Symmetries I: Abelian SYM-I.1

NRG: [Wilson1975], [Toth2008], [Weichselbaum2012b]. DMRG: [McCulloch2001], [McCulloch2002]
General tensor network: Singh, Pfeiffer, Vidal [Singh2010]

Goal: exploit symmetries of Hamiltonian!

label matrix
elements within blocks
. . generator of symmetry group @i‘ L{/ e
If Hamiltonian has a symmetry, [ H, Ql =0 , . M label
f . . A . . @" N blocks
then H is block-diagonal in @  eigenbasis: : /
N " W
I . . - -1 v R
Q‘&,:p = aleiy = HI&1)Y = |&,")H[u N0 @ o8&
. (LA . o -t
'multiplicity index' 3, enumerates different states with same & (e 7IH l&,l Y= 1 s H[&JL ;

Separate diagonalization of each block yields simultaneous eigenbasis of H and &..

‘t'? o'

~ overbar will indicate energy eigenbasis

(21'&,77 = 0lg,), H le,z7 = Egzl83) @

(For non-Abelian symmetries, degenerate multiplets arise -- next lecture.) EIL . a
" . , (I & 41
Exploiting this structures reduces numerical costs! CoilHIaTY = 1 | ~Eor
1. Example, Abelian symmetry: XXZ-chain (spin /2 ) symmetry group: U(1)
A l[,spin-ﬂip
na s — [rbA~ Al e 2z . 5F
o= £ 2 3 ¢ = (3
) -S;‘ 2 SCH ] - (Sla SKH‘- £ Y ) H ¢ W
[} A
. 3 r : o 2 = Ahali \
Total spin, Sk‘c = ZZ ¢ is conserved: [H' S,wtl ©  'Abelian U(1) symmetry (z,)
For Abelian symmetry, conserved quantum number is often called 'charge": Q= 2 S; )

aq to avoid proliferation of 72 factors
Conservation of O‘M is obvious by inspection. But let us check explicitly:

. N [ L R
One site: ¢ = ° 'S - 1\(0 0 P '—'ZS%: (‘ O> (5)
WMo o) - g AN ¢ £ e -l
Consider matrix representation of operators in the direct-product basis of sites 1 and 2: 5(1 A Ye |Qz‘)§
1 A "N ~ ~ A
= + JL Q z © o -2
R, +0, = & ®lL, ©08, 0
) () o
2 ‘ + -\ = o T
= \ ° 0]

"’(\ \ "\Hﬂ) Z tfz :
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Total charge has 3 eigenvalues, & € {Z ,© -z}  degeneracies match ¢
! number of ways to arrive @)

with degeneracies: | 7 at specified total charge:
- 2
&0 &! Q2
1t 2t Q z 0 © =
A kdo de &'\ $1tfL ot L > f iF
—~AN
“%z " A +l~(“ ) o1t ([1] Y14y
v - = & v & = -l = L -
'I‘I]:e ’ ,‘(H ) o it -\ Y
» -2 u [1]
1T fL ot 4L
2 of [0 © 1
TR B T B B0
_7___=5:S1.+S(§1= [l o 4 =N |
23 (D ]) IR | (4)
0 T{oo u [o]
A "
Both (8) and (9) are block-diagonal = [Q,,,,f ) H ,d = 0 o)

Eigenstates of Hu will carry @ -eigenvalue as one of their quantum numbers.

A
Bookkeeping for 2 sites (using & = 2 (Eigenvalue of SL, as label) (u)

Label states as \61 , 1,) , where the 'multiplicity label' * enumerate states having the same @ .

List of states needed lst ind h I enumerates states with same charge
to describe 2 sites: ist index  charge
) ) ) y Q 4 explicit representation state
no sites one site two sites
& & & I 2 I ( |21y
: 2 ) o { | (1,0) = (:)) 1149 W)
© ° 2 (o, )" :=(}) ,L,T)
-1
—_2 3 -1 | \ 44
(%,9) N e
2-site Hamiltonian: “(L = '{', Tz t‘_(‘ r zJ | : ! |
B [o]
List of sectors ('blocks') ! ‘ 'y
arising for 2-site Hamiltonian: v & & (&l H‘&> ~ 1 &
L
The task of diagonalizing l z [ x Ts

Hamiltonian splits into
LT 173 0
three separate tasks: 2 (0] (o} 44t \ 29
diagonalizing three blocks
(two of which are trivial). 3 -2 -2 % Sa Q;)
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3. Sites

Next consider three sites 1, 2 and 3, with direct product basis {l QYo |Qz> ®|&;>}

Py 3 3
Q b = zizfle has 4 eigenvalues, @& é{; ) I-|),s§ gﬁﬂ?t:]:rr?)?svsacgagharrive ( »
total charge with degeneracies: 1 § 2 | specified at total charge: -
Matrix representation of Hamiltonian in direct product basis: *—’T"‘;—’T*s
SO YRR TH 3
i:‘l}i A A A A A
=0 1. + 1808 Q 3 1 £ -t H -t 0
RN ‘T F N IR R RIS
3 M2 A
I~ () \ [ ) Y sl o
) O e g -2
- | \ -+, = - TH D o
) . o i : '
-l‘(' ) ] *l{*t( ) ; ] -1 _2
") -+, - Ut °
’ To-s Wl Z ) us)
“ st
HS 4+ I\- A ‘\‘\ A LN b‘_ l: Py PN
1 = - - % Q #3 # 1 -1 H ¢ -t v
1) (S' 2 + 5.8, 13 * 1'(57.5 +5, 3) Q\ L L TR T I TV N TR A QT
/K ( M A 1
\ r ° 11} ]
(o) | ¥
] Y ) O
:.:.' 1 (0 ) = ~1 Tu |
,,(l ) 4 l.( o) +1 N D i )
,‘[ ! |.( W ] -1 il | [
0 || Ho') S ut ,
-3l J (18)

"

The direct-product scheme does not automatically produce a block-diagonal structure for [-( st , because it

orders basis states in such a way that not all states with same Q appear in a contiguous block. To arrive at a
block-diagonal structure, interchange 4th and 5th basis vectors (switch rows & ¢> 5 & columns & > $ ).

In rearranged basis with contiguous blocks of Q's, all terms of H  are block-diagonal:

Q 3 # #1 H -1 ¢ -1 ©
) Q 3 H FH O -t - O
?3 t AT AT SN R TR
sl [o +3 M ([o]
1Y 2 v 1M |
(33 _ :“ " o Hsf +1 Ifl | 1
= —_— T it Al \
T‘I% :: I:: © . 3 <t TH \ v
-1 Ut o -1 ﬂ# A l ()
- -1 |
3 W [o]. 2wl o
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Bookkeeping for 3 sites

enumerates states with same charge
List of states needed charge i . ?
YV Q A explicit representation state
to describe 3 sites:
: 3 l { 1114
b3 \ (1,0,0) 7 1115
2 t ( d (0,1, 1™
+1 o 3 (0,0, 0™ L4t oo
0 o | (10,007 (T
IR AT B Ry (1
-3 3 Lo.0.\T 1)
4 -3 l | 1446
3-site Hamiltonian: 1+ ]
[~
-1
) o
”\zz 13, R ¥ (19
-2
o
Lo’
| {
. v & & (e lHI&) ~ 1%,
List of sectors ('blocks") . :
arising for 3-stite Hamiltonian: : > ﬂ
e |
<[l
The task of diagonalizing 2 SR ARL | '
Hamiltonian can be split into 5
L— (" ! (20)
four separate tasks 3 =t = P B -Zi In 1
]

(two of which are trivial).

Summary of lessons learnt from example

A o n -
For an Abelian symmetry, with [ H '&] = o , the & -eigenstates can be labeled as |Q L > ()

N
e 'Q-label' or 'symmetry label: (» , eigenvalues of ®

« 'i-label' or 'multiplicity label': * , enumerates different irreducible multiplets having same

For an abelian symmetry each 'multiplet' contains just a single state, hence & suffices for labeling states.

(For nonabelian symmetry, it could contain several states, hence another internal label is needed: lQ 1 ,'1 > )

In group theory language: l(O, 17 is a 'reducible multiplet' of £ , the index L serves to 'reduce’ it.
We need systematic, automatable way of generating all states |0 , i) and computing matrix elements

‘o a

v = st . (22)

H[@] ; 4&,1“’“&,1 pi .
Diagonalizing H yields symmetry- and energy eigenstates, I& T> = (& 5>M[ g @3
[&] /)_? 7 61 1

with eigenenergies E[ 8l overbar will indicate energy eigenbasis
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2. Iterative diagonalization with Abelian symmetry

Sym-1.2

Build chain iteratively, in @ {9 basis:

Local basis for each site: [¢> =: lR> e i [ ) 7 |~ ; for spin-1/2 chain

Ket: L T I; 'sum rule' at each vertex:
&}‘o, o *‘ A lr{( Rz, 1 * 03, 13 Z T Rl = Qp W
o ! v [§} e
The 'identity matrix' I ] transforms to 'symmetry eigenbasis':
: I
& - L
. — ' z"rkﬁ )t! ! ) - > .
]&2, 1.(> - \R¢7 l Qg ?-1-|>(I! oY) il Q-1 + e,y
Re @)
The i-index is often omitted in diagrams.
'K' R' K, 'sum rule' at each vertex:
! { { 2 ’ 3 / f
& , s !
Bra: —t j(_ Qc f q‘h 11_ 4&; &z_(* Rf_ = Qg ©)
Lf 1t T, =

out in

Ig -matrices encode the sum rules, thereby yielding a block-diagonal Hamiltonian

Induction: if quis block-diagonal, so is ”.t = Hz—;@ﬂe + Sll,,wg_!r S;,®5:

& - L A 1
@ il Q @R (4, (8D o0 = R =&, W
fotd| = H.|| |, et co s arfh b e
- - z ' A ( 3
, e (8,1, |8 R, )20 = 8, = & *Ry
@ gy Al SR
o AT (#) ()
These relations imply: Ql - ae_, +Ry = &e_‘ 4.Re = &Z = block-diagonal (3

Q- Ty O @IS 18, oo R = @« O

Q)Uj Sz S;. :.'R‘l <K’£ ‘:SK— IKe) 20 Ry =Ry -V

'\Kz Ql-l,tzl-.[’ ‘QL ) 0 = &44+ '&z = Q'e (“a
&! ' (T ) \ ¢ '
. (&, (I |a1'_.,aﬁ *0 = & = 8 +k, (0

(@
t (s)
These relations imply: Q’l (I_l_J &E-l # R’l, = (&e_. 1—() +.(Kg -l) = &2 = block-diagonal (iz)

This is no surprise: if every vertex satisfies charge conservation, so does entire diagram!
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Strateqgy for iterative diagonalization

(i) Add new site, (ii) transform to symmetry eigenbasis to make Hamiltonian block-diagonal.

(i) Diagonalize each block, (iv) transform to energy eigenbasis.
a A a A
(i) Hy H . 4 , N W , 03)

. . -4
sites 1.2 enbasis of ;‘l sites ... -1 local term coupling between sites £-1, {
o eigenbasis o

basis of new site
/

Re

N

@!.4,-;1_‘

it

R
alg.l' -ill-x

(ii) Symmetry eigenbasis:

af"r?l-l Ik Q@/ LL

a —
. - - z"lckﬁ ]t¢_|
l&e, ‘L> = \R¢7 Iﬁlx.l, ",(-|>(Iz el *
L Ry us)
To transform to this basis, attach 'identity matrices' to legs of H, :
01.4,'{!:‘ Iy Qg ) @ @1’
i 1Re Q'fl H by 0y
= - . L,
[ ﬂ_ 4ﬁ Rl2 ﬂ‘ &2 [nﬁ\ . = @ 7} Htaa] bz
< S ) ,
U + PR £ %
B3 I by e (16)
(i) Diagonalize block: H(a;\ lag, —iz) = E&p,iz l&,,’ 7 G
. . . -\ o . o 6, U _
(iv) Transform to energy eigenbasis: | Ql, ) I&ll.'-g> I,(I&A ., 2,10 Wgy) 8y 7, (18)
Applying this transformation to HZ yields diagonal representation:
8,7t foie Uiy a3
] r 4 rd i/
a - \ = H[ } % & 2- Vi
Ll T " Y @
diagonal Q ¢ k) el U f8,)
014. Zg—p\ IL Qt,'l'l lzmq Ql' i& 014,7“ _ V-] L &%’: TZ
(16 ‘:,Rz .ng
here we need only = '}2_ l~ R’ = HIL r R’
those blocks of H,., ' . - —=< e 2 .
(see 14) which contribute Ryt 75 fQ 3 4 8 7, B t 8. T
to total charge &) o Ig Lt uta,l ¢ b b Hl Lot

So, transformation from old to new eigenbasis is described by A-matrices (only these need to be saved to disk):

determined by group theory  determined by dynamics
(symmetries of Hamiltonian)  (details of Hamiltonian)

3 4 LR - I
( :Q-I,K!& \‘ltl - (I:Q—h K! \'I'I [u ]Ll Q’.“,‘l-l H" &‘li.l - Q’-I’“_‘ _Le &!Il Mra 1 Q3
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3. Bookkeeping for 'identity matrices' Sym-1.3

'Identity matrix' relates direct product basis of bond [-—( and site £ to basis of bond { :

Qe Ry \1g. By.s - ) Q1
(1,‘ &)"5{ (8pa 7, KR 8,.7,) v oy

L

Each site hosts just one spin 1/2, hence physical leg needs no multiplet index Ll —
Caljy e §1%1y,1-10}

viewed as composite index

( &2-‘, Ke) , &l label row, column positions of blocks within | g = O] &f.,,al

1, =M label row, column positions R
1 T e ' P L
i = e, Mg zg of matrix elements within blocks: |:| Y — %

Exploit sparse structure by storing only nonzero blocks, i.e. those with charge labels satisfying @ L= [\ Lt Kt .

Make list in which each row describes one such block, containing Q¢-), K,l @ and the block matrix elements:

incoming bond  physical leg  outgoing bond  block dimension ~ matrix elements of block

- . -il-(
Listindex P : Ry, R, ®, Ml—u“ , My ] i
. T - . Q =
Sites 0 and 1 (I BoR, Y" = Q07 I‘ &,
~ ' ”_)T_ ' € efsl 3
) &, 1] R Q =8+ 34- |}

lau:‘l) lH, ') l"l /! ) listindex bond0 sitel bond1 blockdim block elements

{8,701 CR % + \ v Qo R, Q Mokt, M, (I%g' Y'

(o, (¢nt | ¥t | [ =: ! o+l 4| i, | [1]
40,\ K—H xd |I| 2 o ~1 - T |I|

each grey box is 1x1 matrix, since multiplet indices take only one value, 1= , i, = ie. M, = M, =

4

. 4
Sites 1 and 2 (I & R, 8,3, L, Rz, @ e §113

z &, i, e Ree §+13

O‘L =&|4‘Rle 3“—-210;

82,2002, 1019 fo2) (-2,
I W IS Y S (» & Ra Q, Mixi,M (Ia‘haz\?';z
LGty | | [ (L H ¥ e, 1]
it - | Y - i R N N L A
SRR 3=t -1 0 vy
-t |y 1] L# T TN T T ]
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Sites 2 and 3 (IGZK;&)TL‘ - &!-,;; T, R, & 0;65!‘.2,03
3 T
32

3%
"T‘ 4 +1
'K; 361 g

Q=R ¢k € 143,413
8,8, [[43,)06,17 (2 tH023Y (=1 ) 11D (-3 (-2,1%
Ol &V 7| me o0 e m W s » e B ey My, I
ca et ot [ O N LU S OV

ICATCIRE)Y AN A YA P
ot &l | ot ot o

ot o
Lo 481 | et o o | )3 o «1 ¥io2xi,3
o o o |
I
Lo |41 | e I 0 o s o ot s —
l - ’
o |4~ [ 7] o o o o
it ut £~z oar - w3
Lz [¢-U1 | Wy M \(’ o ey w [

The scheme for producing such tables can be automated!

- Ty Us - A .
A-matrix obtained by diagonalizing H has same structure: &l.‘z —’ﬁ—'—): = &z"’—>—3+—>—&3"3
33 021
. L e 13 2,4 3
b 3 1, ( a3 1 8z R T
(It] ' &5> (A Y u 5-} ;73 (ﬂS ' s&ls).‘T
0 Lot S B B B o (AT
~qBs-
s A N T
0 N b ol “ 2 4+ ~0 41 ampy [c<d
Toe v eo -] Yo o
e 99 rxaxal - 7.Xl 3 P
! CEP N RN i 243 0 sl :
oo e 22 4 O -1 <1 20,3
el ) s @/ <« @ e s -z +1 =1 w3 e
6 -t -1 -3 1y B
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