Symmetries I: Abelian SYM-1.1
NRG: [Wilson1975], [Toth2008], [Weichselbaum2012b]
DMRG: [McCulloch2001], [McCulloch2002]
General tensor network: Singh, Pfeiffer, Vidal [Singh2010]
Goal: exploit symmetries of Hamiltonian!
generator of symmetry group
A q &
If Hamiltonian has symmetries, [H' &3 =o , then: « ’ &{ 2 &3 e
o ¥ . o &, )
e & and H can be diagonalized simultaneously: ,
" a [~ overbar will indicate energy eigenbasis &l ‘11 .
—- v _ ‘
@l&ﬁ.? = &\&/T)’ H)&,t>=‘ E&-i\&)z> (2) 83 m/m .
. H connects only states with same & , = blockdiagonal ’ \ J /;l/i J
« for non-Abelian symmetries, eigenstates from degenerate multiplets,
‘@u(’, 1 ) , where ?‘ distinguishes states within multiplet, Iy - - -
and © enumerates distinct multiplets. i: _____
X - - —
Exploiting these structures reduces numerical costs! L -

1. Example, Abelian symmetry: XXZ-chain (spin /2 ) symmetry group: U(1)
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Total spin, S} = QZ Z- , is conserved: [H, 5+§‘t] = 0 'Abelian U(1) symmetry' (x)

A

For Abelian symmetry, conserved quantum number is often called 'charge": Q =

13
Conservation of 5(-.(' is obvious by inspection. But let us check explicitly:

R 1 | " T 1 -
One site: SZ = ° 3, - f (° > S -
We o - e VUL o ¢
Consider direct-product space of sites 1 and 2, and its Hamiltonian le :
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Two observations:
A a o~
t _ 2
. [S f "( ,Ll = 0, = H (2 does not mix states with different values of Sbt
A A%
e Eigenstates of H = Will carry Su -eigenvalue as one of their quantum numbers. Uo)
Programming challenge: exploit this 'sparse' structure to save memory and computation time!
We don't want to store large matrices with many zeros! Instead, store only relevant information!
<t
Bookkeeping Use Q= 2 (Eigenvalue of SH ) as label: (u)
Label statesas | @, > ,where enumerate states with same (.
charge r enumerates states with same charge
Record of states needed record Q .
. . index ¥ l explicit representation state
to describe 2 sites:
. . _ l 2 ! [ M
no sites one site two sites
— ¢ 0 ! (t,0) 110
{ L
o < > o 2 (o, ) HD
- 2
N, 3 - f . WY W
' ' record ! t
Record of sectors ('blocks") of index v | & Q. (6. | H ( Q) ~ gasz‘
Hamiltonian for 2 sites: v
l 2 | 2 % T2
The task of diagonalizin
I J .g. fo) o T[© ] L ( l o
Hamiltonian can be split into 2 2 (Lol — ¢ Telon
three separate tasks
two of which are trivial). - - \
( ) 3 2 2 LT )
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Consider direct-product space of sites 1 and 2 and 3:
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~v N | = /1. { to arrive block structure reflecting
n \ t : these degeneracies,
- S PP switch rows &% &> §
RAr \ {:3(_1‘ switch columns 4 &> s (,d
T S S PCCE SN
__T/_z_ﬁ = (S I+ S8, .t 1|Sz .t 1S, 5 (13}
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. e 3 { ] - t - -1 =3
& LN A PR 2\ % PR & N £ TR X R A A
3 4t ( o o o o © o ©° o) direct-product scheme
Y o ° ;T" o o fo) o o does not automatically produce a
B ifest block struct
/ f‘&l o ,fj\:i o 01(9 | o ° o manifest block structure
T 12 (2 o ‘ ©
-1 T ° C’ o C ° o to arrive at a block structure,
it 0o o \ © o ° o switch rows: b &> 5
-l "1\.4 o ° ° ::,‘.-:HD o b © and columns: b & 5
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After switch, operators are block-diagonal:
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there are several ways
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to obtain the same S, :
det

D \I\/
- =1
~
-3 (2o
only connects states
within block identified
by unique total Sil; !
()
(22)
A
(23)
(24)
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Bookkeeping Use & = z(Eigenvalue of 5{:} ) as label: (2s)
record h enumerates states with same charge
Record of states needed index acree Ly i ,
y Q L explicit representation | state
to describe 3 sites:
f 3 [ ( 1111

2 v (et 1119
/\/ | ¢ l 3 (v, 05: (1T

> o 3 (0,0, 1) 14t
V-s ( (10,007 Y

-1 3 — r | led)’ (W49
-3 3 (o057 T
4 - ' ' Wy @
' J record |
Record of sectors ('blocks") of index » & Q ( o | H‘ &\) R g 2g'
Hamiltonian for 3 sites: T
| 3 > T 4 T%
The task of diagonalizing X | l _’__r_(r ; t" ) 4 é,‘ T (o—z )
Hamiltonian can be split into Zzle ol 1 EEL ol
four separate tasks J[otr e 1 e
3 =t -1 2|' ey ] reg I;_\ -2
(two of which are trivial). ) ol
% -3 -3 2 % Ta ()

Labelling scheme for Abelian symmetry

A N n
Suppose [ A &] = o , and & -eigenstates are uniquely labeled by a single quantum number:
[4

&[ Q7 = ele) (e.g. eigenstates of 5;: ) (zt)
Then all states in Hilbert space can be labeled by following scheme: IQ , L >
N
* 'Q-label' or 'symmetry label: (& , eigenvalues of ® (21)

« 'i-label' or 'multiplet label': * , enumerates different irreducible multiplets having the same &  (z0)

For an abelian symmetry each 'multiplet' contains just a single state, hence & suffices for labeling states.

(For nonabelian symmetry, it could contain several states, hence another internal label is needed: ‘Q 1 ,'1 > )

In group theory language: IO, l? is a "reducible multiplet' of £ , the index L serves to 'reduce’ it.

We need systematic, automatable way of generating all states |Q, i) and computing matrix elements
Hioys = <8, i1H1s, i) @)
[@] 1 ‘ y
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Hioy"s = <8, i1 H1s,i 7 o

Diagonalizing H (&1 yields symmetry- and energy eigenstates, |& , T> = [&,i > M [&]l 1 @2)
g

with eigenenergies E[ a1z overbar will indicate energy eigenbasis
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Sym-1.2

2. Iterative diagonalization with Abelian symmetry

Build chain iteratively, in (@ ;) basis:

v = |RY e Tl 7, ]-s)g for spin-1/2 chain

Local basis for each site:

“&f: o I Q‘\: W1 &}' 2 q Q3. 13 'sum rule' at each vertex:
Ket: o . } .
*\Kl }KL *‘R; &£—|+ -Rf_ = Q,
-—
Unit matrix transforms to 'symmetry eigenbasis': n out
. &2#( 1.(~ 1 & ,
Q L . P _\l E/ 17
. _ . g-1,bg-1 Ry > >
18,500 = RyY oy, ) L LYIY) )
R, @)

The i-index is usually not displayed in diagrams, and we will omit it henceforth.

'sum rule' at each vertex:

Bra: ’ . ,
KI RL K; ) s /
. ¢ "‘ ¢ 'f‘* < t- ” &z__"" Rf. = &l 6]
o, 1'g  I'ay, 1 ¢ —
out in
’_D_-matrices encode the sum rules, thereby yielding a block-diagonal Hamiltonian.
Examples: Induction: if H - is block-diagonal, so is H e !
1.
a( &l-' &‘
H H <&2(‘(IL| lQp() £ o = Ql,vl = Qg“ )
of, || =
[ [ ‘RZ <Q,Q.('22l 1\&_& > to = &4-l+ Kl = Q,Z (s)
|
’ I ] f ' ¢
Q‘ﬂ &r.. 1* &ﬂ (&1,“”&[_.3[) o = & ~ &l-\"RL 0
) . { (0 3 () (s) .
These relations imply: Ql = Qp +Ry = 8- +Ry = &z => block-diagonal (¥
¢ 4 1
&( Q- 1 &X <Q _,[5 _\labb o Qp., = &t 9
— A
| - t
“« 0 - L. P
,‘_E_Q : Q‘Q-(le 1 ‘QL Y to= &+ Ry = & )

t ! & ' ! . . '
QZ &f-- 1} ¢ QL('B’I&['-(,«!') 0 = Qg = &1_‘4.«[' ()

fa)



ol A Yy -~ ‘&z"]l_lbll_"ﬁl ] = 5 = Q‘ = x_‘ .\.KL w)

(9
‘ )
These relations imply: Q’l (Z_J ae_, # K,I, = (&¢_|1—()+(K9 al) = &t = block-diagonal (iz)

This is no surprise: if every vertex satisfies charge conservation, so does entire diagram!

Strategy for iterative diagonalization

(i) Add new site, (ii) transform to symmetry eigenbasis to make Hamiltonian block-diagonal.

(iii) Diagonalize each block, (iv) transform to energy eigenbasis.

-

. y - ¥ 1
(i) He = Hy., v ﬁl N HL,(J )
0‘ : local term coupling between sites Je“', 4
-, t"
j Re |
H, ) = H_ 1 +1 by, ¢ Hv,-‘,c :tl ()
bR, }
IQI;..(‘ ill-\

(ii) Symmetry eigenbasis:

N &f'( i[ﬂ i Qz 'l:
. _ ' Qe by ;R L5 i
]&E, ) © \Rﬂ lal-i, Ly ) 1 ' L&ﬂ,ic

+KL us)

To transform to this basis, attach unit matrices to legs of H e

Ou-cip 1L Qi 7

== I ' - & W o

) [ -
Fe, 8, % \ 77

! . 4_+ N ‘1 i

Be, e, azlzx‘ ) de L ;ﬂ
(iii) Diagonalize block: 4 - - =
| (8,1 18, 3,) £ B3, 18,3 @

| o -\ - : 1
(iv) Transform to energy eigenbasis: 5 Q 2, b = ‘ &2' L£> ul&!\ Tz (l&)

Applying this transformation to  H ¢ Vields diagonal representation: ) . lﬁ((&ﬂ) 8,1,

ig M(&d
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s = iy u o

diagonal < y :1. - fg
“ SRCA
oﬂn‘, i’l—l 1 Qp, \il {:(mq 7 O, i’l—l A Qg7
> > L4 > e > >
(16 L Re L Re
= Hﬂ- - , = Hp_ -
N Rl 3 R'I
G A . N L
ald' z'll-\ ﬂ dz,tx M[&,} &g..l' zlz_‘ A &l'tl
So, desired transformation from old to new eigenbasis is:
. _ : 7 —
Q'Q-l, ie-,\' 01 . Qp Z, _ &ﬂ-l, I«e;, :j. @;ﬂ, U {’{:fﬂel 1,
(S} Ra

(Only A-matrices need to be saved to disk.)
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3. Bookkeeping for unit matrices Sym-1.3

Sites 0 and 1 R, 1 ®,
[Kl
s Table lists (&0, Ri) combinations yielding &
(| all
( 0«.,1& 1 il !'ecord bond 0 site 1 bond 1 data
index » 8o R, &
Q0 R x(o, 01 || =
ﬂ- l Q( - L ‘ °© ' ( |
¥ (0,-1) { 2 ) -1 - |
green arrows indicate R, blue arrows €. save only nonzero entries (as when dealing with sparse matrices)

grey box contains data for how to combine 8, ,K; states to obtain &, state

Sites 1 and 2 Q. -/ﬂ- Q.
Q2|2 ﬁom -2 1:{2 Table lists (&|,Kz) combinations yielding &
LOY I TR N ¥ _

(@, RIN&|1 [t 2 | ( irr?gg:(dy bO&nfll Sgltfz b(;lfz data

01,%, t a0 | . < ( | I . L
o L = 2 T
RN S A 3 -t o

P ERE ] A U = o, [

magenta arrows indicate Qi , green,arrows R , blue arrows &z

grey box contains data for how to combine & (. states to obtain &l state

(I I ]
Sites 2 and 3 Q, 1 Q,
:H.Qz,ts . Ry
Q5"
& 3 Table lists (&l, K:#,)comblnatlons yielding &3
Me | 1ML 1 A fd ity r | sul
) 3 PR R \ record bond2 site3 bond3 data
1o (82, Ry ® index » @, Ra Q3
Pom gy o | 5 | 3 [
(M ()} Lo o ' t
( 1‘1.%(0 1) 4 0 t o z 2 :
2 ) o o 1\ X 3 o ] | 0to
2 wi("' i © ' o * ° B - ;D\;
W)t g -z | -1
o W20 El 6 -2 ~ U 1]

magenta arrows indicate Ql , green,arrows R; , blue arrows G;

The scheme for producing such tables can be automated!
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Full A-matrix obtained by diagonalizing H has similar structure:

label rows of A label columns of A
. 1-& H u [N =~ N A )
& N N 3[!} N Z,L_; - &z’lz &
B ' ! = 1 313 record
4&‘ £z index » &2 ®; B; data
. 1; 5 ! 2 v 3
' : T o2 [
'o ce L ] - .
02 °': : b4 & : o0 = 3 e ! | :: :
~ ool ¥ 00 ¢ - .N\ P . _ , |
. [ < - R _ X .
S\EEC S T A T £
<< oot s 0, < o0 s -t N
| \ N - -t |
b S T |

grey box contains data for how to combine & 2 ’( 3 states to obtain & 3 €energy eigenstate
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