TMP-TC2: Cosmology
Solutions to Problem Set 4
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1. Comoving Distance and Redshift

1. From Problem Set 2 we know that

x = arsinh r for k = —1
X=T for k=0

X = arcsinr for k = +1

2. Photons follow null geodesics and thus
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From here we obtain

3. The redshift is defined as
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with A\; and Ay the wavelengths at the time of emission and observation,
respectively. The wavelengths increase due to the expansion of the Universe

Ax R,
meaning that
R(t,)
142z= .
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4. We start from the definition of the Hubble parameter
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Using 1 4+ z = % , the above becomes

1 _d
dt(1+2z)

Therefore, for the age of the universe we find
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5. For a matter dominated universe we have R o ¢3. Therefore, the Hubble
3 .
constant H o« R™2 and we obtain
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The age of the universe is given by #(z = 0). Hence, the time At that was
passed since emission is
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Inserting the numbers gives At ~ 2.28 - 10!7s ~ 7.23 billion years. The dis-
tance at the time of emission is

d = R(tem)X

= 3tin(td — tim)
= 3ty — ADF(t] — (1o — AD)Y)

With tg = ﬁ we obtain

d=~1.19-10"s-¢
~ 3.57 - 10** km
~ 3.77 billion light years

2. Evolution of the Universe

1. Recall that

Q= — = — e = ——. 7
A pca PA 87TG, P el ( )
We also know that 1Mpc = 3.1 - 10**cm. In natural units,
lem =5-10%GeV ™, G = Mz? Mp=12-10"GeV. (8)
Assuming Q24 = 0.7 and Hy =73 , we have
s+ Mpc
GeV
e~ 0.5-107° : 9
p " (9)
Hence CeV
pa 035100, (10)
cm
and 8
A=A 5 107MGeV?. (11)
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2. The present radiation density is :

2 2 g
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_ _ _ -31 3
P=559T" = 559754 =4.7-107" [kg/m”].
The critical density (H = 70 lj\’;pc) is
S g 5 10~ [kg/m]
c g g . . m y
Pe= 8rG g
and then
Q, =2 —5.10"
Pe

It is a flat space, €2, +Q\ =1, 2, ~ 0.

3. We solve the Friedmann equations now, returning in time (o is the current
age of the universe). According to the approximation proposed, we take into
account only A, and the evolution of the universe is given by

R(t) = RpeV3tt0),

until the matter domination. Indeed, if the universe becomes smaller, matter
concentrates (p,, o R=3) while the cosmological constant does not change!.
The point (t5, Ry = R(t))) where the densities are equal

R3
O (to) = A(tx) = Qn(ty) = Qm(tO)R_gv
A
is for 13
Ry _ <Qm(t0)) _ oV A tato)
Ry NG
Then

O,

ty —to = (30) /2 In =2

Q

By using A = 3Q,H? = 1.1-107%, we find £\, —t; = —4.58-10% years. We check
at this time that p, < pn,, in fact, p,(ty) = p,(to)(Ro/Rx)* = 3.1p,(to). The
evolution of the universe dominated by the mater is

R(t) = Ry (%)2/3.

Since p, ~ R~* and p,, < R~ the radiation had dominated for t,,, R,, very
small. The transition is when

O (tm) = Q’Y (tm}

1. The energy density pp of the cosmological constant is constant. In the phase where the
universe is dominated by the cosmological constant the critical density is also constant, and also
the abundance Q4.




As we just mentioned

R R!
Vnltm) = Wn(t) 5 et Qy(tm) = (1) 21

We can write the L.H.S. as

Qu(ty) _ Qmlto) Ba _ Dmto) (Qm<to>)”3
Q,(tn) Qo) Ro Qy(to) \ Qa(to) 7

then t,, = 3.3 - 107%,. Earlier, the universe was dominated by radiation

R(t) = Ry (t/tm)Y?

In conclusion, we have ty = 9.52 - 10? y, t,, = 31’000 y. The present age of
the universe is ¢y ~ 14-10%. The matter had dominated until “recently” and
almost from the beginning.
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3. Dipole anisotropy of the Cosmic Microwave Background

We want to show how the motion of the Earth inside the CMB gives rise to anisotropy
in the temperature spectrum. To this end, it is useful to work with Lorentz invariant
quantities. A Lorentz scalar is for example the total number of photons, given by

N = /d3p d*z f(w,T) (12)
where f(w,T') is the photon number density in phase-space, given by
1
flw,T) = —= (13)
ert — 1

Since N and d®pd3x are Lorentz scalars, the number density f(w,T) must also be a
Lorentz scalar.
If we move to a coordinate system that is moving with respect to the CMB

1+wvcosf

WoMB = —7=———="WOBS ;
V1—2?
4

(14)



where 6 is the angle betweenthe direction of observation and Earth’s velocity. For
f(w,T) to be invariant, the temperature must transform as

Vv1—202?

Tops = ——T . 15
OBS = T v eosf CMB (15)
Expanding the above in powers of v and keeping the first order term, we find
oT
Tops ~ (1 —vcosToyp — i cosf . (16)

Considering a dipole anisotropy of the order of 1072, we find for § = =
v 1077 (17)

or, in conventional units,

v~ 370 km/s . (18)

4. Photon decoupling in numbers

1. The redshift is defined as
Ry
R(t) '
where Ry = R(to) is the scale factor today. Since temperature redshifts as
T ~ R™', we find that at the time of decoupling

T

2(tg) = =2 — 1 ~ 1100 . (20)
To

2. In order to compute the age of the Universe

t:/dt,

when photons decoupled, we have to express the above in terms of the red-
shift. Time and redshift are related as

L / dz
) (l+2)H
We have seen that

H? = Hi [+ (1+2)°Q + (1+2)'Q,] .
Using this, the time of decoupling is obtained as
1 dz'
T H /0 (14 2/ + QL+ 2P + (11 2)

1+ 2(t) = (19)

tq ~ 3.75 x 10° years .

(21)
3. For the abundances we have
D(2a) = N(20),  Qnlza) = Da(20)(L +20)°, Qy(20) = Dy (20) (L + 20)*
(22)
since \ is constant, whereas matter m and radiation v redshfit as R~ and
R~ respectively.



