TMP-TC2: COSMOLOGY

Solutions to Problem Set 2 30 April & 2 May 2024

1. Friedmann—Lemaitre—Robertson—Walker (FLRW) metric
in other coordinate systems

It is known that any homogeneous space with constant spatial curvature can be

described by the FLRW metric,
2
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with £ = 1,0, —1 . Metrics which describe the same homogeneous spaces with spatial
constant curvature should therefore be obtained by a change of variables from the
metric (1). To have the term dx? with coefficient 1, we require that
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We can solve these equations for the different value of k. We find
k=1 —  r=siny

k=0 — r=yx
k=-1 — r=sinhy.

With these changes of coordinates the metric (1) takes exactly the forms given in
the exercise. Therefore, the above describe the same type of space as the FLRW
metric.

2. Energy-momentum tensor of a perfect fluid

We have seen that the energy-momentum tensor of a perfect fluid in an arbitrary
coordinate system is

T = (p+ p)uyu, — pg"” (2)

where p is the energy density, p the pressure and u* the four-velocity of the medium.
The conservation law V, T* = (), yields

9,T" +T" T " +T",\T" =0 . (3)

Using eq. (2) in the rest frame of the fluid and considering the case u = 0, the above



gives for the spatially flat FLRW metric
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Introducing H = R/ R, we can write the above in the following equivalent form

p+3H(p+p)=0. (5)

3. Friedmann Equations

1) Here, ’comoving’ means that the expansion of the universe is factored out. This
means that «° = 1 and u’ = 0. Thus, the energy-momentum tensor is

To=p+p-p=p, (6)
Tij = =pgij - (7)
From the last sheet we know
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Taking the Einstein equation G, = 87GT), gives for the 00-component
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and for the ij-components we obtain
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Using equation (10), this becomes
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Remembering the definition of the Hubble parameter, we find
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meaning that the second Friedmann equation (upon using (10)) can be equivalently
written as

.k
H — 5 = ~4nG(p+p) - (14)

2) Taking the time derivative of the first Friedmann equation (10) we obtain

Plugging (14) into the above yields immediately
p+3H(p+p)=0

4. General equation of state

1. Solving Eq.(4) gives,

1
P(R) ~ msiray- (15)
2. Solving Friedmann equation gives,
2 1
R(t) ~ t* = —— 16
0~ o=t (16)
from which we have,
1
plt) ~ . (17)
As t — 0, both p(t) diverge and R — 0.
3. Differentiating Eq.(16), we have,
R(t) ~ a(a — 1)t*72. (18)

The Universe expands with acceleration if « > 0 & a—1 > 0, or if —1 <
1
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5. Einstein Universe

1. The first Friedmann equation gets immediately
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From the Einstein equation we obtain for the (ii)-components
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Using (19) we obtain
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2. The Einstein universe is static which means that R = 0 and R = 0. Further-
more we assume a matter dominated universe, i.e. p =~ 0. Inserting this into
the second Friedmann equation gives

A =4nGp (21)
3. Inserting the previous result into the first Friedmann equation yields

k
B=yx

We observe that k can only be +1 and thus the shape of the universe is a
closed 3-sphere.
4. From the above we have that

1
=3.08 x 1077*[m?] = 1.19 x 10~ %[GeV?],

A= —
R3

where we used that 1 Ly ~ 10'%m and 1m ~ 10%GeV 1.
For the matter density we find

B 1
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For the last equality, we used that 1GeV ~ 10~2°kg.

p = 2.70 x 107*[GeV*] = 6.30 x 10~*"[kg/m"]



