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Problem 1: Short questions [14 points]

a) The classical Lagrangian of a particle in an electromagnetic vector potential ~A is

L = 1
2
m~̇x 2 + e

c
~A · ~̇x .

The corresponding Hamiltonian is naturally a function of the phase space variables
~x and ~p. Calculate the Hamiltonian in terms of the configuration variables ~x and
~̇x instead.

b) Consider a system of two particles of spin 1
2
.

(i) Is the state |ψ〉 = 1√
2

(

| + −〉 − | + +〉
)

an entangled state? Please explain
your answer.

(ii) Assume the particles are identical. Why can a wave function of the system
with |ψ〉 as its spin part not exist?

c) A parameter of a Hamiltonian with non-degenerate discrete spectrum which is
bounded from below is changed adiabatically. The spectrum remains discrete for
all values of the parameter.

(i) If the system was initially in the energy eigenstate |n〉, and after the defor-
mation is in the state |m〉, how is m related to n, and why?

(ii) With the information you have, what can you say about the energy of the
state |m〉, compared with the energy of the state |n〉
α) if the deformation describes a closed loop in parameter space?

β) if the value of the parameter at the end point is different from the value
at the initial point?

d) Consider scattering of individual photons on electrons bound to an atom. Suppose
the energy of the incoming photon is ~ω, and the energy of the outging photon is
~ω′. Consider

(i) Anti-Stokes scattering,

(ii) Rayleigh scattering.

For each case, indicate if ~ω′ is larger, smaller, or equal to ~ω.
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Problem 1: Short questions (continued)

e) In an elastic scattering process of two interacting bosonic particles of the same
mass, consider the following trajectories in the center-of-mass frame:

For distinguishable particles, let the two trajectories correspond to scattering am-
plitudes f(π−θ) and f(θ), respectively. Suppose your experiment does not distin-
guish between the particles, and only measures if any particle has been scattered
at all in any particular direction. Suppose the differential cross section is

(i) dσ
dΩ

= |f(θ)|2 + |f(π − θ)|2,
(ii) dσ

dΩ
= |f(θ) + f(π − θ)|2.

Which case do you expect if the particles are identical, and why?
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Problem 2: Entangled states [9 points]

Consider three Hilbert spaces Hi with dimHi = 3, i = 1, 2, 3. Take the tensor product
H = H1⊗H2⊗H3. Let |0〉, |1〉, |2〉 be an orthonormal basis in a single three-dimensional
Hilbert space. Then a basis of the tensor product is given by |xyz〉, where x, y, z ∈
{0, 1, 2}. Pick the following two states in H:

(i) |ψ〉 = |000〉

(ii) |φ〉 = 1√
3
(|012〉+ |120〉+ |201〉)

We consider the subsystem consisting of the first two particles, with Hilbert space
H1 ⊗H2.

a) Compute the reduced density matrix for the cases (i) and (ii).

b) Compute the entanglement entropy for the cases (i) and (ii), using your result
from part a).
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Problem 3: Time-dependent perturbations of the Harmonic Oscillator
[13 points]

Consider a one-dimensional Harmonic Oscillator of massm and frequency ω with Hamil-
tonian

H0 =
p2

2m
+ 1

2
mω2x2 .

For the time interval t ∈ [0, T ] let the system be perturbed by the additional potential
λV (x, t), where V (x, t) is a time-dependent operator in the Schrödinger picture, and λ
is a small real parameter.

For t < 0 let the system be in the eigenstate |m〉 of H0. Let |ψ̃m(t)〉I denote the state
of the system and λṼI(x, t) denote the perturbation at time t in the interaction picture.

a) Show that
i~∂t|ψ̃m(t)〉I = λṼI(x, t)|ψ̃m(t)〉I .

b) For t ∈ [0, T ], find |ψ̃m(t)〉I to second order in λ.

c) Suppose V (x, t) = f(t) xN for N ∈ IN, with f(t) a real-valued function of t.
We are interested in selection rules for transition probabilities Pm→n(T ) between
eigentstates |m〉 and |n〉 of H0 under this perturbation. Fixing N and m, show
which Pm→n(T ) are possibly non-zero in first order perturbation theory.
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Problem 4: Elastic scattering in various potentials [10 points]

a) Consider elastic scattering in a dipole potential

V (~r) = − e2

|~r + ~a| +
e2

|~r − ~a|

for electric charge e and constant vector ~a. Does this potential fall off rapidly
enough for an application of the first Born approximation? Please explain your
answer.

b) Consider elastic scattering in the Gaussian well potential

V (~r) = V0e
−~r

2

r2
0

for r0 > 0. Compute the scattering amplitude in the first Born approximation.

c) Consider a scattering amplitude

f(~k,~k
′

) = Ae−b(~k−~k
′

)2 .

Here ~k is the wave vector of the incident and ~k
′

the wave vector of the scattered
wave, and A and b are dimensionful constants. Calculate the differential cross
section dσ

dΩ
, and the total cross section σ. What is the value of σ in the limit

b~k2 → 0 ?
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Problem 5: Fermionic Pair Distribution [13 points]

Consider N non-interacting free fermions in a one-dimensional system of length L, which
are in the ground state

|φ0〉 = |nk1σ1
, nk2σ2

, . . . 〉 ,
where nkiσi

= 1 if |ki| ≤ kF , and nkiσi
= 0 if |ki| > kF .

a) Consider the fermionic field operator of specific spin σ,

Ψ̂σ(x) =
1√
L

∑

ki

eiki·xakiσ .

Show that the expectation value of the particle density is given by

〈φ0|Ψ̂†
σ(x)Ψ̂σ(x)|φ0〉 =

Nσ

L
,

where Nσ =
∑

ki
nkiσ.

b) Show that
〈φ0|â†kσâ†qσâq′σâk′σ|φ0〉 = (δkk′δqq′ − δkq′δqk′)nkσnqσ.

c) Define the same-spin pair distribution function

gσσ(x− x′) =

(

L

Nσ

)2

〈φ0|Ψ̂†
σ(x)Ψ̂

†
σ(x

′)Ψ̂σ(x
′)Ψ̂σ(x)|φ0〉 .

Using the result from part b) show that

gσσ(x− x′) = 1− 1

N2
σ

∣

∣

∣

∣

∣

∑

ki

nkiσe
i(x−x′)ki

∣

∣

∣

∣

∣

2

.

d) Obviously we have gσσ(x− x′) ≤ 1. Show that gσσ(x− x′) ≥ 0.

e) The pair distribution function for different spins σ 6= σ′ is

gσσ′(x− x′) :=
L2

NσNσ′

〈φ0|Ψ̂†
σ(x)Ψ̂

†
σ′(x

′)Ψ̂σ′(x′)Ψ̂σ(x)|φ0〉 = 1 .

Compare with the result for gσσ, and explain the difference.
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Problem 6: Klein-Gordon equation and electromagnetic field [11 points]

The Klein-Gordon equation for a scalar quantum field ψ coupled to a classical electro-
magnetic field is given by

(

DµD
µ +

m2c2

~2

)

ψ = 0 ,

where the covariant derivative is

Dµ = ∂µ +
ie

~c
Aµ .

Under gauge transformations

Aµ → A′
µ = Aµ − ∂µλ, ψ → ψ′ = e

ieλ

~c ψ ,

where λ is a function.

a) Show that D′
µψ

′ = (Dµψ)
′.

b) Show that the current

jµ =
i~

2m

(

ψ†Dµψ − ψD̄µψ†)

is gauge invariant.

c) Show that the current jµ is conserved.

d) Spell out the Klein Gordon equation for a constant magnetic field.


