
1: Numerical linea algebra

Withinlinear algebra, we perform arithmetic

operations on finite precision arithmetic.

In the following we consider a funite dri

vector space over rat numbers V" (neM.

The complexcase is obfamed from n =du.

Available, elementary arithmetic operations:

+. -: n-digit arguments typically -0(n) complexity

·1:n-digit arguments typically - O(ni) complexity

Take home message:

Complexity is estimated w.r.t. # multiplications/
divisions!

#. 1:Finide precision arithmetics

Infinite precision arithmetics there always is

a discretization inthe representation.

⑰



Example:Double precision (64 bit float)
6362 - - - 52 ...... . Rits

↑Datum
↑

1sign Bit Me= Sexponent Bits ng=
452 fraction Bits

Representation of real number X:
Uf

x =( - 125!(1 +,Yy -n.2-4).22
- 1025

with e =
Ex
=0 thond" the exponent.

thus here:1 =2-52.2e
-1023

Define relative precision:8
=G

- 48

Thus here:8 =2-52 =(10245.1 =10-16

Consequences:
(i) XEMonlyrepresented

modulo 8:

x =x(1 +8x),1dx)-5/2

(ii)z =x+y with rounding errors dx, dy:
= =x +y =z +(yy),16 =8

⑳



(iii) z=x-y with rounding errors dx, dy:
E =x - y =z +(x4 - ydy) =z(1 +(er)

8z

Note:It here not bounded but depends on

z! z =0,her II can explode!

called: Catastrophic cancellation

(iv) ==xoy with rounding errors dx, dy:
E =x.y =x.y(1 +dx +dy +dx.dy) =z(1 +dz)

note that if Y.y<5, then 828 possible.

To see this write

x =(1+vx)2 ex
-

1025,y =(1+ry)2ey
- 1023

, 14x,y)1

=>x.y =(1 +rx))1 +ry)(2x
+2y - 246

consider *2
ex +ey - 2046

/Yug-n Yag-m-
+)(

and thus:18el-sug*n Yag-mG-(nthl
=>multiplication suppresses

ulevard bits
③



↑z =xy smilar do x.y but here

erors are magnified (can be worked out

similar to (it)

keep these roundin errors inmind as they
can drasticallyimpact outcome!

Example:

(i) f(x) =
E=y

Taylor expand swi(x) & cos(x) & evaluate

at finite precision arithmetics for xx 1

y =8
sumerador evaluats with precision of but

denominator with max precision!

=>xo the y undefined

(ii) var(X) =((X- (x)>

④



evaluating Var(X) =(x) - (x)
2

luids precision to V00(X) - 8 (catastrophic
con cllation)

(iii) z =

x
2
- y
2

evaluating z
=(xY) - (y2) (mits precision do

or. But evaluatiig z =(x+y)(X-y) evaluates

to precision 8!

#

2 Matrix - Madrixmultiplication

In the following, we consider for simplicityquadr.

madvices - VR*** with m
=2", nEIN.

Divide and conquer

Decompose E =E- with E, EV** into

E. =E l il
with bij, Bij, Eij VR****2 and

⑤



En En Em Enz zu

Enz=Zen zs+ Enz Baz E 8 M-M- operations

Ez
=Ez Im + Ezz Ea

=22 =Ezi12 + Ezz Ezz

For each M-M-operation Eij: Eke, ij, 4,1e91,23

repeat scheme. After logam
recursions we

arrive at 8 simple multiplications.

The total number of multiplications can be

deduced from drawing iteration dree:

-
(1) 81 mult.-,, -

2

8 mult.
........,

- -

I
S

I
I T

S I -

- - - - --/

Am Bes B.... E ·Arm Bum gloss"mart

=>#mediplications =82y,m =(25)hsm =m

3

Ere though that is not suprising, it tells
⑥



us two important things:
(i) M-M products can be parallelized systema-

diculsy
sii) The counting technique suggests wirestiga-

bin the decomposition for more efficient

scheme

Indeed, the 8 equations are highly symmetric!

Strassen's algorithm (1969)

There are various ways
to prove

strassen's agorithm.
Let us begin by introducing a basis for Vi**

2 =(exel =(68),2=(2)(e4 =(i) with()=(0)
2 =(Y(21 =198), 2

=12424 =(vi) 124 =(Y)

They oby the algebra:

? =2 ==0 =" =0

= 2=0 E =".

E =0 =2 =0 =(*)

E" =0 =" =ue"" =e I
⑦



Now, we can write for any AeVi**

A =E,*' +Ei *E+*E +*
=A,x +Are +2 +Aye

Note that

E +x]
=(E, +x1)x2 +(e2 +x3z)x +...

=(Ej + j)*

We can thus inderpret any AeV as linear

combination of states formed from map"

via: *: VMexas xNA* - Vie**

We now expand =E.Iusing different basis

sets {b], {E3

E =2 (,;) x ("Es
S=(Ei,)e.) +kid. +(i)e.) +Y.E
+(Ez,!() +...

!

+(14)e" I) + ...
+(Epy)e"")
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If we would choose for the canonical basis sets
↑ ↑

b =E=E, the using (*) we would

arrive af

E =(i,)* 1 +(A,z)

+(Ers)+(Ery)

+(A- 2.) *2 + (Es Iz)* E

+ (E4Is) * 2 +(Epu)* *

which is just the result from the divide -

and-conquer decomposition.

Thus, the question reduces to:

Can we fund basis sets E Esuch

that we need less multiplications?

Led us introduce:1 =(Y_) =2 -+2").
Note RabCI is rodation matrix =1 =EI

Then choose 1 =22 Important:2**1)
we have:

&* =2 =2 -2 -2

*** =e - *
⑨



and:

El=E =0

***
=EY -- "? =12 -2 =2 =A

*** =12 - 2=" =-2 =

- A

it can be shown that the two sets are a bass

of Vi**:

8 ={,*,AC,I) ={b'E

82 ={I.,C1,** ='.
Now we compute all products of

bic, de

*
*

**

I I *

**I &

* ACI E - *

C-

*
*

** ⑳ CI

* * ** E

Note that only seven products occur!

Thus we can expand EFEI
inthis

-

basis usung ⑩



b=1 =2 +e4

b=1
=2, b.B=1 =e - 1

2=1 =
-, .=" =

-e - e-

!5="" =2 +2,5 =2 =2 -2

such flat

2
=(1,2,)e(2 +2")

+(E, - E).4

+(*, -Ec)(2 -2
-Er, +4) (* *)

- Es(, +c)(= +"

+(E, - es)(-+e)
+Ey(2, +23)(2 -2Y)

Now we only need to represent Ei & Ii inthe
-

old basis ':

E =2. - * 2 =e - 2-

22 =2 E =e ⑪



5 =- a+e -2+2 5 =-2 +2- 2 +2

B" =- 2 ** =
-E

=>E =A,x)- 2 -2") =>R =B,x(2 - E -2

+Ez -

-Es-ete" +3)-2 +e-2+2")

-E
- I4 *E

=E, +i* =I+lize

+z,+Er +Iz,* +Ezz*

solving for AilAn, .Azal & Bil..... Ez) and

inserting mito(**), after some further algebra
one arrives at

E =(I -+) e

+( +) +(+)

+(*I +π - I +e)*2

with

*=(entEzzzz).i zz) i

= 1 -Baz), zzz),Eiz) Ezz

=(EnAzi)(1+(),=(Ei
-Ex)(2, 32z)

⑫



We can analyze the complexity by drawing
the same free of iterations but now with

only a multiplications, i.e. 7 branches

emerying from each mode.

=>#multiplications -ferga =
ungut Ild

⑬


