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Exercise 43

Consider the Lagrangian for a driven harmonic oscillator in one dimension

22 2

5 5+ (), (1)

with w being a constant and J(t) being a time dependent driving force.
(i) Derive expressions for the conjugate momentum p and the Hamiltonian H of the system.

We now quantize the system by promoting ¢ and p to operators ¢ and p, respectively. These operators satisfy
the usual commutation relation.

(i) Write the Hamiltonian in terms of creation and annihilation operators @ and af.
Hint: Recall your results from Question 22.

(iii) Find the equations of motion for the the operators G and a', respectively. They should have the form

WO 1 A = B,

where y(t) represents a(t) or af(t).

(iv) Assuming the driving force satisfies J(¢t < 0) = 0, solve the equations of motion.
You may assume that the solution has the form

y(t) = (Co + O(t)) exp (- / A(t)dt),

find C(t) and then fix Cy with the boundary condition at ¢t = 0 arising from J(¢ < 0) = 0.
Remark: The general form of the solution can be derived using the method of variation of constants.

Given that the operators @ and a' act on the “n-particle” state |n) as
alny=+vn|n—1) and a'|n)=vVn+1|n+1), (2)
we can define a number operator N = afa such that N |n) = n|n).

(v) Find the vacuum expectation value of the number operator, <O ‘ N ‘ O>, where the vacuum is defined

by do|0) = 0 and g is the annihilation operator of the free harmonic oscillator. Comment on your
result.

Solution
(i) Using the definition of conjugate momentum we find
dL

p

And the Hamiltonian is
H(q,p,J(t)) = [dp — L(q, 4, I (1))],—,
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(ii) Defining creation and annihilation operators as,

. mw i . mw [ n (N
a' = - — 4= 4] — —
2h a p on \1" mt )
we know from Question 22 that we can write the free Hamiltonian as

A2 2
Hy= -+ 2:%(@*%&&*):%(&*%%).

Using the fact that ¢ = /5= (a + a'), we find

H=hw(a'a+3) - S (a+a') J(t) (3)
(iii) Using the Heisenberg equation of motion
da i
do_ i1
at ~ h { o
—iwlat ala ' [ata
=w|a",ala— a',al J(t
ata)a - = [a%a] J0)
= —iwd + —— J(t),
2hmw
where we used that [&, dT] = 1. Therefore
da i daf i
— = —iwa + J(t), — —qwal — J(t 4
dt V2hmw ) de 2hmw € “

where we found the equation of motion for af by complex conjugation.

(iv) Using the hint that the solution of Eq. 4 for & has the form

a(t) = (Co 4+ C(t)) exp (—iwt).

where A(t) = iw, we can substitute into Eq. 4 to find,

—iwa + \/WEWJ(t) = —iw(Co + C(t)) exp (—iwt) + di)j(t) exp (—iwt)
o dow) .
= —iwa + 3 P (—iwt).
Therefore,
dé(t) _ 1 . A —
e \/%J(t) exp (iwt) = Ct)= \/T dt J(t") exp (iwt'),

where we used that J(t < 0) = 0. Hence we have

a(t) = (C‘o+ N / dt' J(t") M') e~ it (5)

We can fix the constant Cj by matching solution, Eq. 5, to the one of a free harmonic oscillator at
t = 0 with ag and &5. Also, by conjugation we can find the solution for af(¢). Finally, we arrive at

&(t) _ ( \/7/ dt J zwt/) e—iwt
at(t) = (ag dt J(t wt’) et

V2hmi



(v) Using that ao|0) =0 and (0| Ez;r) = 0, we immediately have
N 1
N ‘ - _
<0 ‘ ®) O> <O O> 2hmw

We can interpret this result as excitation of the harmonic oscillator by the energy supplied from the
driving force.

If we interpret the state |n) as a “n-particle’™state, the driving force would supply energy to create
particles.

2 2

L > 0.

2hmw

t t
/ dt’ J(t/)eiwt' / dt’ J(t/)eiwt’
0 0

Exercise 44

(i) Prove the following n-dimensional Gaussian integration formula:

(2m)™
det A

1 1
I= / exp [—QxTAx + b7z + c} d"x = exp [2bTA_1b + c] . )

Here A is a symmetric positive definite n x n matrix.
(ii) Show that the argument of the exponential in the result is the extremal value of the exponent in the
integrand.
Solution
(i) First of all, since A is positive definite, it is invertible so we may change the integration variable to
y = 2 — A7'b. The Jacobian of this transformation is 1 so the integral becomes

I= / exp [—;yTAy + %bTA_lb—l- c] d™y = exp BbTA_lb—l— c} X / exp [—;yTAy} d"y. (8)

n

The remaining integral can be reduced to one-dimensional case by an orthogonal transformation:
any symmetric positive-definite matrix A can be diagonalized by an orthogonal transformation O
(with determinant 1) such that A = OTDO where D is a diagonal matrix with positive diagonal
elements. Using this and changing the integration variable from y to z = Oy (the determinant of this
transformation is +1) we see that

(1 1 1
I =exp ibTA*1b+ c| x / exp |:22TDZ] d*z (9)
X H exp —§djzj dz; (10)
I o/m
_ 1. 1 T4 27
= exp éb A b+ le:[l E (11)

(1
= exp §bTA_1b +c

_j@m)m Lo,
=\ dot 4 &P 2b A b+ . (12)

(ii) We find the extremal value of the exponent in the integrand by first finding the extremum,
0=V, [—;ITAI + o'z + c} =—Ax+b (13)
so the extremal point is at xg = A~'b. Plugging this back into the exponent (action), we find
—%xOTAxO + 0Tz +c= %bTA*1b+c (14)

which is exactly the exponent of the result.



Exercise 45 (central tutorial)

In this problem we will evaluate the propagator of the harmonic oscillator using the path integral. The
Lagrangian is
1 1
£ = Smd()? — smetat)’

and the path integral that we are going to compute is

T
K(qr,T;q1,0) = ﬁ(o):ql Dq(t) exp [;/0 dt <;m(j(t)2 — ;mw2q(t)2)] ) (15)

o(T)=qr

The final answer that we should find is

mw mw
K T:qr,0) = 2 4+ ¢%) coswT — 2 ) 16
(ar T541,0) = || 5 exp [%Sian ((qf + qF) cosw QIQF)] (16)

We will work directly in the continuum limit, integrating over all paths. The main fact that we are going
to use is that for harmonic oscillator the integral (15) is Gaussian (exponential of a quadratic function of
integration variables), so that we will be able to use the continuous generalization of the Gaussian integration
formula (see Exercise 44)

1 2m)n 1
d"x exp [—2xTAaU +bolz + c} = Eie:)A exp {2bTA1b + c]

Rn
valid for A a positive definite symmetric matrix A and b an arbitrary real vector. In our continuum compu-
tation we will have to determine the analogue of the exponential factor on the right hand side and of the
determinant det A.

(i) To determine the stationary point, find the stationary path go(¢) of the action (there will be only one),
i.e. solve the classical Euler-Lagrange equations with boundary conditions ¢(0) = ¢; and ¢(T) = gF.

You should get

1 . .
Q0(t) = —— (apsinwt + grsineo(T 1))

The result is singular for w1 = 7n, n € N - explain the origin of these singularities.

(ii) Evaluate the classical action at the stationary point. The result should reproduce the exponential factor
of the final result (16).

(iii) It remains to evaluate the prefactor, in particular we should understand a continuous generalization
of the determinant det A. This determinant comes from integrating over the quadratic fluctuations
around the stationary path. We make a shift of the integration variable

q(t) = qo(t) + dq(?).

where ¢o(t) is the stationary point found previously and dg now satisfies the boundary conditions
3q(0) = 0 = dq(T"). Why? What is the Jacobian of this change of integration variable? Show that the
action is now

m T
Sta(t) = Slao(®] = [ sa(e) 02 + ] sute)

(why there is no term linear in §q7) so that we need to find the determinant of the operator
A, =07 —w? (17)
acting in the space of functions which satisfy d¢(0) = 0 = d¢(T).

(iv) Find the eigenfunctions and eigenvalues of (17). The determinant should be their product. Show that

this is formally
00 2.2
Tk 9
det A, = H ( T2 —w )

k=1

which is divergent as k — co. But the ratio of these two formal expressions at different values of w is
convergent. Using the product formula for the sine function

sinmwz 22
-3
Tz n

n>0




show that

Qdet(Aq) sinwT
det(Aw) = sin K(ZTQ) w o

(v) In this way, we evaluated the functional integral (15) up to an w-independent prefactor. Fix this
prefactor by comparing the w — 0 limit of the result to the free particle propagator

2
m migr — ¢
Kfreelar, T5q1,0) = @(EXP |:_(§ZFLTI):|

The result you should find is (16).

Solution

(i) First of all we need to find the saddle points - the classical extrema of the action. The Euler-Lagrange
equations tell us that we must find the solutions of ordinary differential equation

q(t) +w?q(t) =0

with boundary conditions ¢(0) = ¢; and ¢(T') = gr. The general solution satisfying these boundary
conditions is

1 . .
qQo(t) = prm—— (grsinw(T —t) 4+ gp sinwt) .

[If we wrote the solution as a combination go(t) = asin(wt)+b cos(wt) the boundary condition determine
b=¢qr and a = %ﬁf(m} There can be a problem with this solution whenever w1 = 7n, n € IN.
There is a physical reason for this singularity: we are not solving an initial value problem with prescibed
position and velocity at the initial time, but instead a boundary problem fixing the position of the
particle at initial and final time. In this case the exisitence of solutions is not guaranteed. Indeed,
because of the periodicity of classical solutions of the equations of motion, we know that after the
period 27 /w the position of particle is always same as the initial position, no matter what initial
velocity we choose, and after half-integer multiple of the period the particle is at the opposite position.
This is the physical origin of the poles in the solution.

(i) Now we evaluate the classical action at the solution that we found. The classical Lagrangian is

2

L{qo(t), dot)) = F B (8) = “o—ai (1)
= #ﬁwﬂ [q? cos?(w(T —t)) + % cos®(wt) — 2qrqr cos(wt) cos(w(T — t))
— ¢?sin*(w(T — t)) — ¢% sin®(wt) — 2q7qp sin(wt) sin(w(T — t))]
mw?

= Sl T (q% cos(2wt) + 2 cos 2w(T — t) — 2qrqp cos(w(T — 2t)))

To go to the second line we used

Go(t) = sm(wTT) [—qr cos(w(T —t)) + gF cos(wt)] . (18)

Integrating this over time, we find for the classical action

mw
2sinwT

Slao(?)] (a7 + i) coswT — 2q1qr) -

We used the integrals

! cos(2wt)dt = ' cos(2w(T — _ sin2wT)
/0 (2uwt)dt 7/0 2w(T —t))dt = o
and - ’
/ cos(w(T — 2t))dt = M
0 w



(iii)

It remains to compute the determinant prefactor (the one-loop determinant). In order to do this, we
need to integrate over the quadratic fluctuations around the classical trajectory. Expanding the action
to the quadratic order around ¢(t)

Slao(t) + a(t)] = Slao / dt / dt a(0)5(t) +

56] t/ 440
Note that the first term vanishes because o (¢) extremizes the action. In our case the action is quadratic
so the three dots are actually zero.

More explicitly, plugging in q(t) = qo(t) + dq(t) we find

T

m
Slao() + 6¢(®)] = Slao(®)] — 5 | 94(t) [0} +w?] Sq(t)
0
So we need to compute the determinant of operator
P (19)

in the space of functions dq(t) satisfying the boundary conditions d¢(0) = 0 = d¢(7T") (this comes from
the fact that from the beginning we were evaluating the Feynman path integral over trajectories with
fixed end points).

The eigenfunctions of the operator (19) are easily found to be

. Tkt
fr(t) = sin T
where k = 1,2, ... with corresponding eigenvalues
n2k?
/\k = T2 — w2

This means that the determinant we are after is

det(Ay,) ~ ﬁ (w2 - ”;§2> (20)

k=1

This product diverges for large values of k. It makes sense, however, to compare the ratio of these
determinants for different values of w,

det(A,) ﬁ w? — ’T;—gz
det(Ado) - Q2 — ok

In this way, we can understand the w-dependence of the determinant, although we cannot fix the overall
prefactor. Using now the product formula for the sine function

sinTz (1 B >
n>0

Qdet Aq sinwT
sin QT w

we find

det(A,) =

Combining the result of the classical action and of the determinant, we find that

w 1mw
K(gr,T;q1,0) ~ 2 4+ 42 T-—2 . 21
(qr,T;q1,0) \ smoT &P {2hsian ((47 + q7) cosw qqu)] (21)

To fix the normalization constant, we compare this and the result for the free particle propagator,

m m(qr — qr)*
Kpear 000 =\ i oo |Gt

which is the w — 0 limit of the harmonic oscillator. Comapring this with (21) we find the final answer

K(QF7T7 qla()) =

mw [ imw

— X
2mihsin w1’ P



Exercise 46
There is another way to determine the prefactor of the harmonic oscillator propagator using the property of
composition of two propagators

+oo
K(quTl +T27QI70) = K(qFaTl +T23q7T1)K(q7T17q170)dq' (22)

— 00

Parametrize the propagator of the harmonic oscillator as

K(qs,T,qr,0) = A(T) exp { e ] ((q7 + i) cos(wT) — 2qrqr) (23)

2hsin(wT

and show that the composition property implies an equation for the prefactor

2mihsin(wTy) sin(wTs)
mw sin(w (T + T»))

A(T) = /Wn(wT)' (25)

Solution We need to evaluate the one-dimensional integral

AT +1T3) = A(Tl)A(T2)\/

which determines the prefactor to be

oo imw
[ qu(Tl)A(TQ) exp |:2FLSII’1(OJT‘1) (((ﬁ + q2) COS(WTI) - 2q1Q):| X

This is a Gaussian integral with

- —imw (cos(wTy) | cos(wTp)\  —imw sin(w(Th 4 T3)) (27)
- h sin(wTy) = sin(wTz) /)  h  sin(wTy)sin(wTy)
1qrmw 1gpmw
b= - 2
hsin(wTh)  hsin(wTy) %)
L imw g3 cos(wTy)  qF cos(wTh) (29)
2h sin(wTh) sin(wly) /-

We can concentrate on the prefactor (the classical action in the exponent will give us the correct expression
that we already know). From the Gaussian integration formula the prefactor of the result depends only on

a and is equal to
A<T1>A<T2>ﬁ - A<T1>A<T2>\/ el (30)

which should be equal to A(Ty + T2) and this is the relation we wanted.

Exercise 47 (central tutorial)

In this problem we want to extract wave functions and energies of the harmonic oscillator from the propagator
that we calculated using the path integral.

(i) Find the Euclidean propagator (unnormalized density matrix) of the harmonic oscillator by analytic
continuation T" — —ihf where (8 is the inverse temperature.

(ii) What is the leading order low temperature behavior as § — oo? It is convenient to introduce a variable
a = e " such that o — 0 as 8 — oo.

At this point, the Euclidean propagator expressed in terms of « should look like

mw

. N mw 5, o 1+0?
_ — 2 — — —2 . 1
K(gr, —ihf,q1,0) = « Fr(l — o2) exp [ h(1—a?) <(QI +qF) 9 QIQFOl>:| (31)




iii Read off the spectrum of the Hamiltonian from the expression for the propa ator you jUSt found. The
g
(unnormalized) density matrix should have an expansion of the form

(oo}

Kgr, —ihB,q1,0) =Y a?*" fu(qr, ar). (32)

n=0
Interpret the quantities f,,(¢r,qr) in terms of eigenfunctions of the Hamiltonian.

(iv) For one-dimensional quantum mechanical problems with discrete spectrum the wave functions can be
chosen to be real. Detemine the ground state wave function from the leading order coefficient of K as
8 — oo.

(v) Determine the wave function of the first excited state.

(vi) Show that for the harmonic oscillator we have in general

d 1
palar)ei(an) = Jim (= ) [ g, ~it5,01,0)] (39)

Solution
(i) We start with the propagator K(gr, T, qr,0) evaluated above and replace T' — —ifif3. The result is
mw mw
—ih = | - ((®+ ¢ h(h, -2 . 4
IC(qu ? 57QI70) QWhSIHh(h(Uﬁ) eXp |: 2hsmh(ﬁﬁw) ((ql +qF) cos ( Bw) qqu):| (3 )
where we used the formula sin(iz) = isinh(x).
(ii) Introducing the variable o as suggested, the Euclidean propagator takes the form

o hw o hw 2 g1+ o? B
(1 —a2) P [ A1 = a?) <(q1 +ap)— 2q1qpa>] . (35)

D=

IC(QFv _Zhﬁa qr, 0) =«

(iii) The prefactor a2 controls the leading order behavior at low temperatures (corresponding to the con-
tribution of the ground state) while the rest can be Taylor expanded in positive powers of «. This
means that the right-hand side has a Taylor expansion of the form

an (qrs qr)a> ™™ = an (qrs ar)e PG = N £, (gp, qr)e PP (36)

n=0 n=0
which corresponds to the well-known energy spectrum E, = hw (4 + n). Inserting the complete set of
states in the definition of the Euclidean propagator we find a general expression

oo

K(qr,—ihB,q1,0) = Y {qr |n) e 7" (n|aqr) Z e Fron(qr)er(ar) (37)

n=0

so the expressions f,,(qr, qr) are just the matrix elements of projectors on eigenfunctions, i.e. f,,(qr, qr) =
(gr | n) (n|qr) which in terms of wave functions is just ¢, (qr)ek (qr)-

(iv) We can extract the leading order coeflicient by putting aw = 0 everywhere except for the prefactor az.

We thus find
tan) = ]
volqr)wolar) = - exp[ o 2 +qp)} (38)

and from here we can read off the ground state wave function to be

1
mw 1 mw 2}
= —_— ex 39
vo(q) (}m) p[ o (39)
which is indeed the well-known result.

(v) To find the information about the first excited state with energy E; = 32‘“, we know from the previous
questions that the wave function can be obtained by expanding the function in (35) to first order in

a. Fortunately, for this calculation we can ignore all o terms and we find simply

2 2
N mw mw [ q7 +qp 2mwqrqr N 2mwqrqr
— P p— . 4
e1(qr)ei(ar) \/> FmeXp[ - < 5 )] - volar)enlar) — (40)




(vi) From the expression for the density matrix (36) we see that the wave functions can be calculated as

N 1 a0 _1 .
eular)onlan) = ———|  [a"¥K(gr, ~inB.q1,0)] (41)
Changing the variable from « to = —% log o we can write this as

1 1 d\"r1 1
enlar)en(ar) = lim — (hweh”‘*w (20K (g, ~inB, 1,0)] (42)



