
R K
G646 6t = 0

or

K R A -1 -1
e I e B e e L el S
-1
where in the last step, we used GK = G- F — F - GA. Note: [Gil}K + {GK} !
o Main features (“Causality structure”, remains intact even with interactions):
— S[¢e, g = 0] <> ¢ - ¢ block of quadratic action = 0 : If ¢, = 0, then ¢ = ¢_ and the action on the

forward and backward branch is canceled.

— The ¢ — ¢ and ¢ — g sub-matrices [Gil}A and [Gil]R of G~ are mutually hermitian conjugated
lower and upper triangular matrices in the time-domain. Indeed, in Sec. we found for A = Bf:
GAt,t) = GR(t, t')*

— The ¢ — q component is anti-hermitian, G¥ (¢, t) = —G¥(t,¢')*. It is responsible for convergence of
functional integral and keeps information about distribution function.

For the single bosonic mode model, we have [G_l} K 7, it becomes finite if interactions are added.
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External sources

o For the computation of observables, want to include source-fields Z — Z[V], see Eq. (23). Recall sources
should be different on forward and backward branch, assume the following coupling V4 (t)¢% (t)¢(t) and

Vo ()¢~ (t)o—(1).
o Keldysh-rotation for source fields:
Ve(t) =

Vo(t) =

(Vi () + V(1))

(Vi () = V(1))

M\H[\D\H

Note:

— For V, =0, we have V} = V_ and thus Z[V,,V, =0] = 1.
— Source-field has only one time argument, V. 4(¢,t') oc 6(t —t).

¢ Keldysh action in continuum:

+o0 / +o00
s=/ i (620,050 G (. ( f;qgi ) - [ (si.650) ( e 5;,8 ) ( Ziqﬁii )

—00

(45)
o Partition function from Gaussian integral
2V V)] = — ! ! exp (—trln (1 — G- V) (46)
= = = X — — .
YT p) det (<G +iV)  det(1-G-V) P
where the trace runs over Keldysh-matrix index and time.
Example (single bosonic mode):
e Compute observable
02V, Vy N N
il = (@000 +606,0) = (1060 + 7 (6-0) (4D
q

We compute both sides of Eq. separately:

1. Right-hand side:

e Recall that ¢%(t) is infinitesimally temporally earlier than ¢ (t). The opposite is true on the
backward (-) branch.

e Recall that in the functional integral formalism

(Tal(t)a(ta)) = (91 (01) = (t2)) (48)
e We find:
(S (OD+(0) + 006 (1) = (DLt +m)b(t) + 6=t —n)o—(t)
= (Tal(t+n)a(t) + Tal(t - n)a(t))
= <a*<>a<>+a< Ja'(t))
= 2(dl(a(t)) +1

= 2ng+1



2. Left-hand side:

AR T RIS T
SVy(t) 'Mes oVy(t) K
= —itr l(l ~G-V) ' (-G) %1 V=0
= z’/dt’trg [G(t’,t) ( (1) (1) )5(1575)]
= iGE(t,1)

and we use from Eq. that iGK (¢, t') = e ot—)(2n5 4 1) and we obtain the result 2np + 1 already
found from the right hand side.

8.3 Exercises

8.3.1 Driven Harmonic oscillator

A quantum harmonic oscillator Hy = woa'a is coupled to a time-dependent driving field Ul(t),
H(t) = Hy+ U(t) (a+a') /V2, (49)

where a(f) are bosonic operators and the driving field vanishes for ¢ — +o0o. This non-interacting but non-
equilibrium problem can be treated exactly using the Keldysh formalism. Assume that the oscillator starts out
in the ground state at ¢t — —oc.

1. Upgrade U(t) to a source field Uy (t). Note that Uy couples differently to the fields ¢,¢* compared to the
source Vi used in the lecture. Write down the generating functional Z[U,,U_] for H(t) in the continuum
notation. Perform the Keldysh rotation (2U./, = Uy + U-) and introduce the (inverse of the) matrix of
non-driven harmonic oscillator Green functions

GK Ghf
n o /
which you can take from Eq. . Evaluate Z[U,, Uy] by performing the Gaussian integral and show that
ZlU., U, =0]=1.

2. From introductory quantum mechanics, we expect that the periodically driven Harmonic oscillator will
end up in a coherent state with (a) = a # 0 and n = <aTa> = |a|?. We want to find a. Compute the
functional derivative i6Z [U., Ug] /6U,(t)|u,=0 from Z[U., Uy] found in part 1. To which expectation value

in terms of the operators a(f)(t) does this correspond? Show that in the limit ¢ — oo, the coefficient a is
given by the Fourier transform of U.(t) = U(t) (up to an unimportant factor v/2e%¥).

3. Take a periodic driving field with Gaussian envelope U (t) = Ug cos (wt) e */4T* . Assume T much larger
than w and wg. Compute the final occupation number n = |a|?. Which driving frequency w maximizes
n?

9 Interactions, self-energy and kinetic equation

9.1 Interactions

o Consider interacting part of bosonic Hamiltonian (now in D-dim real space, contact interaction):

Hip = g/dxaT(x)aT(x)a(x)a(x) (51)
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which yields in terms of the action:
S = =0 [ dx [ dto (x.)0 e 000, 00,1 (52)
= g / dx /_ j dt | (¢4 6+)* — (67 9-)’]
rot) = —g [ix [t [o2056000+ 6050, + ]

Remarks:

— Sint vanishes for ¢, = 0, just like the quadratic action.
— Diagrammatic notation with the rules defined below Eq. (39).

* *
AN be AL
} g ‘ + c.c. (all arrows reversed)
¢ \¢c o vs,

« Interactions maintain normalization (Z = 1): Check via perturbation theory to order g and g2, see

Ex. 041l

9.2 Dyson equation

o Although Z = 1 is maintained with interactions, the propagators are modified (“dressed”). They are
defined as:

G = =i (6adi) = i [ Dle, dyfoadi® S (53)

Perturbative expansion in g and Wick-theorem generates various diagrams (internal vertices: sum over
Keldysh-indices, integrate over space-time coordinates)

— Disconnected diagrams vanish due to Z = 1, they contain <Sg§0>0 = 0.

— Irreducible diagrams contribute to the self-energy 3 (without external legs).

— One-line reducible diagrams are taken into account via the Dyson equation (“-” includes ¢-integrals!).

G=Gyg+Gy -2 -Gyg+Go-X-Gy-2-Go+ ...
=Go+Go-X-G

or

I
—y

¢=c" -3 e (6" -%) ¢

0N b VR

2 3 i 3 ¢ ~eted. reducible
~ g, disconnected ~ g2, connected, irreducible ~ g°, connected, reducible

(54)

=0 (z=1) contributes to self-energy taken into account via Dyson equation
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o The Keldysh self-energy has the same causality structure as G|, ! (similar perturbation theory arguments

as for Z =1):
0o x4
The Dyson equation then reads:
-1
0 (GS‘) — EA GK GR
-1 NE Nlga o =1 (56)
(o) = (ei')" -

K
Remark: (Gal) = 2inF can be omitted if XX #£ 0.

o What are the terminal fields for the self-energy diagrams? For the irreducible diagrams appearing in the
perturbative expansion of G, we find in components and using Eq. ,

(GZ GR>|4 :<GOR-ZK'G§+G5;-Ei-Gi+G§~ZR.G5{ G@-ER-G{;) (57)
G O wr Goz GO 0

This tells us which diagrams should be accounted for as 4K see the figure below. In other words,
Eq. is to be understood in ¢* — ¢ space (while G is a matrix in ¢ — ¢* space). The irreducible Keldysh
Green function G¥ ;.. has also contributions involving £%4, but we show only the one including .

- ® XE o—cjé2 Gé—o 4 @ ) - 6 XK tGg‘
—_— - (- - —— - - - —— —_— - - - - <—
d)(: ¢; ¢C (b; E ¢q ¢? ¢(: ¢; ¢q d)z

9.3 Kinetic equation

o Assume particles with parabolic dispersion: From the path integral formulation, we recall:
_1 1
(G5) (e, tx) =3 (k=) 3(x — ) [iat g Vet in = Ve, 1) (58)

e Write the Dyson equation in components. For the diagonal elements,
1
/dt”dx" (iat + Q—Vi — Ve(x,t) = 2D (@ — " x — X”)) GEA @' 1x') =6 (t —t') 6(x — x') (59)
m

which, for V. = 0 (space-time translational invariance) can be solved via Fourier transform of G#4) (z, 2/) =
GEA) (2 — 2/):
1

w—k2/(2m) — LEA) (k, w)

GEN (k, w) = (60)

We see that

— ReXf(k,w) = ReX4(k,w) modifies (“renormalizes”) the dispersion £ = k2/(2m) — k?/(2m) +
ReX (4 (k, w) of the particle.

— ImXE(k,w) = —Im¥4(k, w) has the meaning of an inverse life-time for a particle in eigenstate k.

e From the remaining component of the Dyson equation:

-1
(af)  -3=f. gf =xf.et (61)
T GR.F—F-GA
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Multiply from the right by (Gé)_l -4 = [GA} _1:

F ((Gg‘)l - 2A> - ((Gé‘z)l - ER> F=3K (62)

and we obtain the quantum kinetic equation for the matrix F' (“distribution matrix”):

F-(Gg‘)1—(G§)1-F:2K—(2R-F—F-2A) (63)

e Usage: Usually, obtain /4K from perturbation theory. Then use Eq. to find F.

Wigner transform

 Kinetic equation for F'(z1,z9) [z = (x,t)] is usually too difficult to solve.

o Assume there is separation of intrinsic and extrinsic [V(x, t)] time and length scales (e.g. external potential
smooth compared to wavelength of particle).

o Wigner transform for A(xi,z2): Keep center coordinate (z; + z2)/2, do Fourier trafo with respect to
relative coordinate 21 —x2 only. Use p = (p,w) and convention pr = p-x—wt (and 9,0, = VxVp—0;0.)

Az, p) = /dw'eipxlA (z+2'/2,2 —2'/2) (64)

and the inverse transform is

1+ T2 >
D) -

5 (65)

A(z1,20) = Zeip(xl_”)A (
P

o Consider Wigner trafo of function C' = A - B which means C(z1,22) = [ dzgA(x1, 23)B(z3,2) (“convo-
lution”). In Ex. one shows the following:

If for A(z,p) and B(x,p) the dependence on the central coordinate x is slow, one has (no “-"!)
?

and corrections would include higher order derivatives 9234 which are supposed to be weak.
e From this, it follows
[A;B]=A-B—B-Ax~i(0,A(z,p)0B(x,p) — OpA(x,p)0:B(z,p)) (67)

where the notation [.;.] should remind us that we are dealing with “-”.

Wigner transform of kinetic equation

e Idea: Apply the Wigner transform on both sides of the kinetic equation .

e Left-hand side: We have with the free particle assumption (can drop £in terms in this context):

) 1
lhs = | F;id, + %vi — Vu(x,1) (63)
The function V,(x,t) = V.(z) is considered to have slow coordinate dependence only, i.e. V.(x,p) = V.(z).
Then
[F; —Ve(x)] = —i | 03 F0pVe(x,p) — OpF 0, Ve(x,p) | = i0,Ve(x)0,F (69)
0
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Other terms: The Wigner transform of the translational invariant operator id; is w, of V2 it is —p?. Also
use 0,0, = VxVp — 0;0,:
[F;i0;) = i (0, FOpw — OpFOpw) = —i0F
i

. 1 21 2 2\ _ —1
[F, mvx] - (axFapp — 9,F0,p ) S

2m
+ Right-hand side: Use ¥4 (z,p) = [ER(%Z))}*:

rhs = S - (2F.p-p.54)
= SK_F(sf-34) - % (0370, F - 9,50, F ) + % (0:.F 9,24 — 0,F0,5%)

= X - 2iFmS" — 0, [Rex"| 9,F + 0, [Rex| 0,F

o Final result: Multiply by 4, move all derivatives of F' on the lhs and expand = = (x,t) and p = (p,w).

(1= 0o [RexE]) 0, + 0V (2, p)00s + (;p +Vp [ReZR])vx — ViV (2,p)Vp § F = iSK 4+ 2FImu"

collision integral

Vp

(70)
with the effective potential .
V(z,p) = Ve(z) + ReX(z, ). (71)

e Remark:

— The left-hand side contains the self-energy enhanced single particle dynamics of F'.

The right-hand side of Eq. is called the “collision integral” I°°“[F], it will be caused by inter-
actions or disorder.

— Can use generalized dispersion ﬁpQ — wp. This leads to vp = %p — Vpwp.

— Consider static situation, such that all 9; — 0. The left-hand side is zero for any F(z,p) = F(w).
The only such function which nullifies the right-hand side is the equilibrium solution

Fl(w) = coth (w — p) /(2T) (72)

Mass-shell approximation
e Shift the energy argument w of the distribution function F

F(x,t,p,w) = F(x,t,p,w — wp — V(z,p)) (73)

=w

where @ is the renormalized energy.

o Express the kinetic equation in terms of F (x,t,p,@). The terms 0y, 0.,, Vx and V}, acting on F are
modified to

OF = OF - (0V)a,F
OuF = 0.F — (0.V)0.F
ViF =
Vol =



Use that the external potential is a “slow” function VpV.(x) = 0 = J,,Vi(x), obtain after some straight-
forward algebra:

{(1- 0. [Re2] ) 01 + ¥p Vs — (ViV) Vi } £ = 1] (74)
Observation: The derivative d is now absent.

o If Jcoll [F] would only depend on w via @, we could solve the kinetic equations for each @ as a parameter.
This is generally not the case.

« Quasiparticle approximation: In I°/[F] | F always multiplies Wigner trafo of G — G4 ~ spectral density.
Close to the non-interacting limit GF — G4 ~ §(w — Wp — V(x,p)), i.e. the spectral function peaks as a
function of w peaks at @ = 0. The peak is assumed to be much sharper than the @-dependence of F.
This means that for given p, we may focus on

F(x,t,p,0) = F (x,t,p) (75)
which is the mass-shell restricted distribution function.

« Kinetic equation for F (x,t,p):

{(1 = 0 [ReXE|)0) + ¥ Vi — (VaV) Vp} F = 1M [F] (76)
NS S
-1

Remarks:

— F(x,t,p) is a classical object = probability at time ¢ for particle at point (x,p) in classical phase
space.
Up to “semi-classical” self-energy effects = tilde-terms Z, V, Eq. is equivalent to the classical
Boltzmann equation.

— Classical Boltzmann equation: f(x,¢,p)dxdp = numbers particles in phase-space volume dxdp.
From Liouville theorem, phase space volume preserved under Hamiltonian equation of motion x =
v(p), p = F(x,p), propagating to time ¢ + dt. Treat collisions that are beyond these equations of
motion separately in collision term:

Of +vp - Vef +F -Vpf =09 f|c (77)

Example for collision integral: Disorder scattering

o Consider non-interacting bosonic Hamiltonian with a static potential:

H= prai,ap + /de(X)aT(X)a(x) (78)
P
o Assume V(x) comes from randomly placed impurities, V(x) = ;V 1V (x —r;) where ry o n are the N

impurity positions.
Assume [ dxv (x) = 0, i.e. the offset is already taken into account in a shift of wp.

o Disorder average for quantity O (integrate over all impurity positions):

0 =T, [‘1/ / drjo} (79)

Two examples:

V(x) =11 1V/drjz (x — ;) (80)
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.
M=

<
Il
—

.
Il
—

V(x1)V(x2) v (x1 —1j)v (X2 — 1)

M-

v (x1 —1rj)v(x2 — 1)) +Z (x1 —rj) v (x2 —1rjr)

J=1 J#5' V=0
(diag.) = N/V/drv (x; —r)v(xg—r)
g
= ni/drv (x1 —xg —r)v(—r)
= K(X1 — Xz)
e The impurity action for a specific realization is
+oo
/ dt / dxV () [62(x, )6 (x, 1) + 63 (x, (. 1)
and the corresponding diagrams are given in the Figure.
V(x) V(x)
Vertices for impurity action: <_‘_ --< > ZA < -- ’_( — ZR
t, X t,x t,X t,x
V(x) V(x')
Self-energy diagrams to second order: ‘_" - '(_" '/" , —> EA
t, X G} t',x
G Gy ”
<—--‘—<—--’—< —>ZR (—--‘—(—‘---< — )
. 0 x4 . . .
e Find ¥ = wR yk | using perturbation theory to the lowest non-trivial order, but keep F' general as

it will be determined from kinetic equation. From the figure, we have

ER’A (.%'1, .%'2) =4 (tl — tQ) 1) (Xl — Xg) V(Xl) + V(Xl)Gé{’A (.%'1, .rg) V(Xg)
ZK (.%'1, .%'2) = V(Xl)Gg (1’1, .ZUQ) V(Xg)

o Take disorder average (omit the — on ¥, G): V(x;1) = 0 and note that V(x;)V(x2) = K(x1 — x2) is a
function of x; — x2 only.

o Wigner transform of the right-hand side is simple: Use product — convolution rule and K(p) =

v(x)ER
NiVplV—p = T4 ‘Up’
WRAK (z,p) = n; Z G?’A’K (X’ tp, w) (81)
pl
« Find collision integral I°°*[F] = ixK + 2FImX" from self-energies in Eq. :
- R,A R,A
— 2FTmY®": use Gy" (x%,t,p,w) =Gy (p,w) = #pim J

2ImEE (z,p) = 2R +in4 = —n; Zl {G(I)% - Géﬂ (P, w) ’"Up—p’}2 (82)

/

Ag=2mé (w—wp/ )
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— XK. Use

ink (z,p) =in; ZGé{ (x,t,p',w) ’UP*P'F (83)
p/
and plug in
G(I)( (X) i, p/7 W) = (C;(Ijﬂ2 B —F- G64) (X7 t, p/’ W)
[lowest order approx.] =~ —ii [G(])% — G(ﬂ (p,w) F (x,t,p',w)
= —i270 (w —wp) F (x,1,p',w)
so that
iEK = 27n; Z(S (w — Wp’) |Up_p,|2 F (X,t,p’,w) (84)
p/

« Collect terms and work with F at @ = 0 (w — wp):

Jeolt [13' (x,t,p) } = —27mZZ(5 o) [vp—p ] [F x,t,p) — F (x,t,p’)} (85)

o Interpretation (phase-space classical mechanics + energy conservation):

— First term: Loss rate proportional to occupation F (x,t,p) due to scattering of particles to other
momenta p’.

— Second term: Gain rate to occupation F' (x,t,p) due to particles scattered from other momenta p’.
— Rates determined by Fermi’s golden rule: W(p,p’) = 2mn;6 (wp — wp) |(p|v|p)]?.

9.4 Exercises

9.4.1 Normalization of Keldysh partition function with interactions

Use perturbation theory (up to order g?) to show that Z is not modified in the presence of interactions described
by Sint in Eq. . Hint: Show explicitly that the two rightmost terms in

/D ber dgle 1S0+iSint _ < lswt> =1+ (Sint)y — <Sz2nt> + . (86)
vanish.

9.4.2 Wigner transform of C = A-B

Find the Wigner transform from Eq. for a function C' = A- B where the “dot” notation means C(z1, z2) =
[ dxsA(z1,x3)B(x3, ). Express your result in terms of the Wigner transforms of A, B. You should find

— +1 (=) m) o(n m) a(n
) = > SO oo 4 ) 900 B (2. p) (1)
n,m=0 ' ’
s —
= Awp)er (P08 pa p) (58)

where the arrows show the direction of the differentiation. Hints: With appropriate substitutions, first confirm
C(x,p) = /dxa/dxbz g"Po¥a—tPab A <:U + ?a,p +pa) B (x +—= 5 ,p +pb> (89)
Pa,b

Expand the p-dependence of A, B and use appropriate z-derivatives of the identity >_, eTPr — §(x) to replace
the >-, eTPTp - Subsequently, evaluate the Zq,p integrals.
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10 Keldysh formalism for fermions
Grassmann numbers, fermion coherent states

o Consider fermionic Hamiltonian H ({c}, q}) with {¢;, c;} = 0;; canonical anti-commutation relation for
fermionic operators.
e Grassmann numbers :
— mutually anti-commute )’ = —¢'1) | — % = 0.
— function of Grassmann number via series expansion: f(v) = fo + fi1.
— Definition of integrals: [di)1 =0, [dy ¢ = 1.
— 1) anti-commutes with fermionic operators, {c, ¢} = {cT, 1/1} =0.

— “bar”-field 1 is unrelated to the 1-field.

e Fermionic coherent states:

)y =emve o) = (1—weh) [0) = |0) — v |1) overlap: (W) = eV = 1+ gy

colerent siate (w1 = (0l = (0] - (1] identity: 1= [ e 1) (vl
action of c: cly)y =¥ |¢¥) trace: trO = [ dipdpe=¥¥ (1h|O] )
action of ¢ () et = (| Gaussian integral: [ Hld&ldwle*{pT'A“p = det(A)

o In trO, the sign |—v¢) = |0) + ¥ |1) comes from the fact that the coherent states contain Grassmann
numbers which pick up a sign upon exchange, (n|y) (1|O|n) = (|O|n) (n| — ).

Partition function

« Consider single fermionic level, H = egcfe. In thermal equilibrium at ¢ = —oo, we have trp = tre”#Ho =
1+ e7P%0 (no geometric series) and <cTc> =np = 1/(1 + 7).

o In definition of Z, add time slices on both branches (1) , find in analogy to bosonic case

1 2N ;7 R -1
= / T2, dihjdip; exp [Z]-]Z/;l% (@ )jj/ by (90)
with (N=3)
-1 0 0 0 0 —e P
ho =1 0 0 0 0
ey |0 A -1 0 0 0
Z<G )jjf_ 0 0 1 -1 0 0 (91)
0 0 0 hy —1 0
0 0 0 0 hy -1
et(z -1 o)
where h* = 1 £ igpdt and indeed normalization holds, Z = %ﬁ) Nzeo
o Green functions: G .+ =G,
G<(t,t') = inpefieo(tftl)
G (t,t') = —i(1 — np)e~ ==t
GT(t,t) =0t —t)G™(t,t)+0(t —1t)G(t,1)
GTt ) =0 —t) G (1) + 0 (t —t) G(t,1)
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Keldysh rotation

e Keldysh rotation: Redundancy relation holds also for fermions, take it into account via rotation.
Careful: Different convention in comparison to bosonic case [Larkin-Ovchinnikov], rotated fields.

Note that the “classical-quantum” nomenclature is not used: Grassmann variables never have classical
meaning.

o Propagators: For «, 5 € {1,2}
_ R K
— i {4a()5(l)) = Caslt,¥) = ( “ ) (t.1) (92)

and inverse propagator (with convention above, have same structure as G)

GRS

G 1= 1 (93)
o (¢4
With the parametrization GK = GF . F — F . G4, find
K -1 -1
(¢7)" =(¢") -F-F-(c*) (94)
e Single fermionic level in thermal equilibrium
. / 1
Gt 1) = —if (t — /) e~ D —
w—¢€p -+
. / 1
GA(t, 1) = +if (' —t)e o= —
w—¢ep—1in
GE(t,¢) = —i (1 — 2np) e~ =00=1) T _om (1 =2np)d (w—ep) = tanh (;;) (GR(w) - GA(w))

The last identity is the fermionic fluctuation-dissipation theorem.

10.1 Exercises
10.1.1 Drude formula for metallic conductivity

In this exercise, we calculate the Drude conductivity of a non-interacting but disordered metal in three spatial
dimensions. The clean metal Hamiltonian of the electrons (spin-less, say) is

Hy = Z (ep —€F) c;f,cp (95)
P
with Fermi energy ¢p and the electric and impurity potentials are U(x) = —ex - E and Z;-V:l v(x — xj), re-

spectively. We assume an isotropic impurity potential v(x) = v(z) and a parabolic dispersion e, = |p|?/(2m).
The conductivity o is defined via the relation between current density and (small) electric field, j = oE. It is
straightforward to show the Boltzmann equation can be derived from the fermionic Keldysh-Dyson equation as
in the bosonic case. As in the lecture, we consider the disorder average. We employ the mass-shell approxima-
tion, assume weak impurity scattering and neglect self-energy effects on the left hand side of the equation. For

the fermionic phase-space distribution function ng(x,t,p) = [1 — F(x,t,p)]/2 (quasiparticle picture valid!), it
reads

{0 + vpVx — (VxU) Vp}np (x,t,p) = —27n; 25 (ep — €p) ]vp_p/‘z [np (x,t,p) — nr (x,t,p')] (96)
pl
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(0)

1. We assume that the collision integral on the right-hand side of Eq. can be written as I¢ = — ni t_g? ‘)”

where 74, is known as the “transport mean free time”. We will show the consistency of this “relaxation-
time approximation” below, once we have found ng. Assume a stationary situation with a homogeneous

electric field. Expand np = n}O) + ng) with ng?) the equilibrium distribution function and ng) of linear

order in the field E, find ng)(p). Argue that the current density is given by
. e
J05.6) = £ S vpnr (x,£,p) (o7)
P

and show that the conductivity at low temperature is determined by the Drude formula
o = 21 (pr)n/m (98)

where n = N/V is the (spin-less) electron density and the Fermi wave vector p% is determined by
pE/(2m) = ep.

. Show that for a distribution function of the form found in (1), i.e. np(p) = ng)) (p) +a(k)-p, the collision
integral indeed assumes the relaxation-time form and confirm

Tt;l(p) = 21mn; Z d(ep — €p) |vp_p/|2 (1—cost) (99)
p/

where 6’ is the angle between p and p’. Discuss the significance of the term cos @’ that distinguishes the
transport mean free time from the quasiparticle decay time in Eq. .
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Part 111
Topology in condensed matter physics

11 Introduction

e Central goal of condensed matter physics: Characterization of phases of matter. Two ways:

1. Spontaneously broken symmetries and local order parameter.
Example: Magnet, time-reversal is broken, magnetic phase (m) # 0)

2. Topological properties and entanglement in quantum ground state.
Example: Integer quantum Hall effect. Does not break any symmetries, but has quantized transversal
conductivity o4, = ne?/h.
Hallmark of “topological phases”: o, insensitive to smooth changes in material parameters, does
only change at a quantum phase transition where o,, becomes finite in bulk.

12 Topological band theory (non-interacting)

12.1 Introduction

e Topology = branch of mathematics concerned with properties insensitive to smooth deformations.

o Example: Closed 2D surfaces in 3D. If they can be smoothly deformed into each other, they are topolog-
ically equivalent. They are distinguished by their genus ~ number of holes:

— sphere <> spoon (g=0 holes) < doughnut <> mug (g=1) < double-doughnut <> teapot (g=2), see
Fig. [22(a).

— Topological invariant “Fuler characteristic”, via Gauss-Bonnet theorem:
Integral over (local) Gaussian curvature K (e.g. K = 1/R? for a sphere)

1
xX=2-29g=— | KdA (1)
2 S
(a) Topology of closed 2D orientable surfaces in 3D (b) Insulator band structure in 1D (c) Boundary state
By —p=¢& H,(!)_l)
Genus =0 1 2 .. empty band
) = _"excitation gap

' pe— . :/ . b —Ivr/" =i Trl/u
o V i ) filled band

Figure 22: Basics of topology for surfaces in 2D and for insulators.

» Translate concept of topological invariant to electronic insulators [Fig. b)]:

— Insulator: Material with energy gap Fg for electronic excitations.

— Gap E¢ allows for principle of adiabatic continuity:
Two insulators are topologically equivalent, if their Hamiltonians can be smoothly changed into each
other while staying in ground state.

— Consequence: Connecting topologically inequivalent insulators will cause closing of gap (topological
phase transition).
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o Topological classification for general gapped many-body Hamiltonians — problem of current research,
not solved yet.

e Simpler: Classification for insulators described by band-theory.
Rests on 2 key assumptions:

1. Electrons are non-interacting (or at least adiabatically connected to non-interacting case).
Important: Pauli principle for occupation of fermionic states.

2. Crystalline (translational invariant) material.
Bloch theorem: Crystal momentum k is a good quantum number, eigenstate at energy E, (k) is
Bloch wave
[Un(k)) = " Jun) (2)
with ‘unk> cell-periodic eigenstate of Bloch Hamiltonian H (k) = e’** He kT,
Lattice translation: H(k) = H(k + G) for reciprocal lattice vector G. Thus k = k + G defines
Brillouin zone (BZ), topology of torus T”. See Fig. (b) for example in D=1.

¢ Conclusion:

’ Insulating band structure = Mapping from TP to space of Bloch Hamiltonians H (k) with energy gap. ‘

o Gapless boundary [Fig. 22|c)]:
Effectively coarse-grained description of inhomogeneous D-dimensional material HQ(CD), x € [0,1]. Let
HSD) and H fD) be topologically in-equivalent. Moving along x, have to cross gapless boundary described
by Hl(gD_l).

e Two objectives:

a) Classify topologically distinct insulators H” (k).
b) Study gapless boundary theory H](S,D_l)(k”) and relate to difference in bulk invariants. (Bulk-

boundary correspondence.)

12.2 Berry phase and Chern number

o Goal: For (a), find what takes the role of local curvature “K”.

Loops in k-space: Berry phase
o Observe quantum mechanical phase ambiguity for (Bloch-)states (U(1) transformation)
i) — €09 Juy) (3)
Reminiscent of local gauge trafo in EM if k-space is identified with r-space.
e Berry-connection: Defined in analogy to EM vector potential,

A (k) =i (uk|Vi|ux) , (4)
A(k) — A(k) — Vio(k).

Note: A(k) is a real vector, find this from acting with Vi on (uy|uk) = 1.

e Berry phase: Berry-connection is not gauge invariant, but we can integrate it over closed loop c
(Zmagnetic flux B through ¢) and obtain gauge-invariant quantity:

Ye = yﬁA - dk mod27w (5)

Notes:
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— 7. = phase acquired under adiabatic cyclic evolution along (closed) loop ¢ in k-space.

— Reason for mod27: Non-smooth “large” gauge trafo |uy) — €*¢®) |uy) with phase-winding around
the loop ¢ yields 6. = ¢, Vio(k) - dk = F2m.

— k-space can be replaced with any other cyclic parameter dependence.

2D surfaces: Berry curvature F

o Assume the loop ¢ in 2D parameter space is the boundary of the 2D region S, [Fig. (23)(a)].
If the parameter space is k-space k € T2 embedded in R? think about curved surfaces in R3.

e Apply Stokes theorem on right-hand side of Eq. for Berry phase,

_ L2
%—/Scf(k) d*k (6)

with d?k the surface element in k-space and Berry curvature:

F(k) = Vi x A. (7)

o Berry curvature is manifestly gauge invariant for smooth gauge transformations [since then Vi x Vi ¢p(k) =
0].

Example: 2-band model in 2D

Consider 2x2 hermitian matrix, expand in Pauli matrix basis, ignore 1 since it does not affect eigenstates.

H(k) = d(K) - o = dy(k)og + dy(K)oy + da(k)os (8)

« Eigenvalues +d, eigenstates using d = (cos ¢ (k) sin 0(k), sin ¢(k) sin 0(k), cos 0(k))” are

in o1 0 ,—i¢
_ Sin 26 _ COS 26 9
’u—> < —COS% > ) ’u+> ( sin ¢ ) : ( )

2
« Eigenstates only depend on d €52, a point on the unit sphere. Ex. 12.1 shows that for d = fl(k),
14 A A
Fo=5d- (O, d x 0, 4) (10)

which is half the two-sphere surface area element.

e For a loop ¢ we find:

1 “
Ye =5 (Solid angle swept out by d (k) during loop c) (11)
(a) Berry phase in 2D (b) Berry curvature in two-level system
/ north

1south

Figure 23: Berry phase and -curvature.
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Closed 2D surfaces: Chern number C

Consequence of Eq. for two-band model:
Berry curvature F integrated over closed 2D surface S (here S = T?) is multiple n of % (4m) =27, n is
the number of times the map 7% — S? wraps around S2.

1
= Cd%k = 12
27T T2 F K ( )

This the “Chern number”. Remarks:

— (' is a topological invariant, compare to Gauss-Bonnet in Eq. where the curvature is now the
Berry curvature F.

— can be generalized to any 2D closed surface, T? — S (without boundary)

Quantization of C' for general H (k) beyond two-band model:
Take loop ¢ on closed surface S, then “inside” and “outside” are arbitrary. So

c,in Sc,out

Ve = §1§A -dk = / Fd*k = — Fd’k + 2mm (13)
S,

where 2mm with m € Z follows since ~. only defined mod 2.
Put together S from S, ;, and S out, find for C:

1 1 1 1
C=— P’k = — d’k / k= —[v.— (7. —2 = 14
5 /S F . /S . Fd'k + o 5o F 5 [Ye = (Ve = 2mm)] = m (14)

Interpretation: C' integrates the Berry flux over a closed surface, it counts the number of (EM: magnetic)
monopoles inside S by detecting their 27-flux lines.
(see Ex. 12.2, where we work in 3D and including the inside of S).

12.3 Topology in 1D

Su-Schrieffer-Heeger (SSH) Model and polarization

Model conducting polymer acetylene as 1D tight binding model chain.
At half filling, it lowers its energy by a Peierls distortion (dimerization) [see band structure in Fig. 24fa)].

SSH model with two-site unit-cell for spin-less electrons with dimerization dt:

H =" (t+dt)clepi + (t— t)cly, cpi + h.c. (15)
b sts0=" 5t>0:"—"

Fourier transform to k-space, two sites per unit cell, get two bands:

H
da
dy
d,

k) = d(k)-o

k) = (t+6t)+ (t —dt)coska
) = (t—odt)sinka

k) = 0

o~

(
(
(
(
Claim: Electrostatic polarization P ~ (r) ~ (i) (with r position operator) is related to Berry phase .

via A(k) = i (ug|Ok|ug) [King-Smith, Vanderbilt PRB 47.1651 (1993)]

:% o7
BZ

p=2 §£A(k) cdk = (16)

Notes:
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— For finite chain, polarization yields end-charges P = Qcpd,r, = —Qend,r- End-charges must cancel
for charge neutrality.

— Check: Both sides of Eq. are defined mod e (can add integer charge to end of chain).

o Calculate P from Eq. valid for two-band model (extend 1D k-space k; — (ks, ky = 0) and do not
vary ky):

1 A
P = Qi 3 (Solid angle swept out by d(k,) € S for k, around Sl>
T

Find solid angle swept out by map k — d(k) from S' — S? [Fig. [24(b)]:

— 6t > 0: No finite solid angle swept out, P = 0.

— 0t < 0: d(k) winds around equator of unit-sphere, P = =1 (2m) = e/2. For end charges: Qeng,r, =
_Qend,R = :|:6/2.

o Interpretation: The extreme case §t = —t is easily understood, where only intra-unitcell coupling exists
and end-sites provide localized zero-energy states, see Fig. (c)

o For 6t € [—t,0): Since 7, does not change, end-charges are maintained. They are smeared out into the
bulk, though. They mutually cancel when §t = 0 and the bulk gap closes.

(a) Peierls distortion for polyacetylene (b) SSH model topology (c) Polarization in extreme case 6t = —t (3 electrons)
0t >0
B Y
AZF T~ = O~ =~ 3t >0 B = ~
a=2a d x
z - -
\\ 0t <0 e ©
>
I ; e
. left orright

Figure 24: Topology in 1D

Role of chiral symmetry

« For the SSH model (15), P = -7, cannot vary from {0,e/2} mod e unless gap closes at some k in BZ.
Reason: d,(k) = 0.
This is easily violated by onsite energy ~ CTAiC 4; or next-nearest neighbor hopping ~ CLiC A1

o Symmetry that enforces d.(k) = 0: Chiral symmetry:
{H(k)’o'z} =0 (17)
Remark: Chiral symmetry...

— can be generalized to arbitrary spatial and matrix dimension, {H (k),II} = 0.

— causes symmetry of spectrum, H |¢) = FE|¢) 5 nn |v) = Ell|Y) — H|Y') = —FE|¢Y') with
|¢') = IL|4).
— is defined via Anti-commutator (note that, usually, symmetries enforce commutator [S, H] = 0 and
degeneracies)
o Empiric reason for edge-state stability away from 0t = —t as long as bulk gap is present:

No local (symmetry preserving) perturbation can move E = 0 eigenstate at left end away from E = 0.
Reason: Need to move chiral partner state at right hand as well. This only works via the bulk, which
is gapped. When the gap vanishes, end states can be moved simultaneously in energy to +F # 0 and
merge with bands.
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e Conclusion:

— Unless with special symmetry (like chiral symmetry), there is no topology in 1D.

— All 1D insulating bandstructures are topologically equivalent.

Domain wall states and Jackiw-Rebbi model

e Goal: Find wavefunction of SSH-model boundary state and understand its stability.

o Idea [Fig. 25(a)]: Replace vacuum at the end of topological non-trivial (8t < 0) section by section with
ot > 0.
The latter is adiabatically connected to vacuum.

o Consider limit 6t < ¢, focus on edge of BZ, k ~ 7 /a. Expand H (k) in lowest order ¢ = k — 7/a, get back
to real space with ¢ — —i0,:
H = ivo,0, + moy (18)

where v = ta and m = 26t. Smoothen domain wall §t = §t(z), so that m — m(z) [Fig. 25(b)].

e H is 141D massive Dirac Hamiltonian with spatially changing sign of mass, m(z — —o0) < 0 and
m(x — +o0) > 0.

o Solve Schrodinger Eqn. for localized zero-energy domain wall state [1g):

Olo) = Hlo)
= io,Hp(x)
= —vdsto(z) — m(z)oo ()

m(z)

Outpo(x) = —— —0=¢o(z) (19)

v
This can be solved as

—0o0

+x
Yo(x) = N exp <—/ dw’m(w')/v> 1) (20)
where o, [1) = [1).
e Remarks:

— State 1o(x) is normalizable for the specific domain wall configuration m(x — —oc0) < 0 and m(z —
+00) > 0. For an opposite domain wall, use ||).

— Precise form of the domain wall m(z) does not matter for construction of iy (z).

Chiral symmetry IT = o, maps ¢ (z) to itself, o,19o(z) = ¥o(z)!

Thus |t¢p) is its own partner state under chiral symmetry and forced to sit at £ = 0.

This is artifact of continuum approximation, would not work in finite-dimensional tight-binding
matrix model where the number of states has to be even and two domain wall states are required.

Thouless charge pump

o Consider a quantum pump in 1D, i.e. a time-dependent Hamiltonian H(k,¢) that varies adiabatically
(always gapped) and periodically in time such that

H(k,t) = H(k,t +T) (21)

o At time ¢t = 0, say, polarization P(t = 0) is defined up to e but generically not quantized.
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(c) Thouless charge pump

\

(@) Domainwallin — X @ —/ @ X — 1
SSH model i

(b) Continuum model: Mass profile and E=0 state

Figure 25: (a) Domain-wall in SSH model. (b) Domain-wall in continuum model and localized zero-energy
mode. (c¢) Thouless charge pump in 1D.

o At time t = T, Hamiltonian has not changed, but P might have been changed by ne (recall that P was
only defined mode).

o The change in polarization is [Fig. (25])(c)]
(& m/a m/a Stokes € m/a T closed
AP = P(T) - P(O) = — / A(k‘,T)dk — A(k,O)dk = / / Fdkdt =" eC (22)
27 —7/a —7/a 27 —7/a J0

In the last step, we used that the grey region that is bounded by the red and blue contour is actually a
torus and thus closed, so the Chern number is well defined.

o Conclusion:
Cyclic families of 1D-Hamiltonians as in Eq. are classified by the Chern number C.
Its value, C' = n, gives the quantized charge (in units of e) that is pumped per cycle.

o Example for Thouless charge pump: Rice-Mele model (see Ex. 12.3), which is the SSH-model with added
on-site terms

Hp=m)_ (CTMCAZ‘ - CTBiCBi) (23)
i

and adiabatic periodic modulation (§(t), m(t)) = (cos 2t sin %) .
Idea: Variation in d-term switches between connection of dimers, synchronized variation in m nudges
occupation of dimers to one side.

o Proposal of pump: [Thouless Phys. Rev. B 27, 6083 (1983)],
Experimental realization: Ultra-cold bosons [Lohse et al, Nat. Phys., 12 350 (2016)] @ MPQ and fermions
[Nakajima et al, Nat. Phys., 12 296 (2016)].

12.4 Integer quantum Hall effect (QHE)
Phenomenology and classical Hall effect

o QHE is beautiful manifestation of quantum effect on the macroscopic scale (other example: supercon-
ductivity).
[Klitzing, Dorda, Pepper, Phys. Rev. Lett., 1980]

« Hall effect: j, = 0,y Fy. Requirement for finite j, is breaking of time reversal symmetry (TRS, more on
that symmetry later) j, — —j,.
Conclusion: To get Hall effect, must break TRS. Most simple way for now: External magnetic field.

o Classical Hall effect in 2D metal with perpendicular magnetic field: [Fig. (a)]

— Lorentz force F = e (E + v x B), deflection of current in z-direction canceled by electric field E,,
from charge accumulation at the edge.

Fy=0 < E,—v,B, =0 (24)
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— With the current density in z-direction, j, = env, with n electron density, find for classical Hall

effect:
ol E ene
g(cyl) — Yy _ Ze (25)

Je B

o Experimental data (sufficiently clean, quasi-2D electron gas, e.g. GaAs):
Main finding: Plateaus of Hall conductivity o, = ne?/h, o5, = 0 (bulk gap!) with n an integer up to
accuracy 10710,
Amazing: Independent of material, (modest) imperfections of sample, shape of sample...

o Next: Be agnostic about microscopic models and give two general arguments that explain why o, is
quantized.
Later: Look at two microscopic models.

(a) setup for quantum Hall effect (b) typical experimental data (c) Laughlin argument for Corbino geometry
2 classical .
ole*/h] (cl.) _ ene
Oxy = = B.{ QHE material
3 g 0wy =ne?/h
2
1 ~
1 I2 é neh/(eB) = v
) _ "filling" -—
large fields small fields R

Figure 26: Quantum Hall effect.

Argument 1: Robustness of 0., via Laughlin argument (relation to 1D charge pump)

« Consider Corbino geometry, which is an annulus of 2D QHE material [Fig. 26]c)].
If the material has o, = ne?/h, would expect radial current j as a response to electric field E applied
along azimuthal direction.

o How to apply E? Insert time-dependent (but adiabatic) magnetic flux ®(¢) in inner hole, use Faraday
effect:

%dr B = 0,0(t) — B(R,1) = ﬁatcp(t) (26)

e How to measure j7 Find charge AQ transferred between inner and outer edge in time AT

1 AQ/AT
_ _ 27
2R 2R 0
e Measure o,y from E, j: . I
J
xy — 2
TR T 90 )

e Argument for presence of gapless edge states:
— For finite 0., and for a gap in the bulk (0., = 0), the transferred charge AQ cannot relax across
the bulk and must pile up at the edges.
— As process was adiabatic, edge states must be gapless to absorb the charge.

— Edge theory is “anomalous”: Charge is not-conserved individually at each edge (unlike stand-alone
chain).
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Question: Why is o, = ne?/h to such a high precision?
Answer: Laughlin argument [Laughlin, Phys. Rev. B 23, 5632 (1981)].

Chose special A® = &) = h/e (flux quantum) inserted in time AT (c.f. Thouless pump): Find transferred
charge:
h
AQ = IAT = 0,y ATO,;® = 0~ (29)
——— e
$9

Fact from QM: Vector potential generated by ®y can be removed by (large) gauge-transformation, H (® =
®y) = H(® =0).

Hamiltonian of system (and eigenstates) unchanged after time AT. Due to adiabatic evolution, system
is still in eigenstate.

Non-interacting system: Only the occupation of (gapless!) single-particle edge states could have changed,
thus AQ/e = n is an integer!

It follows:
_AQ
Try = h/e

Note: The Laughlin argument works also with disorder and interactions, it only relies on gauge invariance.

=ne?/h (30)

Argument 2: Connection between 0,, and Chern number via Kubo formula
[Thouless, Kohmoto, Nightingale, den Nijs (TKNN), Phys. Rev. Lett 49, 405 (1982)]

Calculate o4, for 2D electron system described by Bloch Hamiltonian H (k).

Kubo formula connects conductivity with retarded current-current correlator: oy (w) = 7 Jo7 dt e ([52(0), jy (£)])
(use Lehmann representation, w — 0, work at 7' = 0, lazy notation - should have |u,k) and ]u5k1>, but
along the way we would get di k/):

/ (Uak|iy|usk) (upk|jztak) — (Uak|jz|usk) (UpK|jy|tak) (31)
K

Opy = th
! [Eg(k) — Ea(k)]”

Ea<Ep<FEg

Current density j: Charge times group velocity j = 8y H (k).
Side calculation: Use 0, (E(k) |uk)) = Ok, (H(k) |uk)) = [0, H(K)] |uk) + H (k) (O, |uk)) in
(o] [Or, H (k)] Jugi) = (thare| Ok, (EB( ) [ugi)) = (uaH (K)|Ok, upi)
)

= [Es(k) — Ea(k)] (uax| Ok, )0k, (k)
0
Insert in Kubo formula, the energy-denominator cancels:
ie?
Oay = —- Z Uak\aky\uﬁk> (151 | Oy | take) — (U | Ok, | UpK ) <// k!aky!uak>
Eo<Ep<Eg e — —_—
_<3kyuak| , 1k> <8kxuak|“ k>
For the sum over the unfilled bands > p_ g, | ) (upe] =1 =g g, [tak) (Uark]. The second term
(o/-sum) vanishes by symmetry. We find:
)
ie
Oy = — / 3kyuak!5kzuak> <akzuak’8ky uak>}
Eo<FEp

- % > [ {onAdat) - o400}

Eo<Ep

:——Z / dk/ dky Fo(k)
Eo<Ep 27T —7/a —7/a
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and we find the TKNN-formula:

2
(&
Oy = =7 > Ca (32)

Ea<EF

« Conclusion: Hall conductivity o, is (the negative of) the sum of Chern numbers for each occupied band.

QHE - Model 1: Landau levels (with external B-field)

o Continuum model for free 2D electrons in out-of-plane magnetic field (Landau gauge):

1
H=_—(p—-eA)?

2m
A =e, By
e H does not depend on z, thus p, — hk,:
H= - P2 + (hk, — eBy)*] (33)
2m Y

o For each k,, this is a 1D harmonic oscillator in y-direction centered at yo(k,) = hk,/(eB). Find Landau
levels (LL):

1
H = hw, <aTa+2),

eB
we = — [cyclotron frequency]
m
1
FE, = hw, <n + 2>

See Fig. 27](b) for density of states.

 If we could place Er between LLs, then we could explain experimental observations o,, = 0 and 0., =
ve? /h if each of the v filled LL had |C| = 1.
This only works if LLs are broadened by disorder. In this case Anderson localization is essential to
maintain o,, = 0 even though there are states at the Fermi level.

o Degeneracy g of Landau level for finite L, x L, system [Fig. 27(a)]:
— Finite L, — quantized k, = %—:nx (“particle in box”).
— Distance in center-coordinates along y: dyg = h%—:/(eB).
— Can place g = L, /dyo wavefunctions in system: g = LxLy%

e Number of filled Landau levels:

= gt 34
e 5 (34)

N h
9

e Argument for o4, = e?/h per LL: Flux pumping [Fig. (c)]:

— Smoothly deform Corbino geometry to torus where we can use LL wavefunction from above.
— Adiabatically inserting flux quantum ®( changes k, — k, + %—:
— This moves all y-coordinates by dy = dyg = LL% All wavefunctions take their top neighbor’s place.

— We have transferred one of the g states per LL to edge: AQ = ve. 0, (LL) = €*/h.
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(a) Landau level degeneracy (b) LL density of states (c) Flux pumping with LL

P(t):0—> D
Ep(v=2) ®) 0
| s E I"”
690 . duo § v
NS e |
with disorder glLs
Y ] Ly /single extended state
rest: Anderson localized
[_, L,
z ) <—— E

hwe

Figure 27: Quantum Hall effect from free electrons in 2D which form Landau levels (LL).

QHE - Model 2: Chern insulators on lattice (without external B-field)

o Chern insulator = bandstructure with o, = ne/h (n # 0) but without external magnetic field.
Need to break time-reversal symmetry internally (complex hoppings, experimentally: Magnetization.)

o Simple 2D model on square lattice: Two get two bands, use two-"color” spinless electrons 1., =
(Clay),A> C(x,y)’B)T. Colors are denoted by 7 Pauli matrices):

T, — 1T, T, — 1T,
H= —Z{ b= ey + Ly T ey + h.c.} + MY LTty (35)
x?y x’y

o Imposing periodic boundary condition, H =) @/JIT(H(k)wk with H(k) = d(k) - 7 and

d(k) = (sin kg, sin ky, M — cos k; — cos ky) (36)

o Band structure Eyx = +d(k) will be gapless if M = {—2,0,2}. What is the Chern number in gapped
phases?
Graphical approach looking at high-symmetry points in 2D-BZ [Fig. [28(a)]:
— M < —2: d always points down (—e,) for k everywhere, no wrapping of unit-sphere: C' =0

— —2 < M < 0: At point (m, ), d points up (+e.). Thus we have a non-trivial winding and we find
C = +1 (sign from exact calculation using F (k) or Eq. (37)).

— 0 < M < 2: Inverse to previous situation, three points up, one down: C = —1.
M > 2: All points up, C = 0.

o Alternative formula for Chern number for models H (k) = d(k) - 7 [Kronecker|: Fix vector dg # 0, find
the points k; in the BZ where d(k;) points in the dy-direction. Then:

C = Zsigndet( do, 5. G ) =k, (37)
k;

Chiral boundary mode = quantum Hall edge state

e Use the lattice model to study topological edge mode for region of, say, C' = 1.

o Expand Bloch Hamiltonian around point (7, 7), up to terms quadratic in q = k — (7, 7):

Hop_pirac (Q) = Q202 + qyoy + Mo, (38)

This is a 2D-Dirac Hamiltonian.
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(a) topological phase diagram for Chern insulator (b) chiral edge states

c-0 -2 C=+1 0 C=-1 2 c=0 M
I T T
) c=0
i’: h o © »
C=+1

y, tEmmeeaes
C=0

X

Figure 28: Lattice model for Chern insulator Eq. (35)).

o Make parameter M space-dependent M = M (y) so that at y = 0 so that as we increase y < 0 to y > 0,
we model transition from C'= 0 to C' =1 or vice versa (in space!).

e Back to Dirac approximation:
Hop_pirac (q) = (qzO0gx — iayo'y + M(y)az (39)

e For the last two terms, the Jackiw-Rebbi zero mode construction for domain wall mode in 1D-Dirac
Hamiltonian goes through, but with o, eigenstates.
The first term including ¢,0, leads to a linear dispersion from motion along the boundary:

b (w,y) = Ne ae® o M @) ( ill ) ;
E1(¢z) = £a-

o Have one normalizable solution per interface, ¢_ if we go from m < 0 at y <0 tom > 0 at y > 0, and
¥4 in the opposite case. [Fig. 28(b)]

o The group velocity of ¥4 is v+ = 0,, F+ = £1. This is a one-way street for wave-packets (“chiral”) with
perfect conductance (no backscattering).

o See Fig. §(b) for chiral edge mode dispersion: Perturbations can change E+(gz), but connectivity with
bands and crossing of the gap is protected (like a rubber band)! Generalize for boundary between Chern
number C 2: Have |C7 — C3| edge states with velocity sgn(C; — Cs).

e Robustness of QHE: Chiral edge modes can never back-scatter, unless bulk becomes gapless and hy-
bridization with partner mode at the other side occurs.

12.5 Symmetries and ten-fold way classification

e General 2nd quantized fermionic Hamiltonian

=4 hi, (40)
i

with h = h a complex hermitian matrix.
Fock-space operators zﬁlm (with hat!) fulfill fermionic anti-commutation relations (ACR) {1@, zﬁ;} = 0ij,

OIS G (% BN
{90} =0={a, 4},
o The index i can denote (sub-)lattice site, spin, flavor... or a combination thereof.

o Strategy: Specify symmetries by their action on @ET), read off consequences for h.
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Unitary symmetry

Let matrix U that transforms the 1/32-@) as follows:
i = Y Uptye = U0,
k

0 Ty P |
o - LURL=04]07
k
Here, U is a second-quantized operator that acts on Fock space.

!

U is a unitary matrix: Since ACR should be preserved, d;; = {1@, 1@} = U {@z, zﬁ;} U-1= 0;; it follows
that UUT = 1.

Uis a symmetry of the Hamiltonian H if

A

UHU £ (41)
Special case of non-interacting systems (characterized by h as in Eq. ), it follows
ﬁ — Uﬁﬁ_l == Z Uﬁgﬁ_lhi]’[ivlﬁ“/‘ﬁ ! = Z Z Uﬁng)]ihljUjl’J}l ; Z Qﬁ};hkﬂ/;l (42)
ij ij ki Kl
and we read off UTRU = h or
[U,h] =0 (43)
Can find a basis where both U and h are block diagonal, each block has a common symmetry eigenvalue

(colors in Fig.

Examples:

— lattice translation: U = Ty, eigenstates are Bloch states with eigenvalue k = (ky, ky, k=).

— total spin in z-direction: U = 57, = >, 57, eigenvalue of, i.e. for even number N of spin-half
Siy=0,£1,... £ N/2.

Figure 29: A unitary symmetry diagonalizes the Hamiltonian matrix h in blocks.

Anti-unitary symmetries

Assume we have exhausted all unitary symmetries and wrote h in block-form.
How can we further classify these blocks of h?

Important symmetries in nature are realized as anti-unitary operators:
@) = Ola)
(Bla) = (0alOB)
Wigner Theorem:

Anti-unitary symmetries must be anti-linear , this means O = UK with K the complex conjugation
operator and U a unitary symmetry.
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Time reversal T

o Time reversal (motion reversal) 7' is anti-unitary operator:

T =U0UrK (44)

Reason: Assert & — & but p — —p, consider [Z,p] = i, so it is consistent to request i — —i, thus T
anti-linear)

o Action on ¢():

HT! (45)

e For non-interacting systems as in Eq. , we find the following condition on A (K acts on numbers in
h, not on Qﬁ)

ULW*Ur = h (46)

Up to unitary rotations, this is a reality condition on A*.
Note: For Bloch Hamiltonians h — h(k) the complex conjugation generalizes to h* — h*(—k).

o Two types of T: Acting with 7" twice, we have TT@TAT*I => (U%UT)jk ¥y, which leads to

(UFUr)" h (UsUr) = h (47)

Since we required that h is an irreducible block, Schur’s lemma can be applied, UrUr ~ 1. Since (U3Ur)
is unitary, we are left with a phase:

UpUs = i (48)
but det (UpU;) = detUr (detUr)* € R, so ¢ = {0, 7 }and thus

T2 = +1for UsUp = +1 (49)

o Example for 7? = —1: Spin-1/2 fermions, 1 = ( ZT ), combine to yield spin-operator S = %zﬂaw.
i}

. 1 . .
Chose Ur = ioy = _01 0 ) so that ¢y — ¢}, ¢, = —c¢y we have indeed UrU; = —1 and we flip the
spin as expected:
Ana 1 . . 1 A
TST = 51/)T [(—ioy) o (ioy)]| ¢ = 5@“ [oyo"oylp = —=S. (50)
e Important consequence for time-reversal symmetric systems with 72 = —1: Kramer’s degeneracy (two-

fold degeneracy of all eigenstates)
Let H [¢)) = E |[¢) and assume H = THT~*. We have

TH|p) = AT [¢) = ET |¢) (51)
so [¢) = T |1} is also an eigenstate at energy E. To prove degeneracy, show that there is no ¢ € C with
cly) . [y = T|¢> Apply 72 = —1, but 7' contains K, so c*clyp) = —[¢) but there is no ¢ € C with
|c|? = —1.
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Particle-hole symmetry p (also called charge conjugation)

o Particle hole symmetry P=Upisa unitary symmetry that exchanges ¢ < ¥
b = PP =3 (Upg)t o
k
@ — ]51;;(15—1 =" Upjnt
k
From the invariance of the ACR, Up is a unitary matrix.

e A many-body Hamiltonian H is particle-hole symmetric if
o< pPaP! (52)
o As for time-reversal, we have two kinds of particle-hole symmetry, P2 = +1 for UpUp = £1.

e For non-interacting systems Eq. , from particle-hole symmetry, it follows: trh = 0 and

ULh*Up = —h (53)

o For single-particle eigenvector h - u = eu, we thus have a particle-hole reversed partner state:
h (Upu*) = —e (Upw?) (54)

o Example: Superconducting systems in mean-field approximation Vﬂé}@é L — Véié (Erey)+V <CTC ¢> ¢l

A
Using Nambu spinors QZJT = (¢f,¢), these Hamiltonians can be described by non-interacting Bogoliubov-
deGennes (BdG) Hamiltonians.

BdG Hamiltonians have built-in particle-hole symmetry (or “constraint”, see Ex. 12.4).

Chiral symmetry S

e Chiral symmetry is combination of time-reversal and particle-hole symmetry and thus an an anti-unitary
operator on the Fock space:
S=TP (55)

o If T and P are broken, their combination can still be a symmetry of H:

A=8A57 (56)
« Action on 1
by = 88T = TPYPT = ST (Up ) BLT ™ = Y- (Upa) TOHLT = Y (UpUR)uil],  (57)
k k L
—S

e Consequence for non-interacting Hamiltonian in Eq. :

— Find trh = 0 and ULhUs = —h with Ug = UpUr-.

— Applying chiral symmetry twice: (U, g)T h (U2) = h, use Schur’s lemma: U2 = €. Redefine Ug —
e'®/2Ug [this did not work above for time-reversal!], then U2 = 1 and Ug = U, ;

— Final:

UshUs = —h <> {Us, h} = OwithUZ =1 (58)

Consequence for single-particle eigenvalues (see above):
hu = eu — h (Usu) = —¢ (Usu) (59)
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Tenfold way symmetry classification for non-interacting Hamiltonians

« Summary of symmetries for non-interacting Hamiltonian in terms of matrix » = h' (void of unitary

symmetries)

’ symmetry H non-interacting Hamiltonian h ‘ Bloch Hamiltonian h(k) H types ‘
time-reversal UlLn*Ur = +h UL (—k)Ur = +h(k) || UxUr = £1
particle-hole U]Tgh*Up =—h ULh*(—k)Up = —h(k) UpUp = £1

chiral UshUs = —h Ush(k)Us = —h(k) Uz=1

o We can assume that there is only one time-reversal (or particle-hole) symmetry:
If there were two time-reversal symmetries, we would combine them to one unitary symmetry 11Ty with
U = Ur,Uf, and [U, h] = 0.
Thus A should be block-diagonalized first.
On each block, Ur, Ur, would be a constant, so on each block, there is only a single time-reversal symmetry.

e This argument does not work for the combination TP, as they do not combine to a unitary symmetry
(but to chiral!).

o Tenfold-way classification [Altland and Zirnbauer (1997)]:

— Is h time-reversal symmetric? If yes, how? (UrUr = £1) [3 possibilities “0,+,-"]
— Is h particle-hole symmetric? If yes, how? (UpUp = +£1) [3 possibilities “0,4,-"]

— If h is neither time-reversal nor particle-hole symmetric (1 out of the 3x3=9 possibilities above):
Does h have chiral symmetry? [split in 2 possibilities]
(In the other 8 cases, the presence of chiral symmetry is uniquely determined.)

e In summary: 10 different cases.
Tabular representation of tenfold-way classification:

[ class [ T [P |S] D=1 | D=2 | D=3
A 01010 0 Z (e.g. QHE) 0
AT [ 0] 0 |1 Z (e.g. SSH) 0 Z
Al [+]0]0 0 0 0
BDI || + | + | 1 Z 0 0
D 0|+ 0] Z (e.g. Maj. wire) Z 0
DIT || - | + |1 Zo Zo Z
AIl || - 1010 0 Za(e.g. QSH) | Za(e.g. TI)
CII || -1]-11 27 0 Loy
C 0[-1]0 0 27 0
CI + 1 -1 0 0 27

e The right hand side of the 10-fold way table shows the topological classification.
We have already seen the SSH model (1D class AIIl) and the Chern insulator or QHE (2D class A) as

examples.

12.6 Time reversal invariant topological insulators (in 2D, class AII)(07.01.2022)

o With time-reversal symmetry: Anti-symmetric Berry curvature F(k) = —F(—k) (does not necessarily
vanish!), but leads to C = -C — C = 0.
Consequence: No (quantum) Hall effects with time-reversal symmetry.
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— Proof: From time-reversal symmetry, have for eigenvector u of Bloch-Hamiltonian h(k): u(k) =
Uy - u*(—k) and u*(k) = Ur - u(—k). Insert in:

Fol)) = [0, (0] - [0, ulk)] — i |95, u* ()] - 9, u(k)
= i |0 u(-K)UT | - [UF0k,u* (—K)| i [0, w(~K)UE] - U, u* (k)]
{vfur =1} = -Fu(-K)

Quantum spin Hall effect

e Idea: Add spin-ful time-reversal symmetry

Ur = io, = ( Y (1) ) (60)

to the 2D Chern-insulator Hamiltonian (here called Hp). Recall Hy was made from two “colors” of
spin-less electrons c4 p (suppressed T-grading).

: Hyo O c
=@ () (1) (1)
S

H

Hamiltonian H is time-reversal symmetric:
ULH*Ur = o,H*o, = H (62)

e Edge-state picture: H has two counter-propagating chiral modes at each edge, with opposite spin
Fig. B0[a)].
Note: Time-reversal is local, but maps left-moving to right-moving states (k, <> —k;) and flips the spin.
At time-reversal invariant momentum (TRIM, k, = 0): The two states are Kramers partners.

o Hall conductivities:

— for charge: o0,y = % (Cy + C) = 0 where C}| are spin-resolved Chern numbers with Cy = —C].
(Consistent with o,y = 0 for time-reversal symmetric system).

— for spin: Weigh charge-current by spin, good as long as S, conserved: o3, = % (Cy—Cy) =e%/h
(if Ho such that Cy = —C) = 1). This is the spin-Hall conductivity.

(a) Chiral edge states for each spin (b) Gapping the edge would violate (c) Generic edge state dispersion between two TRIM
Kramers degeneracy ¢~ % -
non-trivial case

, , F  trivial case
E vertical connection

valence band valence band
3 )
15 v =1 "{" ./ 0
¢ -~ ‘q
h Y EF

Y i fi ke fé— ) ks <3 ke
conduction band conduction band
T 0 m/a 0 7/a

Figure 30: Time-reversal symmetric topological insulator.
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Spin-orbit coupling

o Problem I: H is block-diagonal, which is related to the imposed spin-rotation symmetry, [H, o] = 0.
Can we break the latter by terms on the off-diagonal but still preserve time-reversal?

e Answer: Spin-orbit coupling.
Want H — H + Hgso with Hso = fa(k)o, + fy(k)oy, fzy € R. According to Eq. , we need

fry(k) = —fzy(=k), ie. fr(ky) = sink,. The resulting terms like c%(k) sin (k;) ¢; (k) are known as
spin-orbit coupling (orbit ~ momentum).

e Reminder: Spin-orbit coupling

— was introduced in atomic physics a contribution AsoS - t, with S spin-1/2 operator and L=*xDp,
both odd under time-reversal.

— is a relativistic effect Ago ~ [#protons|* — Spin-orbit coupling more pronounced in materials with
heavy elements.

Robustness of edge-states
o Once S, is no longer conserved, [H,o,] # 0, it makes no sense to define spin-Hall conductivity.

e Problem II: Are the edge states robust if time-reversal symmetry is maintained? Or can they be gapped
out?

o First answer: Perturbation theory.

— Let [¢) and |[¢/') = T'|[¢)) be the degenerate Kramers partner states (at k, = 0).

— Check for their overlap <1/J|fl so|y’ > under the most general time-reversal symmetric perturbation:

(vlsoTl) "= (DT HsoTIv)"
010 g o2 )

= - <T¢!ﬁso\w>*

= —(vlHsoTl)

— Find: <w|flgo|¢’> = 0. No gap opening in perturbation theory.

e Second answer:
Kramers theorem ties the “knot”, i.e. dashed circle in Fig. (a), together. It can only be moved in
energy, but not gapped.

Edge states for generic situation and Z, invariant [Fig. [30|(c)]:

e Energy of Kramers pairs is not tied to Er. We might or might not have edge states, their presence can
also be accidental (i.e. non-topological).

o Kramers degeneracy is guaranteed for each state at k, = 0 and 7/a = —7/a (part k < 0 part of BZ not
shown due to time-reversal redundancy).

o Connectivity between states at k, = 0 and 7/a fixes value v € {0, 1} of Zs topological invariant:

— v = 1: Connection of alternating Kramers pairs, odd parity of Er crossings. Cannot remove crossing,
perfect edge conduction g = €2 /h.

— v = 0: Pairing of Kramers energies, even number of Er crossings. Can push pair of edge states
below Er, obtain trivial edge.

e Zs nature: Combining two “v = 1 edges leads to a trivial edge “v = 0”, since band-crossings away from
TRIM are not protected (not avoided).
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Scattering theory view-point for disordered edge [Fig.

o Consider left and right clean regions (L,R) with N edge states that have a velocity v = Jy E(k) pointing
towards the disordered scattering region (incoming). Label states |n, L) and |n,R) , n =1,2,...,N.

e Recall that ¥ = N mod2, so a topologically non-trivial case corresponds to odd N.

e The N time-reversed partners T\n) move in the opposite direction away from the scattering region
(outgoing)

e Ansatz for scattering states in left and right region:

N
|, L) = Z an.r|n, L) + BT |n, L)

mn out

N
|\Ila R> = Z an,R|n7 R> + Bn,LT ‘na L>
~—— —_——

n=1 in out

The a and § are not independent but related by continuity conditions to eigenstate wavefunctions in the
disordered region.

e The unitary 2Nx2N scattering matrix S relates incoming to outgoing amplitudes:

Br \ _ ar,
() =s( o) ®

It is customary to write S in NxN transmission and reflection blocks:

r 1
SZ(t/ 7“’) (64)

The transmission probability is tr (tTt> and the Landauer conductance g = tr (tH) e2/h.

e What can be said about tr (tH)?

Check how time-reversal acts on S, use 72 = —1:

N
T ‘\Ila L> = Z O‘;,LT |’I’L,L> - /B:L,L|n7 L)
~——
A N A
T ’\IJ7R> = Z a;,RT ‘na R> - :L,L’n7L>
~——

These states still fulfill the Schréodinger equation, thus can read off S:

o* o IB*
(4)-(%) g

Complex conjugate and multiply with (S*)f1 = ST compare to Eq. 1) We find:

or

o Consequence of Eq. :
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(a) Scattering theory for edge states (b) Time reversal invariant top. G =.9;91_'f_2__/_r_1__ . .

— Try to gap out the edges <+ t = 0 = t’. Then all states must be reflected back, we require rir =1 =
e

Is it possible to have rfr =1 and » = —rT? Not possible for N = 1, for N = 2 can take r = Tys -

For odd N: From r = —r spectral theory requires to have a single zero eigenvalue (in conflict with
e'® eigenvalues of unitary matrices).
From trrfr + trt't = N and the presence of the zero-eigenvalue of 77, we find that trtf¢ > 1.

— Conclusion: The edge cannot localize for odd N (v = 1) and has a minimum conductance g = e2/h.

)

insulator in HgCdTe quantum well 107k

I: top trivial sample

11, 111,IV: top non-trivial samples <

with decreasing size 8
'3

Rig23/ kQ
S

1o &

T=30mK

0 -05 00 05 1.0
............................. (Vg = Vin 1V

l G=03e?h
I
4 > ‘

Z 107F Z -

d // v X G=2e?h

} o NN

-1.0 -0.5 0.0 0.5 1.0 15 20
(Vg=Vin) IV

[Konig et al, Science 2007]

Figure 31: Scattering theory for edge of 2D time-reversal invariant topological insulator in class AII.

Topological bulk invariant

For Bloch Hamiltonian H(k), define matrix
wmn(k) = up, (k) - UpK - up(—k)
where n,m run over all occupied bands.

The matrix wpy,(k) is unitary and fulfills wy,,(k) = —wpm(—k). At the four TRIM k, (defined by

k, = —k, + G), we then have an antisymmetric matrix
Winp(Ka) = —wnm(Ka) = (Wa) (68)
For an antisymmetric matrix A = —AT, the Pfaffian Pf(A) is defined, which squares to the determinant,

Pf(A)? = detA. Hence
Pfw,

vdetw,
To define the bulk invariant v € {0, 1}, chose a continous u,(k) in the Brillouin zone. As the Chern

number vanishes (C' = 0), this is always possible. Then the branch of \/detw(k) can be specified globally
(as detw(k) does NOT wind around the origin) and we can obtain:

da

= +1. (69)

(-1)" =] ba (70)

Experimental realization [Fig. [31((b)] Wiirzburg experiment: [Kénig et al, Science 318, 766 (2007)]

Heavy-element semiconductor Hg;_,Cd,Te, where the energy of p- and s-bands inverts when going from
CdTe (non-topological) to HgTe (topological).

Build sandwich structure, tune Fermi energy in band gap via gate, find quantized conductance G = 2¢?/h
from two edge states with v > 0. This only works if sample is small enough, it is still debated what causes
backscattering (magnetic impurities or interactions?).

117



12.7 Topological superconductors

Case study: Kitaev’s Majorana wire and possible realization.

Exercises

12.1 Two-band model Show that the states in Eq. @]} are indeed eigenstates for the two-band Hamiltonian
in . Show that the Berry curvature is given by Eq. .

12.2 Weyl points: Topology for gapless points in 3D

1. Consider a generic two-band model in 3D,
H(k) = fo(k)1 + fa(k)oz + fy(K)oy + f2(K)o-, (71)

with foz4.. € R and k = (ky, ky, k.) € T3. Find the two eigenenergies Ey (k). Argue that a given band-
crossing point at k = ko, defined by E (ko) = E_(ko) = Ey, is generically stable, i.e. it cannot disappear
under small variations of the functions fo ;... In 2D, why would a band-crossing point generically be
unstable?

2. One can expand H (k) around the gapless momentum kg in lowest order in q = k — k. For a particular
choice of fqzy,., one would then find the Weyl-Hamiltonian,

H(I]/V(q) =0 (UxQI + oyqy + JzQz) , (72)

with the velocity v > 0 and up to an energy shift of Fy. Switch to spherical coordinates and compute the
Berry curvature F(q). Show that the Weyl points kg are quantized sources of Berry flux (“monopoles” in
the magnetic analogy), i.e. show by an explicit calculation using that for a two-dimensional closed surface
S surrounding kg (i.e. ball), one has Chern number

C:217T/S]-"(q)-dS:1. (73)

Fact: For v — yv with x = %1 called the “chirality”, this result would generalize to C' = y, i.e. a Weyl
point with negative velocity would act as a sink of Berry flux.

3. Argue that in a realistic bandstructure k € T2, Weyl points only occur in pairs with y = +1. That is,
there is no single Weyl point! Hint: Think how the monopole flux lines are compatible with the periodic
nature of the Brillouin zone.

Remark: Weyl points are indeed ubiquitous even in the band-structure of mundane materials like iron. However,
they become only relevant in materials where the Weyl points energy is located close to the Fermi energy. These
materials exist, they are called Weyl semimetals and have been recently investigated due to their interesting
topological properties.

12.3 Rice-Mele model as Thouless charge pump Consider the Rice-Mele model which is the SSH-Model
of Eq. with the additional on-site terms contributed by Eq. ,

H= Z (1+9) CLiCBi +(1-9) cLi+1CBi + h.c. + mz (CTMCAi - cTBicBi) . (74)
i i

We have put t = 1 to avoid confusion with the time variable. Show that the Hamiltonian can be written as

H(k) = d(k)-o,
d(k) = (146 +[1—46]coska, [1 —6]sinka, m).
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We define the adiabatic pumping cycle via the following time dependence of the two parameters § and m:

(6(t), m(t)) = (Cos %,sin 2T”> . (75)
Show that the pumped charge in the time interval between ¢ = 0 and t = T is given by |AP| = e. Hint: Argue
by considering the direction of d(k,t) at the high-symmetry points (k,t) = (0,0), (0,T/2), (7/a,0), (7/a,T/2).
Next, let us see the pump at work in a numerical simulation (use your favorite tool like Mathematica or
Python). Consider the Rice-Mele model for a finite length (¢ = 1,2,...,L) and with open boundary
conditions (i.e. the chain just terminates at both ends). Work with a chain of L ~ 10 unit-cells and find the
instantenous eigenstates for finely spaced times, e.g. t/T = 0,0.01,0.02,...,1. Plot the eigenenergies E,(t)
over t/T. Investigate which of the eigenstates are end-states, i.e. localized at the end of the chain. You can
add this information in your above energy plot by coloring the data points. Confirm that during a pump cycle
(i) the bulk gap stays open, (ii) there emerges an in-gap state localized at the right end from the lower band
which gets pushed above the Fermi energy and merges with the upper band. Similar with a left end-state which
traverses the gap from high to low energies.

Explain in words and using a sketch how this leads to charge pumping of one electronic charge per cycle if the
pump is placed between two leads (electron reservoirs) with their (equal) Fermi energies at or around E = 0.

12.4 Symmetry classification of superconductors In this problem, we explore the rich interplay of
unitary and anti-unitary symmetries for Bogoliubov-de Gennes (BdG) Hamiltonians describing superconducting
systems in mean-field approximation. These second-quantized Hamiltonians

1. .
H = §¢TthG¢ (76)

are defined in terms of Nambu-spinors, 1]1* = (éLéLéTvQ) and @ZAJ = (éT,éi,éLéDT, where ¢, with ¢ =1,
should be thought of as an N-vector containing possible further (spatial, ...) indices. Note that the Nambu
spinors fulfill canonical anti-commutation relations {ﬁa,zﬂg} = g with a,b = 1,2,...,4N. Assume that the
zero of energy is shifted such that trhgggs = 0.

1. Show that due to the redundancy of zﬁT and TZJ, it follows that hpgyq fulfills

TehBagTe = —hpdc (77)

with 7, = 10 1%]\] > and the matrix Hamiltonian hpgc thus belongs in class D. Show that this leads
2N
to the most general form
= A
hpag = < _AF =T ) (78)

where Z = Zf and A = —AT are 2N x 2N matrices.
If (spinful) time-reversal symmetry is present for our superconductor, this would lead to the additional
symmetry

Uyhj(BdGUy = thG. (79)

. -1 . .
where o, contains two diagonal blocks of i < 10 ON ) What is the symmetry class of such a time-

N

reversal symmetric BAG Hamiltonian?

2. Now assume that the system has an additional unitary U(1) spin rotation symmetry around the S%-axis
in spin space. Show that H can then be written as

H = U hpae¥ + const. (80)
where Ut = (d, ¢ i)- (Hint: Think about which terms é&?é&? in Eq. are now forbidden.) What is the
symmetry classification of hgge in this case? How does the answer change if in addition, time-reversal
symmetry of Eq. [79)is imposed?
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3. Bonus: Finally, assume that the system has full SU(2) spin rotation symmetry. What further restriction on
hpac is imposed and what is its symmetry classification? Again, what changes if time-reversal symmetry
of Eq. [79]is imposed in addition? (You should find class C and CI, respectively.)
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