NRG-III.1

tNRG III: Thermal and Dynamical Quantities

1. Thermodynamic observables [Wilson1975, Sec. IX], [Krishna-murthy1980a, Sec. I.E]

Thermal expectation values:
A

~pH A
Tf["'F 6] s Ze PR cmsig
Tf[e-raHl % o —PE«

(o), = Te[p Bl -

Trace is over a complete set of many-body states, i [ Z A complete set was not available in

Wilson's formulation of NRG (it was found only in 2005 by Anders & Schiller in 2005, to be discussed
E&c: T . Reason:
)

e~ FEQ ¢ | ("thermal suppression') (3)

B F Ea . (will be shown explicitly later)
4 27 [, but there are much fewer such states than (&)

later). However, Wilson argued that dominant contribution comes from states with

For E,>>T , wehave

For &=y << T ,wehave
states with Eoc 2 T , hence their weight in the trace is negligibly small (‘counting suppression')

h
Wilson's iteration scheme vyields, for each chain length ,3, a 'shell' of eigenstates of | { :

— )

H ‘0(71 = E£ \o(>L , ® = ‘,"', bka(s‘l‘
t1TE  »
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Nhin
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He thus proposed to compute the expectation value using only a single shell (single-shell approximation),
namely the one, say shell BT , whose characteristic energy matches the temperature:

/\'(21—43/2. &« T hence [, = 2 /Z\(‘/T)/’&‘A o ¢
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X & shell z-,-
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T [#)

To compute (7) explicitly, express it in terms of rescaled energies and temperature:

Wilson's choice; often the -1 is ommitted \\4

~yp (NRGIL44) (g Y/ ) z ~ ~(L-1}/,
E, = A lev -€5) ,  Fp=A [ ¥
R BT
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Thermodynamic observables of physical interest [Krishna-murthy1980a]

—TI'/U =3.00 x 1072, T = 3.862 x 1077

H il fod |- T'/U =250 x 1072, T = 2.548 x 10%
Spin susceptibility: ( ) T/U = 175 x 102, Ty — 2.505 x 101

X = 4 () [
ar. " ’r o
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Tr[e-Y’#] Tr[e-]w-l i:*"z'
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V=p(dsiy - )| [ ]
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T/ Tk
In NRG context: approximate < > by < > of (9). Iximf !
T £ Tr T
Impurity contribution: 'X;m o = X w Xgm‘ p, | (14)
Ctgal system {-— only conduction band, Curie law
- without impurity 1
Specific heat T’ T

— & _RF
Partition function: £ - (v el e ¢ with freeenergy [ = — T A< ? (5

F T FFH—-H 0
Entropy: S = ~%‘_r = f 2 +T [C 2( )] (;(_ér\ ve)
T
= /&\_2‘ + M_F, with A = <u7T (,?,)

Specific heat:

O
n

V)

u pH . .
W oo 2 [Tee KH}= £, - ar)
expensive numerically

B—IT(S -,Z,_Z-)] (19

27T

alternatively: C
Impurity contribution: C fwp = C{-,,(- -C b (z9)

C":“"'P/C(ou\d-

(universal number, independent of Ty )
(2v

Wilson ratio:

T=0o

For Kondo model and symmetric Anderson model: R =2
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2. Lehmann representation of spectral functions

NRG-III.2
Goal: to compute dynamical quantities such as
RC » cast " ~ A
(i) = ;:l_:-b <&(HC>T , <>T = T{[J} X . (1)
- g
Let i[ p() 3) be a complete set of many-body eigenstates of H,
N
Hlad = g (&) Zladduet = 4 o2 2 (2
. 3 d xd
Then
7 ‘Wi (e e
6‘ di' t [ A -t a
A5, <[4 %(x\ peThe R ) @)
- o0
with density matrix ﬁ = e—/s H/ 7 and partition function A = > e~ FEM (%)
«

}4&(2)\ = ngf’“ (xlé\ﬁ)!dgeié(“*eu~gﬁ)<{;\£lo¢7 ()

e(F. z =
— Y I
8w ~ Epu) Epy = B~ Ey
C ~bE A A
455 = Z L_P_x(.,(\ts\p 5(”"515"‘) cplcled | )
F z representation’
Spectral sum rule:
(3 - A
Jes 8" < T PEGIBIR pItley = <) @
«p 2 T

1

Zero temperature

}4&(2)\

) A A
= %(g\&\pS(w—Em) <plelgd 8

T=-o



3. Single-shell and patching schemes [Bulla2008, Sec. II1.B]
NRG-III.3

NRG gives energy shells, Y A (L NLTI,_-\'(O(()
(H1a), = €14y, 0 — LB
eigenenergies on

- bsolut |
but they don't form a complete set, due to truncation. an absolute scaie

iy

- - -
Choose shell £ for which A~ (£-df2 ) e — £ 2]
! 2 £ " £/,
}4&[6'40\\ = Z{(ﬁ‘&\}‘z S(W—E%%),C(F‘CI.S?Q /\ /

Teo T | @) \(h ( “({/I(llou .

[Sometimes one can average this over several shells.]

Bc

Broaden: Asﬁwf(,(a’) = j/o' /((cu,u') ,4 (w ®)

[Weichselbaum2007, supplementary information (Ref. 13)]

{ 2
Log-Gaussian kernel:  K{lu 5 — Olwe?) e,‘_( M\ _ ¢ e A‘"z )
' (@ ol ”~ “
Plotted on log scale: K (cu,«*) peak width is set by:
ot D (eofel = o
long tails /<~ [
4 =S W ~o e
!&«(w' XK(W

Plotted on linear scale: K (
w, ‘V long tail generates
Rapid fall-off at W < &' ozfrbroadening
ensures that when averaging atlarge ()

over several shells, broadening of
high-energy shells does not spoil
resolution obtained from lower-lying shells.

Nonzero temperature

£ ja i}
A[w\ ZCP “(X\&\F)S W~ C(,u> {;\Clu) L: ? .
o —_=fgl-°
Typical 'initial state' () hasenergy E, < T . (o
~(€-1)/2
So we have to average over a range of shells around the one with /\ ~ T

To combine their contributions, interpolation schemes ('patching rules') have been devised [Bulla2001]:

Aﬁ# (W) = Al(w) Pl + )4[‘( (o) (1 - P(:.J)) (©) \?{w)\:

But this is rather ad hoc, and does not satisfy sum rules precisely. | : =
A" ot‘l /z
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4. Graphical notation for basis change (reminder)

It will be useful below to have a graphical depiction for basis changes.

Consider a unitary transformation defined on chain of length 2 , spanned by basis { \ o ')i :

—

— oL
> = 15 Uy T 0

G,
2
Unitarity guarantees resolution of identity on this subspace: =
_ ,‘\ e 50
Yy 6:&' {-5( S Z - 3}" - < ' —
Zlycal =165 W el 5 <8l = 25517 G1 5, pe =01
‘___w)—'_/ o‘k'
Ly = -
A% 5, O¢ o

v)
Transformation of an operator defined on this subspace:

I% = |6-’¢'>.'&é;‘6~.;(6~’,] = X o S B o)<l = 'y 8%, Ll 0l
xXo

—.' -

+ 3
Uz B% U

13

f
Matrix elements: B"’ o

'3, 8% 5 <5, 1)

n

-
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5 x ¢ x . 2 S¢
Bid = -.B(Q\ = . » IE{“ with [Q] = B[Q] (S)
K ! -y « ‘ E!

x
x
R

5

If the states | ) are MPS:

XT—FT— «
(> = (5,0 \e—,@(ﬂ"'“"“... A%,

Guine 95, (&)
O 6‘ 6;{\‘” " 1‘ a
L = *ﬂ. ® *ﬂ ® ¢l = 1 = % shorthand for ()
’ ’} 4} o l T~ unit matrix
G« G’ ! ! —,
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[Weichselbaum2007] NRG-III.5

5. MPS notation for discarded/kept states
Key insight by F. Anders & A. Schiller (AS): discarded states can be used to construct a complete many-

body basis, suitable for use in Lehmann representation. This requires keeping track of 'environmental
states'. This section describes how to do this, the next section how to construct the complete basis.

Suppose a short chain of length /{ o has been diagonalized exactly (no truncation)

Then split its eigenstates into 'discarded' states (D) and 'kept' states (K)
4,
m.fu” £ D =: Io<§> K= Dl .., d 0)
¢ split o !
‘0(> = ? —. \o¢ K
D] 1 T T K o=V ks, Dy o)
M(P 6‘0

For L>4, , iteratively use kept states as input, add one site at a time, diagonalize, and split again

K
o' J. D =‘|"<§ K K\
K K / split ';K = lx%_"dp {Q (2] X\ ¢

‘°(>£ = x\‘ “ 1 1 s) 'l K =:\°‘L N . )
= o Lg

o 6 /‘\,\ new site '*T""
6,
4

£
When diagonalizing shell { He = H (fl' =0 ¥e'5l )
i-2

Include environment

X . . . .
Every state | % >£ in shell £ has same 'environment', the rest of chain, with degeneracy d
product state

leg) = lg0..0lse> = l L l L ll = (llf ®)
St % g

(according to our ordering convention, state spaces
are added in opposite order to that of sketch)
Combine shell states and environment states into states defined on entire length-N chain

L K e =X

\O(Q/> = [x) ‘e 7 = x N
/gt £k IR RRE [L{—
shorthand for e, = (6ea, -, et) 6‘;.? % € 5
D
At last iteration, declare all states to be 'discarded: [« e >,;£ = () ), (o)

system  environment

® l627 i 5= lue>

“)gD ® let.rn ® ‘6104-2.7@ ...
degeneracy
® \ayy l/& S D

‘M >£-H ® ‘,Glor'ba . ‘*A’-I;l 3‘«’37&‘“
e e.)D,,n

e R0 ® - ® t6p
] _ w
S oy d

u
E

ll

LT ey

«'p
) n\K

At e ,>€ N 1 ) |a'“(>n 7‘ at last iteration, call
° f £ all states 'discarded'
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Orthogonality of kept and discarded states

=l= |\ Yt
'shell-diagonal X', X : | — >
(¢=2)2 x «
K K K X 0fk "l K \O(x ee
‘ ° shorthand ” (?)
<o<e|o<e>e - e IHH i P
‘ < < 0 )
x Kk K kK K a\lxl ""L K kX eé
xX ey i K e
= - £
- 1£ , }1' = 8 X (o ,(S . ()
x'Y e’ {]
2
Early D, late X < ;‘E;l:,-—:_;__ >
> e (a)
K 00, k %y % K K K
<°(€| KC)e Ge/ “ufe = o0 since - j_{
<= —— & D
0'< ¢ Kool e, K (D
Early K, late X: < = lé—_ >
) — X
K K LK P Yk Yk &
2y K . =
<tx el x €>g Ser ”m "“H 10."1 '\] ] ‘ \s, H“H
e <t Kok e ) (10)
e
- KGZ'H K 6"}_ o« e;l
= LQ[e(H] K -o- ﬂ{z] 'Dl ® % e Ul)
Rule of thumb: | shell-off-diagonal overlaps are non-zero only for 'early K with late X'
: X' K ) K 164 o! e
Summary: d K[Iﬂw,qd RGN lx % ‘% if L 4
'] \
Ry = § o, 6,5, g
o ‘
K e 1
[[ [ « 61" [ [Q“]K Sl « X § By if '(>},
B SR P C A
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