Symmetries II: Non-Abelian Sym-II.1

1. Motivation, review of SU(2) basics

] . . .
Reminder: for Abelian symmetries, sumrule (L + @ = @  led to block-diagonal Hamiltonian.

For non-Abelian symmetries, e.g. SU(2), there are more possibilities:

\
Coupling two spin 1/2: 1® % = o ® ()
) \
2 = o )
Hilbert spaces: \/ oVt -V o V (3
Dimensions: 2 - 2z = 1 ¢ 3 ®

If Hamiltonian coupling the two spins is SU(2) invariant, will be block-diagonal in basis of total spin:

H = ( Z..I) — (%
direct product basis direct sum basis
| / '
/ lg-4'l 18 -8%11 S+S
General: Ve @ \/‘S =V ® \/ ®. .oV )
direct product decomposition into direct sum
Such direct products occur everywhere in tensor networks: T T T T

T
N ®h® h®hk
Hamiltonian will be block-diagonal in basis of total spin.

Goal: learn how to systematically construct such a basis in MPS language.

More generally: learn how exploit symmetries for tensor networks, when each leg of each tensor
refers to symmetry multiplets, not individual states.

Reminder: SU(2) basics

“a b . .ake cc P QK ¢ ¢S
SU(2) generators: [5 , S ] =3 S , 5T = ST &S (6)
abe éix':] xd .

/ n P A, & A
[s*5*] = £3% , [s8s]= 25, w
5 A 3 A\t aat

Casimir operator: S . S*) « (533 (S ) C
Commuting operators: {% - §L] = 6 ®

A
Irreducible multiplet: §z|S 5) = ,S(S,‘ ,>\ 5,57 , /S‘ = o 2 ( ... (1

(irrep) .

Sz lS,s7 = 5 (S,¢) S "'3,-:5+l,.--JS (o

Dimension of multiplet: d,S = 23+1 (2

Page 1



\re/

U‘;S = Lo F

LZITITIHIDIVIT VI TTIUILIPICL.
e a- ﬁgﬁ.
Highest weight state: ST IS 57 = 0O (v3) f/\ S
! [ o @ o e » @
Lowest weight state: S~ \S = 5) = p o T ~35 S
Consider Heisenberg spin chain: [/ = § Z SZ Y ¢4 has SU(2) symmetry. (19
£
. 2 ya g’ Sx oY <3
Define 5{_" y " Z e then S tot S 1, SM are SU(2) generators, )
n «a o) N
el
and [“'SM | =o, (4,351 =o (m
Symmetry eigenstates can be labeled ],S , LS (19
'spin label or 'symmetry label' or ™ I A
" P label’ Y Y 'spin projection label' or ‘internal label' (lower case s),
irrep label’ (upper case S) distinguishes states within multiplet
'multiplet label' distinguishes different multiplets having same spin :S
3 . .
SM 1511)\5> = 315,2;57 (1))
@)

A .
S ot \S,L)s}‘ = ,S‘(..VU)IS,’)S)
t.y . . N s! ¥
<IS/Z;S‘IH\5I'LI'S> s .ﬂ. 45\15 ilﬂ‘,f\’\ ]' (?")
reduced matrix elements in block J”

Foreach G, we just have to find the reduced Hamiltonian iH 5\11' and diagonalize it.

Goal: find systematic way of dealing with multiplet structure in a consistent manner.
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2. Tensor product decomposition (needed when adding new site to chain) Sym-II.2

Irreducible representation (irrep) of symmetry group forms a vector space:

Sz 1S sH |
= 5 s S = - /S . S )
V ra“{ / ¥ R\> 7/ 7/ 4 }
'irrep label'  'internal label'
Decomposition of tensor product of two irreps into direct sum of irreps: S S’

Ses! 1 '
, I 'r u 'S
Vie V* = 2, VP VR T

05"= 15-5'l CIN (2)

-~

.
'Outer multiplicity’ l\} S8 S is an integer specifying how often the irrep S " occurs in the

[
decomposition of the direct product \/'g® \/'S

For SU(2), we have MS/S" {, for ]S —,S'\ ¢ ’5\// < ,SJ-S' &
" =
S 0  otherwise
(requiring extra book-keeping
\For other groups, e.g. 5[,( g) the outer multiplicity canbe > [ . effort, see Sym-IIL.2)
AT a A "a A n &
Action of generators: (5 ® _IL + ]Z‘ @51) C = (:DZ',S" S 2
dimensions: dS" ,;!5 0(5' ”.(5' dS”)t oga
C transforms generators into block-diagonal form: } ( 2 ()
C C =
[
for S=tfz, S <k (0) (2 ©

A
The basis transformation C is encoded in Clebsch-Gordan coefficients (CGCs):

completeness |n direct product space

Z\S s)@\S s>x<Ss o<Ss) |8 s 5,3‘7 (©
55

CGC = <S' S . SSIS“ s"> = (C'S 'S,S")SS'S:,
Z, ls,s) ®lS,sH (C’S"Sis")ssis" Ss-%ﬁ"f" &)

5%’

1

15 65 8,87

n

o > u
States in new basis, |S" s". S, ,S'), are eigenstates of (3, +S.)  with eigenvalue S (S % () (a)

A

‘ St R ) I
" S: o SHS'e) (20

. SteSt ; S ey
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3. Tensor operators

Sym-IL.3
Consider an SU(2) rotation, 3e Su(2>

A spin multiplet forms an 'irreducible representation' (irrep), i.e. it transforms under this rotation as
A

UDIS, sy = 18,67 Dy,

s' &\ __ representation matrix for spin-S irrep,

of dimension| (25 +) k(25 +1) o
Gl = DOt acss| ()
An 'irreducible tensor operator’ A 2(S,s) 41 1 s a (55"
transforms analogously (to bra): a(ﬂx Y )U (3) = ’0 (S> s! 0 (1)

Example 1: Heisenberg Hamiltonian is SU(2) invariant /\
hence transforms in ,S = o representation of SU(2):

(scalar)

c+
Example 2: SU(2) generators, S

o~ LA " [ A " 1)
S(Stl,s) - (Tzss St TS—SF ) e S(l,s)ui(@ _ 00(3) S'S(ls .
=1 's=0

Wigner-Eckardt theorem

uls) th - H (2)

A A
1
i 3 ) S , transformin S= | (vector) representation of SU(2):

Every matrix element of a tensor operator factorizes as 'reduced matrix elements' times 'CGC'

4
550165715069 = [0555) (5,55,518,)

()]
I
CGCs encode sum rules: o NSF 5" _]LSfS <"
In particular, for Hamiltonian, which is a scalar operator (,S‘ =0, 6 s=D )
4 o
(S,i;s | H | S i s = [H‘S “\ 5,5,00|.S s” (s)
,S s
[H 1. S b g 5"
/_\_/3
Hamiltonian matrix for block S Z. sum rul'é7
We will see: a factorization similar to (4) also holds for A -tensors of an MPS!
6.3;5), (S!es) As.s \ S¢ |5
FI (,S” W = 6\" .;'" C SIJ 5" (6)
, 10 s")
. " "~
S,L;S\ A ’\AS, i’/'.Sl' -~ 'Sl i" ‘l lS‘:Ii',
S \ SII
N 'l S C,
S8 St
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4. Example: direct product of two spin 1/2's (self-study: check details!) Sym-IL.4
7 tr ° f N '(?.. N
V2oV ?® = Vov °'+' *',,@‘
63 o
Local state space for spin 7z : 1) = "/7., '/17 N> = \72.,-9 . (1
3
Singlet: ‘.S,s) \0,03 = T‘z( M L) “’T)) @)
= J’L"i ( \'/L/ /3 ;'/z ,’(/27 - |'/z'-'4_; "Z; ‘/253 @
Triplet: oD = KX 4
156D ho) = H(ltY + L) .
b=y = i ©
Transformation matrix for decomposing the direct product representatlon mto direct sum
=0 |
Yo Y |0,0'7 1o l(o) -n
T T . ¢
(C ) 5") st = (h, 5.l g'|s" S> Ckpulfo o o
Lsite 2 N’ Lt 2 - Yoo © +fn o (1)
<d|rect product | direct sum> i o, ol [ I o +n o
2 {Ty,-ly; ‘Iz,-‘hlto e o f
Transforming operators from direct product to direct sum basis (self-study: check details!)
o\ - °
S=1 repr. of SU(2) generators: ST = (o °\, S, = ( AN g;L~ = (YL ..f(,_) ()
In direct product basis, the generators have the form
° | @
§=Selt 185, ) "M)* iHD:’) 0 25 Y
= ® = ol ® 6 |
| T ﬂl® 2 o O o I b) g o © 6
{O fo) '.(?:» 6 _ 0 0 O O
S =S56L,t16S, = i o 125 1)
[} T ;® t | ‘ (I ‘) O O (’(?O) o T {0 g
. ¢ LN'('\) 0}, M) o) (e .
L LT PO A PRVOR R Y




Transformed into new basis, all operators are block-diagonal:

° Iy f{o © [ (o o | o
g{- _ C‘l‘ SJ— C _ [ o o o O ©0 o | Yo o o
§2) @y - ° f§-lye o d o | I o -In o = (o)
° o b > = o 2 o o 1
- b ° I @ o[ © 0 o o o | o o 0Jo 0 o
5 = C S th = [ o o o \ O ©co Yo ° o o[o o o
523 o fo -l e I > o6 e I o =10l e o ()
o o s1|-2 Lt 2]le o o ol o f2 )
" . ° I eY() o oo o | ° () ©lo 0 o
S = C S C - [ o o o 9 O ©o '/ﬁ. ° Kﬁ. ° 0— Il o o
N R EE T e M e v
9 o b | 2 ©° 0 | o) ) [ t olo o ‘\J
These 4x4 matrices indeed satisfy [’S\‘*’, g*—l =+ gt ) [gk, §7) =247 ()

So, they form a representation of the SU(2) operator algebra on the reducible space V°® \/|

Futhermore, we identify:  on \V°: st = s7 = 5} = 0 @s)

on \Vl: 5+ ~ ﬁ(%%o) , S = ﬁ(gz‘%)/ 5%: (‘0"') ('9

O -

Now consider the coupling between sites 1 and 2, S, - S, . How does it look in the new basis?

S?: 2 . t /1-\,; 2 2 R
= = =5 o
1® S ‘f( -f‘) » 508, = Clzl(‘Sl@ Sz)cm = i‘:: :, -‘: ()
2 0 o |
Lsf - © o0 © o /{‘—\_/ + -te te
_L|lootle = | - L [e* -
z=1® Se -z(: :E:) 4 ZS,@S; = [l]z( | ® Sz.)cm t:: ? : (18
o 0 v 0
LS— 4 N © ooo /_‘\/:‘_ 4_ -t o -1 0
- © ©p o e - r
18 5. = z(:,‘.,‘;:j > 2508 = GRl®sN, < 42t o w
o 0 b o

These matrices are not block-diagonal, since the operators represented by them break SU(2) symmetry.

~ -
But their sum, yielding S, - S, , is block-diagonal:

Flz oo\ . .+ _—
Ctﬂ(s'@S‘)Cm - Cm(s.%f@ S+ 1(S®5 + 5-@’3:])6&1 )

The diagonal entries are consistent with the identity

A
Si-Se =lz[(3(f'§z) - S _glz)l - i( 'z o [f v }(Z‘J
502 = -n) = % for S= 1
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=z

In section Sym-I1.6 we will need _1[ . Sz . S$ . In preparation for that, we here compute

2 ' -~ + 2
ot 1[0, ) = io% - laedle,

)]

o ( oo " +
18 5 = ( ::?) = 16 5 = (e St -
_ 00 ©o° —~—_ +
105 = ((333) = Los =cyltes), -
© o o
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5. Example: direct product of three spin-1/2 sites Sym-II.5
/ 7 % © i
0 y ! 2 > > > ?
(Vou)e V% = VeV T e 4 AN
fz b A 0
[} - [/ ¢ —
\'S =rz; L= (/. s” il:z IIZ) - (.‘ ‘°'°7® ‘lel YZ> (2)
'first doublet! Vo, -%) = Lisod® L' -1
" -
|.S =, i=2 ; s7) [, %) = rn Vo V-7 :13“9@‘(2 () ©
'second doublet' 1% -%) 'L ‘l O0® Ll -1 r (DT TR PRI
|S"=% P=1. 5" % 36) = el e, n) "
'quartet’ Br, 6) = Ao V', - % "E (LB T2, 1Y
) = B UO® G165 S0 10
(Bh -%) = L -0l 6,-1)

Basis transformation (Clebsch-Gordan coefficients):
i = i: z
first doublet

second doublet quartet
( ssf (f21) I%,-72) | 1, %) ;%) () ¥,%) (¥,-12) l"lz'—'%)\
Cm ,s") s <0,0; 12, (2l v\ ©
’ (o0; 0,-12| o l
O R S
. . <L Yez,- 0l s ° ° 8 ° °
@lrect product | direct sum>
<405 e, T2l —}5; e f?? e
<8 Mo, -l © /B o o B o
‘ 3
ACRUAE ° % L °
{ ‘,-ll'"/z,—'/z' \ ° e o e e l /
(5)
Letusfind [, + Hps = S-S R _1l|-§;-53 in this basis. )
Combining (Sym-II.4, (17-1 )@ with (Sym 11.4, (22- 24))@53 , we readily obtain
('51'134- 1('Sz'gs (s3 S|' 51.'1[.3 + 1. gz,'S; C.£3] (‘°5
S=1/2 S=3h
L
r—%ooz&—¢0°‘bw ..% f% ooooow
o -Y%,0 o o V& ime | o -% o) J% o 0 o o
[y [») {
6 o 2 © ° e e “ % o | - oloe o o o
L A
C(" tfy © o © 2 © o o ¢ . 'E/q o -%lo o o o "
Bl-t o o § © oo |ln= :
B . & o o o o o & ©
°© % ° ° ¢ & iho “? o o & ° o L o o
' {
6 -1 ° © © {‘j‘-,_ > o Al e o o o T o
L © e & ©0 & o6 © T2 L © e ° & e @ ‘("j
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]
6 -1 ® 0 © Z{I-‘L > © “
° o o ©6 &6 6 O T \

—

n

Beautifully blocked and diagonal in

symmetry labels, in agreement with
Wigner-Eckardt theorem, cf. Sym-I1.3 (5"):

(S,25s H |S" i s =

Hll/z'l = (

with reduced matrix elements
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e 1)
i,
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6. A-matrix factorizes Sym-I1.4

Why does A-matrix factorize? Consider generic step during iterative diagonalization:
Suppose Hamiltonian for sites | to € has been diagonalized:
> 5,5 S.us
IR Y r* T8
He H, = Egg 15 1L+ Q)
L degis . S.T)s

Add new site, with Hamiltonian for sites | to ( + 1 expressed in direct product basis of

previous eigenbasis and physical basis of new site:

/F X k & S s 3 » (g’:-;;;\(,g' 7.3/ 9
™ I = BEDIST M, (s snslCi el

,[ % i 5,18 2

I

Transform to symmetry eigenbasis, i.e. make unitary tranformation into direct sum basis, using CGCs:

sums over all repeated indices implied:

& Y S e
composite index: Ai"(——- (L/E/l) composite index: ¢ Q"'(L,Z ')

(55, -) “V
R R S S Dy O

(53,5108
+¢* s s¢ 13" ay . o Sy 'H
. alt
[C 0 5’51 '[—’ S‘-& T s'3 |t [C g‘”l s U— " y M
s's H ",
S & N ’t\
v ¥ speafg—:s which multiplets [ g
. . ] from S, §' yield the
By Wigner-Eckardt theorem: - s K ] ) (10) » %
diagonal in all symmetry labels! 1 S" 1 H t” mU|t'p|Et i for §
. i_ block labeled by 5 ~y
H couples multiplets T, ¥ from same sym €ctor, with elements labeled by 1 W

states within each muiltiplet are left unchanged/not scrambled

Diagrammatic depiction is more transparent / less cluttered:

§ C'” S 1

FA 4 fsie
HC-H
A % IR A

: 14(,4 Al yyn symmetry ensures that this is diagonal in spin indices!

I

s [H ) s o

Now diagonalize and make unitary transformation into energy eigenbasis:
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- L} 4 -~
s O S U s s Sris”
4 4 k \S,L’,f‘ r,_ ’ -y "
- - 1 1,
He, Hu, \ ES" (" 2 (1)
oA
J *\ )n )}S v,s! Lf‘ 5"['.’;” \’\ independent of s,
, < < —— o hence we have
P degenerate multiplets

Combined transformation from old energy eigenbasis to new energy eigenbasis

Sns A " S 78" ST CUS?"S" uS 355" (9

S .5 ﬂ S' v,
. ) 1
[ I~ ,_>_ i =
RRIRED f e 755'
H ¢4 factorization happens heri CGC are independentlof i-indices!
l ~p Al A ] g/ ‘_’_s’y( li{ i’
J % h/ }S }l a n(s J(g(; :\ [C‘S’S ] s"[—’— S”l ”{u IS"\ 'i'll (14}
8.6s At S"li’S" L '
A 1 “
= [FI SS,S"] _"[C/SS ] y (IS)
(6)

A-matrix factorizes, into product of reduced A-matrix and CGC !!

gis A St sy A g

S —

4
4,

LRY¢
S'l;s' 'S:-
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7. Bookkeeping: basis transformations spin 1/2 Sym-IL.8
chain
General notation: IQ"I«) = \.S' 57 for virtual bonds, ‘R =5 g> for physical legs.

C-T 1 specifies which multiplets iy, from Qo R

i ~ ‘ yield the multiplet ¢ 2 for @,
@l-l, ll-{; 1,‘-{ i &.z’belv t[

' 8. a7 b
= Cudpibualtain = (ORI UL

6y

+KQ f‘ here, no multiplet label for physical leg

CGC encodes sum rules, see Sym-I1.3 (4)
hence

thus ensuring block-diagonal structure for H
To avoid proliferation of factors of 1/2, Weichselbaum uses the following notation:
Q= 2spin) = o, 1 2, .. g = 2(spin projection) = = @, --- & )

We will stick with standard notation, though.

Sites 0 and 1 Q.=o ﬂ-l Q =%
dimensions ‘—/Q_\‘ (2] [o1 1.) Ri=% (3)
! 71_ ' \(
N ) Y-
d(&o‘ﬁ\) Ny = B,k n 2t (1 -h)
fe) (o f) | . 0,9, , 1 | \ °
'/\;. 0 e (7 <o 72'_ ?'l o |
of 80,00 50,9 t\ °"1.‘ - 12’
(T" ’ x [C \ (] C 12,
— & & 1,
_record bond 0 site 1 bond1  dimensions data CGC
i - index » &, K. &, dgo x dg, ,%a, )
L { | o
! o y?. (I'L "‘1) z o\
Since Heisenberg Hamiltonian contains Q, H (5, CGC  CGC-dim )
only two-site terms, Hamiltonian for a single /s > 1, )
site is trivially = 0:
. - _
Sites L and 2 block column index &' =% 12‘ &7_" 0 ®1
| 1
=
. . N (see Sym-I1.4.7) Kl 2
dimensions 8, {2 [:?] l&z,i,) singlet triplet
l/\/ (9‘.% G { <&t, f1i Rz, ¥ ‘°,°) Vo ey -0
’ 00
U fea] (05 I . Heoj,ub ([0l ° °
f’ 4 Yo ol \ (4]
block row index s 0 0 <7L‘ ’l, fe, hl o o )
S R A | S| A
[_&cfls {C&R, Q'lf' 11 ¢ %
3@) I:I I:l) ol hHf|o |[e 0
| ( ‘ ‘ ('C,h' ',1. /Q_ Cl/t ./l.

For first matrix, rows are labeled by ( Q, Y Kz) columns by (&2,1,) Each of its elements must be multlplled by the CG
block labeled &, Kz Q= . To indicate th|s graphically, arrange these blocks in second matrix, carrying same indices as the
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~

r
For first matrix, rows are labeled by ( Q b, ,_) columns by (&z 1,) Each of its elements must be multiplied by the CG

block labeled &/ £: Q-

. To indicate thls graphically, arrange these blocks in second matrix, carrying same indices as the

first, but having corresponding CG-blocks as elements. (® means element-wise multiplication of first & second matrices.

record bond1l  gjte 2 bond 2 dimensions data CGC
index » q., Kz Q, d&. . d&'o{a’
12. = I Ya. Vs o 232, | ( I:I @)
2 Yo Y. ( 2%z, 3 : I:I
I . e 8 Kz
Hamiltonian for sites 1 to 2 [see Sym-I1.5(20)]: sparse way of storing  { *' '
)
o I 6 0 o Q H[Q 1 CGC CGC-dim
SitS, = | 0 7 1(_ (0] ~ 3/4‘ :ﬂ- | ©
0 1B
o | s ]
Sites 2 and 3 i
&, = o0& L Q, = h@ 0%
g block column index ()
dimensions o__ [zl 21 [¥] (see Sym-II.5.5) first 5=%  second$=/2
ll Q'S. h 77_ 3{7- doublet doublet quartett
N (T \sz)l 7]*-*7 l£5 159 [ PRI HY R
(_&,_ . st LTy i‘! \ 2 2 |
l
b eh 1] (82,4584, 13) 3,
00, T, 2l 1 || ! e
Ve Cp; -1l ) |Le |
T3] ) o = <UL Zrco'/l ° ! 0
o Per I/L ,’-, (] Iy [>)
(1 Uy <¢ °
block row index s NERAL “
<4ei fe, T2l ) I | B A
<68, Mol ) o Kl o o [ o
G5 1 s %\t 1 -G Y2 o "
b il Q;\ i f[C 93\ i3 Gt B L[ R
R P o ° o © (- ‘
A ‘ o o L) (]
1 :=| @ = ecl'lg_ tclvk (Ib)
t oo (o |:| h Y.
for both first matrix and second block matrix, rows are labeled by ( Qz, 1,IK3) , columns by l&s ,i,_;\ .
record bond 2 site 3 bond 4 dimensions data CGC
index » @, Ks ®s  dg, ¢ dey, do
| (o) V2 ' Iz, = | O
1 = 2 l 2 h o 3y2, 2 l :| (]
3 | o s 3y2 4 (
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I . . 8.k,
Hamiltonian for sites 1 to 3 [see Sym-II.5(12)]: y, sparse way of storing 1 v

2 y S,
t
/- 3, \ W
) ¢ ¥
Tt 05e =t )T
S 1,-S,-S 4 (1)
3/1_ @ ﬂ'lf J
This information can be & 3 (H{a;ﬂ"};.s CGC CGC-dim
stored in the format i ! (3
po || e B 1, 2 ()
1 3 -7
%o | 43 1. “
gigenenertgies cllg r|1otts depend on
egenerate multiple !
Diagonalize H: H[Qﬂ ‘Q;f T;; 137 = Eggﬂ F2 \&3, Ts; i;) (4)
- . 1
“Q;, L3 1;) = ‘ 9%1 3y} r[_z,) uipg} i ;_‘3 9
—_———
1 L( - A (; :
4 \_\ | {
~ —— ~ —_

(‘o‘:‘:\@nﬂ 1( l\ 2(2;‘:\@D|:| (1

for both first aefrix e 't,_\('
and second block matrix for third matrix, for both matrices,
rows are labeled by (g, Rs) - rows are labeled by (@3, i2) ©  rows are labeled by (9., iz,R) -
columns by (03, 13) . columns by (‘93,?3) - columns by  (63,73).
sum on i_; is implied, yielding matrix multiplication: CGC factor is

merely a spectator !
I 0o . _ o 0\
o | | .y | - e
0z 8\l 13 \BzR3 E
(,ﬂ. 93\ Zi; "uf&;\\ T [0 QA 3

This illustrates the general statement: in the presence of symmetries, A-tensors factorize:
. . vt T
(G.‘]i),(K,J;T) N (n R \Y (Ca‘( )1 )
A (Sk;s) = S w I

aﬂ:}i\ - \S'J".S &:7‘ R 50 (]8)

. &4 +T—‘ S, <
K,J;r KI:SA K\r

‘

n
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