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The starting point is :

L = 1-2%9-09; - V4)
,

"'

with % 's are 3 real scalars (i-4,33 )
,

and the potential is

V14) = -¥ die; + 4-⑨qj " , (2)

always summation over repeated
indexes is assumed

.

⑨ Introduce

f- = (%;) i"
in terms of which (1)

,
becomes

2--1-2%9=+2^8 +%EE-h-IEJ.cn
Now
,
for I, rotations act as

→ I'= OI
,

(5)



with 0 an orthogonal
"④

3×3 matrix .

-

OTO = 11 .

(6)

[From 151
,
we notice that

-T→ÉT=(o)T= 1-TOT (7) ]

Ibuy (5) 9171 Into (4)
,

and see

what happens :

f.→ I'= 1-2%9=+2^95 't[g-
'

TE '

-¥@
"

g-y
'

(6)111

= { %#¥07T *%q→¥%É
÷

(8)
= { 49+2^95 -1%-9-1-5 -G-¢+955

=L



⑦
Indeed

,
we have invariance

.

under 3D rotations in the

internal space of fields pi .

[ Equivalently, you may work with
each component separately :

Qi → %
'

> c-
iju . _

. ]

③ We huna the potential

V19) = -F- 9- g- + ¥@i9;)
≥

,

(9)

and we want to minimize it .

☒ first we look for extrema :

g%=¥%=¥%=o
as

[%; → > i]
Fran to >

,
we hid two option :

either# di = 0 , or dig
-

= % c" )



④ once we have the extremes
,

④
we study whether they are
minima or maxima

,
i -e-

← min

I
C.12 )

0%09;¥m
.

For the potential (e)⇔, we

find

i = 0
→ maximum a)

4 "
Cii )Qi9

,

-

= % → minimum 43k)

I write Hb) explicitly :

97+41+95= % an

2d sphere → vacuum manifold .

-



④ I may take weog ④
4, = 0

92=0 (15)

93 ≠ 0 → 43 = Fg
-

a -1-0

[ 92--10 } I alnoys none
+ satisfy Cu)As -70

$013 ) → $012)

we can show that explicitly take

¢, = 0 + 01
,
42=0+02

,
43 = *✗ 116)

☒ plus into the Lagrangian , to
find that the quadratic pieces
redd '

Las = {④ %)
"
+{4×5 -☒2a⇒

+ -

0=1,2 higher-order infield



Notice two things : ④
(d) $0(2) invariance because Oia 's

appear in
a symmetry-preserving form

(2) ✗ is a massive field with mass

mx -12Pa

Éamhassless

we have a situation in which

so(3) → SO (2)

#gen¥of socn) = "%
Soon → 3 generators

50121 ⇒ L generator

#99,797 #%É↑"= 2 → # massless fields

"Nambu _ Goldstone
,, bosons



⑦
⑨ Gauging of you) :

f- =/§;)] 9- →I'= OF 48)

0 → 0 = 01×3

Look at the kineticpart :

g.ÉT 2m¥ → g. €+072409T

>→§oT)o%É t -
-

what we have to do is modify
the derivative accordingly , suck

flat it transform lovavioertly

Or → Dr = art An

gauge field [
3×3 matrix

that transforms in a manohar

that ensures

④E)/ = 0 D~§ (20)



② The masses of the gauge fields °⑦
come from the covariant derivative

of I
. On top of the vacuum, we

find

MA/ = MAZ =g# , MA} = 0 .

(21 )



⑦Problems

⑨ Lo = { 9%0%+54%2 -f- ∅a%5
,
"'

with Qa 's 2 real scalars Ca -_1,2 ] .

⊕ symmetry group = soca) Eva > ]

first let's understand what happens
in terms of 91,92 -

.

(E)→ (%/=/
"• ""

e) (E) ↳
-Sind Wso

↳ &,
'
= cos0 9 , + sine 92

(3)
92
'
= -Sind 9, + cost 92

④ ground states:( vacua ) :

first we find extreme

2%
,

= ¥
,

= 0
,

(4)

and then we check whether

they correspond to mining

85%1%2 , 9¥,, 70 •

(5)



⑤from Iu ) 9 (5) we find

{
9m-a } or {*+9i= %}@$

As before ,
we have thehÉFy ↳

take either

91=0 a 92 = Ig (7)

or vice versa
,
or whatever

combination we like .

Initially we have $0127 =L generator

→
"

nothing "
I massless mode in the theory

exactly the Dane as in Inohlen I

☒ Noether current associated

with so (2) =

I = ok 80, + 01° % (8)
^ 8%4, %%



091,092 are the infinite, fuel Socz)

rotations at the fields . From a>, we

get
84
,
= 04,2 ,

092 = -0% .

(9)

{
'
o
, from (1) > (8) ,@ ) , we get

% = $22,9, - 9, 2,92 •

CIO)

⑥ We now take the following Lagrangian:

2=4-9%0^9a +1-9a9a -1%85 + c-tli) C")

4 . ,

-0cal = functionfy
,

CID

and C- is a small parameter ..

We look for minima of the potential:

¥
,

= 2%2=0 .

⇔

we find

¢,( - tea %) +EV
'
= 0 & 426^-69%7=0.CM)



from the above we notice the 1④
following options :

4) 92=0 → &, ≈ # + E% , (5)
( ii) ofa ≠ o → *,= 0, 01=0 •

(IG)

In either case [is
, ,

the spectrum
of the theory contains a particle
whose mass is proportional to c-

,

such that when the explicit breaking
vanishes It becomes the genuine
NG boson of the broken generator .


