
Arnold Sommerfeld Center Ludwig–Maximilians–Universität München

Prof. Dr. Stefan Hofmann Winter term 2019/20

Exercises on General Relativity TVI TMP-TC1

Sample solution to problem set 4 of PS 13

Solution

(i) The corresponding metric is given by

gµν = diag

(
−1,

a2

1 − kt2
, a2r2, a2r2 sin2 θ

)
(1)

gµν = diag

(
−1,

1 − kr2

a2
,

1

a2r2
,

1

a2r2 sin2 θ

)
. (2)

Christoffel symbols; with help of an algebraic program we compute all non-vanishing components:

Γtrr =
ȧa

1 − kr2
, Γtθθ = r2aȧ , Γtφφ = r2aȧ sin2 θ (3)

Γrtr =
ȧ

a
, Γrrr =

kr

1 − kr2
, Γrθθ = −r(1 − kr2) (4)

Γrφφ = −r(1 − kr2) sin2 θ , Γθrθ =
ȧ

a
, Γθrθ =

1

r
(5)

Γθφφ = − sin θ cos θ , Γφtφ =
ȧ

a
, Γφrφ =

1

r
, Γθφθ =

cos θ

sin θ
. (6)

Riemann tensor:

Rtrtr =
äa

1 − kr2
, Rtθtθ = r2aä , Rtφtφ = r2aä sin2 θ (7)

Rrttr =
ä

a
, Rrθrθ = r2(k + ȧ2) , Rrφrφ = r2 sin2 θ(k + ȧ2) (8)

Rθttθ =
ä

a
, Rθrrθ = − k + ȧ2

1 − kr2
, Rθφθφ = r2 sin2 θ(k + ȧ2) (9)

Rφttφ =
ä

a
, Rφrrφ = − k + ȧ2

1 − kr2
, Rφθθφ = −r2(k + ȧ2) . (10)

Ricci tensor:

Rtt =
3ä

a
, Rrr =

2k + 2ȧ2 + aä

1 − kr2
(11)

Rθθ = r2(2k + 2ȧ2 + aä) , Rφφ = r2(2k + 2ȧ2 + aä) sin2 θ . (12)

Ricci scalar:

R = 3
ä

a
+

(
2k + 2ȧ2 + aä

a2

)
· 3 = 6

(
k

a
+
ȧ2

a2
+
ä

a

)
. (13)

(ii) If k = 0, defining dt = a dη we have

ds2 = −dt2 + a2(dr2 + r2dΩ2) (14)

= −a2dη2 + a2(dr2 + r2dΩ2) (15)

= a2(−dη2 + dr2 + r2dΩ2) . (16)

This metric is proportional to the flat metric, with a proportionality factor depending on the coordinate
t. We say that g is conformally flat.



(iii) Let xµ be the position of some galaxy in the universe. The galaxy is not moving. Let us derive the
components of the Tµν in spherical coordinates:

T00 = (ε+ p)(−1)2 + p(−1) = ε (17)

Trr = 0 + pgrr = p
a2

1 − kr2
(18)

Tθθ = pr2a2 (19)

Tφφ = pr2a2 sin2 θ (20)

Taking the trace of the Einstein equations and solving for R, we obtain

Rµν =8πGN (Tµν − 1
2gµνT

κ
κ ) + gµνΛ (21)

with

Tµµ = gµνTµν = −ε+ 3p (22)

and for the component 00

− ä
a

=4πGN (p+ 1
3ε) −

1

3
(23)

and for the component rr

ä

a
+ 2

ȧ2

a2
+ 2

k

a
= − 4πGN (p− ε) + 1 . (24)

Using the first equation into the second we derive the Friedmann equations:

ȧ2

a2
+

k

a2
=

8πGN
3

ε+
1

3
Λ (25)

ä

a
= − 4πGN

3
(ε+ 3p) +

1

3
Λ (26)


