MPS II: Diagonalization, fermionic signs

MPS-II.1
1. Basis change
Recall: a set of MPS | ) &Y [‘:\ - ]lﬂ - a4 3 0
' - TN YY YV Y
A 2 //._; . . ;

specified by given left-normalized tensors

defines an orthonormal basis for a state space \Ve = Sran ﬂﬂh),zl CV,oV0..-0Vy =: \V®€ @
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Simplest case: 1-site operator acting only on site {:
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During iterative diagonalization, the space \é is constructed through a sequence of isometric maps:
(possibly involving truncation)

]
Each A defines an isometric map N A ﬂ A ﬂﬂh}
to a new (possibly smaller) basis: A 6, "c;.' \,ff, l] '6£
/' / N

y oV, — V. 1), — 1, - e, ”

old basis new basis

Each such map also induces a transformation of operators defined on its domain of definition.
It is useful to have a graphical depiction for how operators transform under such maps.

Consider an operator defined on \V(D(e") , represented on \V_' by 6@-( = 0. (5 0 (n)
What is its representation on Vc . T H_—Ifl:p ,} (1)
3
.‘-
xfI_L"Lflﬁ)_”\ ~ A A
o 4 2 4 _ A A A
Yool S S
- A A : %
v g
Y 26
Explicitly: [Dg\ Ffl AG [_Oe ,] A ‘ A (0

N A 4 4

Similarly, for operator with non-trivial action also on site : - o = |J%_ul:r| i)
Y P Ot - (71-1(9 Ol P 9 (

Just replace 4 by Er]

'y A E ‘) A
[OA y = \‘EIO,, = = O‘l o, , :H:(;’ - 00, (1)
b | e o
H-I
“ 3 “ o = (0.5 B & )
(0.) 4 o087y = 0 5 Tof 3 s ("

Thus, the isometry A maps the local operator into an effective basis associated with W_,, and \Vl
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2. Iterative diagonalization MPS-II.2

| 2 L x.
N d > L - =
Consider spin- 7, chain: “ = Z 52 i {'l | Z Sg - s L 0]
L= A=z
For later convenience, we write the spin-spin interaction in covariant (up/down index) notation
> > ko ¥ cy PR
5?-5[-_/ = 5; sl-l t 52 5}_’1 9y 51_' covariant index combination,
gsum on & € L4, -, 2} implied!
at o nt A A4 4 ATV
_ + - z = a
) Sz 5+£-\ N 544 * 5% Sasn Sg sg-m (=
where we defined A A a n ~+ 1 " A
« T+ - cte
the operator triplets 0 € {s-l-. S_I S;_.z ) $%e 5 S . ST, S z ()
P A A " ~ A a¥_
with components S; = 5+E = 55) S = JJ'Z‘(SX 1 ,gﬂ) =: ST*' (%)

In the basis i Is"jp g = g \o;:> [61)\60 g the Hamiltonian can be expressed as
/ /

A —, Sz
7 | Xt F T3
'no hat' means 'matrix representation’ 6 2 Sz

=

¢ ~ isa linear map acting on a direct product space: \/®x =V, 0V, 0...0V,
where \/2 is the 2-dimensional representation space of site {

A

H" is @ sum of single-site and two-site terms.
. ’ “
On-site terms: o) ol = ‘“L ( “) 0 <5\ . (6)
e
t +
! St (Sa)
. . . ) 62 | A ( (X ald
Matrix representation in \/2 : (Sas 6 = <A sa£\6£> = ((5 T 6
al t al ¢
L /o1 A o L
ﬁ(oo) , 5_’ J},(?o) , Sz=z(o?~1 (8)
Nearest-neighbor interactions, acting on direct product space, 16'23@) \6;’,_15
o, 2 @ dale T
o ) ' - o \ée
Shes, = lea (S) 7, B (5. lql ¢ &
———— —_ o
I n
. L . 641 A !
Matrix representation in \/z_i@ Vk : S e S %% . AN

2~
We defina the 2-lan tencare & < with indey nlacemente matchina thace of ﬂ tencnre for wavefiinctinng:
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K-y x - 9 : ) x= ©
Q% L

t
We define the 3-leg tensors S‘ S with index placements matching those of F] tensors for wavefunctions:

incoming upstairs, outgoing downstairs (fly in, roll out), with &« (by convention) as middle index.

Diagonalize site 1

Matrix

acting on Vj : H = S;I-“ . f_? = ul D u" '%tﬁ'

et
chain of length 1 site index: 0=,

{ . .
D‘ = H' I, isdiagonal, with matrix elements

o
I t. . PA
' [ 1 G, —
(Dﬁ ot = (M() O-.(H‘ 3 G(M'\ « D, =
f
{ d'
Eigenvectors of the matrix H . are given by column vectors of the matrix (M() 6_'0(
A 6| u
Eigenstates of operator H( aregivenby: (o) = lg) (l/( ‘) . X s (13)
6"
Add site 2
Diagonalize [.l 5 in enlarged Hilbert space, ﬂ (] = ¢ (,a,,\ f [5,_)\ 6‘.) 75 (1)
chain of length 2 ) . o
Matrix [ - < . . 'l'a
acting on Vi@ : -lz ,S' {\' ® ﬂ'l * 'ﬂ-.(p (5" fi t 7 Sa|®sz ts)
Hl“‘ T loc T e
{ 2 le.
Matrix representation in V; ® V,  corresponding to 'local' basis, i ‘ 6‘,_>| 6(773
s, | % b % b T 61‘
(Ve = C (
HL 6,62 H(“ -ﬂ'z * l: Hz“ + 15, = Ha Go
¢, 6 o, (2% &' 4\6'1,'

We seek matrix representation in Yi® Y2  corresponding to enlarged, 'site-1-diagonal' basis, defined as

6, :ﬂ- u.l R ﬂ. ~

|&:>=‘=‘ \0(67:1 lFL>\K>=I6‘)H‘.?Mu A & =¥ "((,
z A > L: 4\5'. 54-,_ ?)
H, = | iy L& | , Hf'“ < LR = e Hz'"z'mz(sl,.z\i}

+
To this end, attach U, i \A, to in/out legs of site 1, and fﬂ_ 1 toin/out legs of site 2:

~ l:{:(of'-ﬂ-_,, usd_fl‘g ulo(]..
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1V Ul iy, awacii vy , vy LU I11I/UUL ITYD VI DIl 1, allu - i, d~ W IIjUUL ITYyS VI dILE 4.
rs

ugo( 1

& % ”
= ( (¢
b, ‘ i 4 TS, s, )
oL *- &’! t ,o-\‘,‘
o« ! '
e ur « 4
- First term is already diagonal. But other terms are not
+
Now diagonalize H-,_ in this enlarged basis: HL = (’(Z_ ':D.‘_ (AL (19)
Dz = ('(L H-L ul is diagonal, with matrix elements "
o 2
S N TR R f f
f° b T F'
o 2

&
Eigenvectors of matrix Hz are given by column vectors of the matrix (uz) g = (uz) 2

Eigenstates of the operator Hz

(JS) = l«)( 3 e = \€z>[°(7(|/ttytel$$

n

g21m) (WY, () "

_ = o< T—— =
o B (22)
. 6, &,
Add site 3
Transform each term involving new site into the 'enlarged site-12-diagonal basis', defined as
B> = 1p6> = 16)B) _,_’u. ho 4~ gy
IS f P f— } ’ ﬁ 1 f
6'. % 6
i
For example, spin-spin interaction, H 32
Ku( - u,_ N 11_ o P
enlarged, f 4
Local basis: site-12-diagonal 1',\ 15 st
basis: | :
Z s L, ~
about 1 F
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1~

Then diagonalize in this basis: H; = b{; D; ('(s , etc. 23

At each iteration, Hilbert space grows by a factor of 2. Eventually, trunctations will be needed...!
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3. Spinless fermions MPS-I1.3

Consider tight-binding chain of spinless fermions: & '& -
! 2

a z ,\‘t/\ 'C A*I\ (‘
H = zzzliﬂcﬂca t %Ltg(ece‘ 'rC/z.A\ @

Goal: find matrix representation for this Hamiltonian, acting in direct product space \/,@ V. ® ... ®\!(
7

while respecting fermionic minus signs:

{C}'Ee')g = 0 {24" 2';:{ = 0 / {C; Eﬁi = 811, @)

,

First consider a single site (dropping the site index L ):
Van local occupancy

Hilbert space:  Spom {‘ O>‘ ‘ |7§ | local index: n=6e {o (]}
Operator action: 'C‘ZJ( lo) = (1) 6+( t) = 0 34
clod = o chiy = 1oy 3%
h “* — \ 0“ d A . e“
The operators ¢'=le')cC G_(e'l an ¢c = le' Ve c<6‘
+ oy W ‘(’ ¢
have matrix representations in V/ : Cicc = <0“ lc'ley = ¢ ¢ i o

an

(
o=l = (0V) e fl

. t . . ,
Shorthand: we write r’é‘ T:;-a C E = C where = means'is represented by'
J
lower case denotes upper case denotes
operator in Fock space matrix in 2-dim space

Check: C.+C ceet = ?:)(;’L) f2)es) - (=1 v @
S (3 W53 I F54 R W 148 (O I FAO R

For the number operator, ] ... + the matrix representation in \/ reads:
a=Clc = (7O00) = (G7) = =0-2) g
where 7= (0 %)  isrepresentatonof  z = (-2 = =0y (8)

AN n N A TA A A
Useful relations: cC 2 = = 2¢C p C 2 =—-2C (1)
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. , o Ng N . [exercise: check this
commuting C. or < past Z produces a sign algebraically, using

matrix representations!]

4 ~+ ~ n
Intuitive reason: ¢ and ¢  both change w -eigenvalue by one, hence change sign of (~ l\ )

A A
l\" n At n a+
For example: C(-Y = ¢ = -9 cC (1o0)
7 ey e )
- o -
non-zero only when actingon [0 (-0 = =0 =
[a n
" n a N a
Similarly: C(~-) = -¢ = -9 ¢ (rod)
S en BN 0
non-zero only when actingon [ () (-0} =, =0 =
Now consider a chain of spinless fermions:
.[.
Complication: fermionic operators on different sites anticommute: Cl (ot 2t = T C ' 4 ¢ for J+ !.‘
Hilbert space: S‘m«i lG?c = \n(,nz/“wv\i)z ) niéio,lf ()
Define canonical ordering for fully filled state:
44
\ﬂl"','\z:‘( /”"ﬂ£:‘> = CI‘“(‘C(IVac.7 (1)

Now consider:

'\“- A+A+ a A""
¢ Ie=o,ny=1) = (Gl = —ctc‘lvqc) = - ln= we=1 Y @

To keep track of such signs, matrix representations in \’, ® V'z. need extra 'sign counters',

tracking fermion numbers:

"{‘ t Ny + * * i
¢ = Cok) = C o3 1 &l w
¢ . . ) 2
At 'l‘ subscripts denote site numbers t
= . horthand: omit uni -
Ca ﬂ_'@ Cz = Cy (shorthand: omit unity) fﬂ.‘; C'Zi (s)
Here &denotes a direct product operation; the order (space 1, space 2, ...) matches that of the
indices on the corresponding tensors: A ©1 6% -~
/‘_‘ N " “ r\*
Check whether C, (;" = = (C, C, 2 (e
¢ t
» (ll.t,lr
*o 3 ) ,'ll.‘ C, (v C, 71 -2, -G _ "
ws 4 = = ‘
J 1 2 11 +°
]

Algebraically:

A4 alL A (" IS r £\ ® R +
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Algebraically:

at A (W) & ) +
C‘+C7, = (C,+®Z-,) ('L@CB = C| 1‘ @(2_—1(5 =-1,4,® C“;Z',_ (t8)
b o s
- -Led)coz) = - & - "
Similarly:
~ " Cl %l C’g . ‘\'
‘/1' = C'+ E“l = ' _ . 11 = C(C([&ll (7_0)
WY dl 1

A A“" N .l.
More generally: each CX. or C ! must produce sign change when moved past any CZ‘ or 8_ 2: ,

]
with £ >A . So, define the following matrix representations in V®"‘i =VioVh® .. @\ o
At
C
2L

i

t t oo
1010 Co 2,02, —C 2 ”

'Jordan-Wigner

Cl2 = ﬂ_,(D-.. lz-:® C€® Z(’-H@"' 2p =i C’Z Z-E transformation’ ;5

with ZZ_ = ﬂ_ Z— ¢ 'Z-string' (23)
®e'>L
f\+ N Lad A“‘ P
Exercise: verify graphically that Cl' Cqg = =~ CL (’l' for ,f s £
Solution: t ‘

( 2 ¢ Li Lo A Lus L
1Y - 1 C pa . 2 Z{ 2£ Z{ 'y
wx 1h - 1t 1t 4 Lot Aozt o 2

( extra sign!
+
X 1y -~ 1 1 1 S | C¥ zt 2 od
R 1r - 1t ¢ 2 e 2472 Zy o Z
]

In bilinear combinations, all(!) of the Z's cancel. Example: hopping term, 21-

( 2 (-7, [-( /{ IH

S 1 ﬂ 1 c.r Zr s
w1 7 - 1} 14 ¢ Z



i

11 1 - 1% ¢ ¢t o 4 A

Uoa) I

ince at site ¢ we h = f =
since at site ¢ we have 2!22 1;(/ /-zcl 2 / Cz / (203

non-zero only when actingon | ... Mg = o VA

and in this subspace, ZX. =

. y
Conclusion: (J‘ﬂ Co.y = Cﬂ Cb; and similarly, 81:‘ (4‘ = C;—;CC (29)

[using (10b)]
Hence, the hopping terms end up looking as though fermions carry no signs at all.

For spinful fermions, this will be different.
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4. Spinful fermions

Consider chain of spinful fermions. Site index: £ = (.- L

o b o
ifzs,fe's‘15= e {CIS,CK’S'} e,
Def \cal order for fully fled state: &1 o
efine canonical order for fully filled state: C’N&C’M

4

First consider a single site (dropping the index ¢ ):

, Spin index:

at

N

~

{2:;.5/ Cﬁ‘S'

At

MPS-11.4

selt iy =1+ ,-4

gz 8mz'gss' ()
t

@)

Hilbert space: = sfm“O), N>,|1‘>,IN,)§ | localindex: ¢ ¢ To | 1 fi} 0

constructed via: [o) = [Va?
(1) = EJ} lo),

To deal with minus signs, introduce

We seek a matrix representation of

() DY
—,

U
W
-
@
=
<—

n

) V5
d—-—
]
=
ER
®
rJ*JJ
]
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EI\O),

()

a n ot
1145 = CIC;‘ o) = cil'r)= - C 7w

A

Ns

A
Z,S:= (—'IB =

N 3

’

%(l"‘ag)

se 1,4} ©)

4+n
Tegéy

~
Cg c'\_s s in direct product space \/:: V4‘®V»L i (?)

(Matrices acting in this space will carry tildes.)

)

(‘Do (') =(

n

"

n

|(‘l\\°(l '

).

o(' A"‘Q \) i

3

=:

.“

A

z,

M2

= 21« (3

@)

(l o)

@)
(12)

(12)



ol
CL = :ﬂ.r@ Cb = (' |)®(Z£>) - (*‘}—i) =: C’l (12)

~ A ~ A
The factors Zs guarantee correct signs. For example Cic . = - C . C“l‘ :
(fully analogous to MPS-11.1.17)
10_5 1 C t +
= +'T ¢ = CT _‘ZL = - - (13)
IS AN Y 2 11 < 1y
|
Algebraic check:
o\
\ gé\ _ + (00\.9.) \ - ' ) v (@)
- H 2l ) 2o\ 0

Remark: for spinful fermions (in constrast to spinless fermions, compare MPS-I1.28), we have

~toa ~1 ~
C.Z # Cq and ZC,#C

< us
For example, consider S = f ; action in V1\® \/L :

b~ Z'f Zy t t ~t (/e)
tZ 7 Gt oy e TR 3 N

Now consider a chain of spinful fermions (analogous to spinless case, with VJL instead of \/2 ).

N [
Each ?x or az must produce sign change when moved past any ¢, or a:, ,with g > A

So, define the following matrix representations in '{,’@U - '\7‘ © ’\72_® 9’\‘&

A+ . ~ ”~ ,—+ ~ ~ B ~+ -~ >
Cy = ﬂ_‘@,“ﬂz-,(@ ¢ © Zu_'@.-.ii = C’Z , (k3!
'Jordan-Wigner
A ~ ~ o~ - o~ ~ < transformation’
cp = lo 1,0 (o 2,020 =Cz, T @
with =7 = 'ﬂ' Z,. = ]T Z. .® 2 'Z-string' )
“ oe>e ! ®e' e T “

In bilinear combinations, most (but not all!) of the Z 's cancel.

4

Example: hopping term €, ¢, o (sum over s impied)

_ ( 2 {-» £~ L L £
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~e  ATvD

n

_ ( 2 ~2 £ ,{ Les ;C
St o1 o 1b &b 2t 2 3
F o1y 4b - 1t Ty &y 2 Z ""’

& here Z's cancel—'S

1hed oz o o4

{
=
>—a—
=
>

~N
Cs
b-« ¢ [
initial charge: | o ,\{, A final charge: © Y
- a's 32 Similarly:  Cp_ ¢ Cpe = 1. Cq @2
1 Cy ¢ 2
final charge: @ \ final charge: \ o
. . I . . . (z3)
Bond —— indicates sum Z Convention: annihilation: outgoing =1 or incoming + |

s
Creation: outgoing +' orincoming -
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