MPS III: Diagonalization, fermionic signs

MPS-III.1

1. Graphical notation for basis change

It is useful to have a graphical depiction for basis changes.

Consider a unitary transformation defined on chain of length 2 , spanned by basis { \ o )i
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2. Iterative diagonalization MPS-III.2
\ 2 L N

[ A A g \ 4 1 g

A -

Consider spin- 7, chain: l_[“ = % 59_ ﬂf_

For later convenience, we write the spin-spin interaction in covariant (up/down index) notation. Define

N o4 s
%5 L 0

oedted, Serhlals), #adlaeid) (35w

%)

and the operator triplet ga 3 {g ) g, gzz A'l'a §31'+ 51"— S‘(‘éz (3)
aef+ - 23

_AA S ~o~ v ~ ~ ~ 2 L2
Then 52- SI—/ = ; Sl-l + 5;2 51:]’ + 3y 51_' covariant index combination,
C\»sum on (x implied!
é+* A ~f_ A A, 4 oty 5
- L 5+£—l + ‘SIL S—l-t * 52 52!.-( = 52 I a (%)

In the basis i I§‘>”§ = i \6‘,0 |61)(6‘.> g the Hamiltonian can be expressed as
/

6
3L IR A Ay
o e K ¢l At 4 - )
/j . . f{ t-' + t
'no hat' means 'matrix representation’ 6, 2 Sy
et §
H ¢ = Isalinear map acting on a direct product space: \/‘me = \/‘ ® V,_ ®..® \/N
where V!?. is the 2-dimensional representation space of site {
H N is @ sum of single-site and two-site terms.
A 16 6
—Gj . ¢
On-site terms: Sat = ‘°i> (S“) ; (62‘ ;6‘ (6)
e
) o 6‘1' [oA (Su \ff (5‘(‘1‘;
Matrix representation in \/2 : (Soj 6 = A 511\62> = . (3
(50.‘ * (sqylt
Lo L (oo L1 o
ﬁ.(oo) , S_" J";(lo) , Sz_=z(o~| (8)
Nearest-neighbor interactions, acting on direct product space, \6‘23@) \6;’__,5 :
Gp-1 6
A{" A \ 6é|| ‘l‘ € I
o ) . 0\°2
S8y, = lega) (Sa\ . (S ) o (g,-, s, S & (9)
l i &
M t : t t : V \] . “ 6"‘( 1‘6"0. ‘ ]
atrix representation in Z-n@ " 5 ﬂ‘g-( S 2 6 G %
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.’.
We define the 3-leg tensors S‘ S with index placements matching those of ﬂ tensors for wavefunctions:

incoming upstairs, outgoing downstairs (fly in, roll out), with & (by convention) as middle index.

Diagonalize site 1

Ma’_crix 'l' a {- G (19)
act|ngonV|: Hl = 5M~ ﬁ( = U‘IDI U.( 'k"
(S 4 T 6:
chain of length 1 site index: 0=,
t o . .
D‘ = W, H‘ l/{‘ is diagonal, with matrix elements o . U, y
' t.oo 6! o
X - ] 0, _ 4
(DA P (M() o;'(H( ) C‘(MI\ o ])l - ('l\ . Ql)
]
o(' X 0‘(
ut
Eigenvectors of the matrix [.( , aregiven by column vectors of the matrix (M.) 610(
A 6, u
Eigenstates of operator Hl aregivenby: (o) = lg) (M.) . X —ro (13)
6,
Add site 2
Diagonalize l"z in enlarged Hilbert space, ﬂ(l] = s‘oam{ ‘6}_)‘ 6‘0% (%)

chain of length 2 5

Iz:lllcatitl:i(_;( on V@V H?- = SI "ﬁl © ﬂ'z, t+ ﬂ-l(p (Si fz t 7 Su‘Q\S‘i& (rs)

ul:m H (:c

——————

[ loe

iz

Matrix representation in \]¢ ©® \),_ corresponding to 'Iocaﬁ' basis, i ‘ 6‘,)] 5(575

6’6 ! | v, 0, v 173 ‘ 6
Ve = ([\Y4 lM.
H?’ 6,62 H‘ ‘ﬂ‘l * 'ﬂ‘l Hz = Hz Vo
ot ! ot ! » ”\6,,'

We seek matrix representation in V«@Vz corresponding to enlarged, 'site-1-diagonal' basis, defined as

1 U« 1

12)= 106, = 16 )x) = 160Uy & P
- ‘ :iz J\ﬁ Xﬁ (%)
Hz = I';I) HE&(& ( , Hfllzz_; <;7| Clz‘:‘> - <z: lﬂ'ﬁ') He,'otus‘c.l(GI rz‘;>

+
To this end, attach U, , U, to in/out legs of site 1, and fIL 1. toin/out legs of site 2:

~ l/((%:ﬂ-m ustxi uuo(ﬂ..,.,

~—— % —r N c—'>—0+;"
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u7_ = H(IOC ('9)
ol
First term is already diagonal. But other terms are not
D o
S
Now diagonalize H-,__ in this enlarged basis: H,__ = (,{2_ 'D.,_ (AL (19)
D, = Mz_ H-,_ ul is diagonal, with matrix elements
o Wz 4

D

ool wf,  al wfT

= D )
= p 2 ( B, ¢ (20)
L*'P —<——-+,;<~F'

~

o
Eigenvectors of matrix ”z are given by column vectors of the matrix (uz) g = (U(z)

Eigenstates of the operator H,_

‘ﬁ) = lo()( ) G = \62')[0(7(',{1‘8“61? _ {6;_7‘5‘(7 (M(BG‘“&ML)DHHF (29

] u, s Xu\ U~
—_ = oc -r =
® B (22)
s 6 6.
Add site 3
Transform each term involving new site into the 'enlarged site-12-diagonal basis', defined as
~
IR>=1pGY = [P =,u' € 4~ (2%
I f [ fs“"‘,ﬁ“ﬁ 1 f
. 6‘, 123 é3
wt
For example, spin-spin interaction, H 32
enlarged, 4
Local basis: site-12-diagonal
basis:
N 1
Then diagonalize in this basis: H3 = 0(3 D; Ms , etc. 23

At each iteration, Hilbert space grows by a factor of 2. Eventually, trunctations will be needed...!
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3. Spinless fermions MPS-III.3

—t =
Consider tight-binding chain of spinless fermions: Eu'& " “/\.“ -
| 2 2 N
N o4 N
a A I\“’ a 4— N
szziﬂ zcefgf(ﬂcu’fcz( \ 0
= =2

Goal: find matrix representation for this Hamiltonian, acting in direct product space \/,@ V., ® ... @\j”
4

while respecting fermionic minus signs:

ifg’ga')z = 0 ) {24" 2:;1{ = 0 / ?22/ Eﬁ‘z = 3!!' @)

P

First consider a single site (dropping the site index £ ):
local occupancy

Hilbert space: Spo- “ °>, ‘ |7i | local index: n=ee {o I }
Operator action: 2:* lo) = 1) , 3*( 1) = 0 2a)
clo) = o , cliy = 1oy )
The operators 2’\' = l¢')cC °"< 6| and ¢ = lge') c"‘( 6|
[y (g

¢
have matrix representations in V : CJ’ ’lg- (o‘ l "+ (D ° ) Cfi ol (lm)

| o

e = zer = (00 ¥ w

(o]
. SRS o ' . -
Shorthand: we write {_}c = C = C where = means 'is represented by
J
lower case denotes upper case denotes
operator in Fock space matrix in 2-dim space

Check: C.+C cccet o= ?:)(:L) P 2e) - (=1 v e
et L ) =89 Cea B =B

For the number operator, (| = ‘L the matrix representation in \/ reads:
V\-=C+C=(°°) =00 = 2le-z) 2)
where 7 = (0 %)  isrepresentatonof  z = \-za = =y (8)

AN a N A ba A A
Useful relations: 2 = = 2¢ C 2 =-—-%TcC (1)

/
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. , o Ng a . [exercise: check this
commuting C. or < past 2 produces a sign algebraically, using

matrix representations!]

4 + ~ n
Intuitive reason: ¢ and ¢  both change w -eigenvalue by one, hence change sign of (~ l\ )

A

l\" n ,\*' a ﬁ+
For example: cC(-\)Y = ¢ =-(9 c (1o0)
4 —— —— )
o = -
non-zero only when acting on |07 (-0 =y =0 ==
A .Y
o " n ~ N a
Similarly: _7C (- = -¢ = -9 c (rod)
- \ \O =
non-zero only when actingon | | ) (-0 = - =0 =
Now consider a chain of spinless fermions:
{.
Complication: fermionic operators on different sites anticommute: Cl Cc o = - C ' 4 ¢ for / + !.‘
Hilbert space: S"Mi l?}u = \n(’y\z/ Y { ()

Define canonical ordering for fully filled state:

T
\ﬂl':l/((,_:] /.”’V\”:\> = CN”,(‘*;C([Vac> (1)

Now consider:

'\‘\- I\+"+ A A*
¢ Ie=o,ny=1) = (GG = —ctc.lvqcv = - ln= w=1 ) @

To keep track of such signs, matrix representations in \’, ® \./7_ need extra 'sign counters',

tracking fermion numbers:

1 i‘ . + V\L * Q+ * 2 i
¢ = Co-y = C o3, ! 2 ¢
‘\./—(:' 3 . ] 2
subscripts denote site numbers
8 + = l[ ® C.l- = ( (shorthand: omit unity) 1 er (s)
i . 2 = 2+ { 2
Here &denotes a direct product operation; the order (space 1, space 2, ...) matches that of the
indices on the corresponding tensors: A ¢/ 6% -
I\_‘ A A {‘ r\*
Check whether ¢, (j = - (C, C, 2 (e
¢ t
N
REIR Y QRSN C, 7 -2 =G5 ;o
w4 = = ‘
<J <1 2 11 ¢ +
]

Algebraically:

it oa L N I
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Algebraically:

at a oy » @ 4
c‘JrCz = (C'+®ZI) (11‘®Cl\ =C1, (@(}1 CLB - -1,60¢,2, (@
U . A At
= (1‘®CL \(C| ® Zz\ = - C G - (t9)
Similarly:
N o~ C, 2, C, R
W= Cl+ E\n = 4 = 4 :ﬂ-l = C(C(l&j'_l (20)
C z s 1

A 2t / +
More generally: each CX. or C ! must produce sign change when moved past any CZ‘ or 8_ ol
[}
with £ >A . So, define the following matrix representations in VoY -, oVo® .- 0V, :

A+ i ‘|‘ _ + 2
cp =Lo..1, 0 (o 2,0...2 = (,Z, )
A o 'Jordan-Wigner
Cf- = 1®.. ﬂ.c-:® C_‘;@ Ze*_'@._. 2, = C’E Zz transformation’ ;5
with Zz = ﬂ_ 2 ¢ 'Z-string' (3)

®e'>L

I\{— N A l\"’

Exercise: verify graphically that CZ' Cg = - CL Cl( for ['>,€
Solution: ' , !

( £ y L d-v L Le N
1 17 ¢ ? . 2 Z{ 2¥ Z{ e
1 1 1} 1f .. 1} &t ozt oz

( extra sign!
t
ex 1} - 1 14 b - 1 c{ zt I
B R e Y N A B B B
]

A
In bilinear combinations, all(!) of the Z's cancel. Example: hopping term, EI C

( 2 -6-7_ [—( ,( lt-l N

<u§i ﬂ-r ﬂ$ T 1 C—r Zr 2 T Zt
+ @e)

5 1y 4p - 1y 4t 2 Zp o 2

1} ¢t v 1w

[
L

(
=
>—a—>
=
>



- 1} gf o 1} cf R T S

Uok) +

ince at site ¢ we h = f =
since at site ¢ we have Zle 1,(; /-7'(/( Z y Cz / (283

non-zero only when acting on | ... Mg = 0 . i > '

and in this subspace, ZX. =

)k

L AL . 2 - X o . t

Conclusion: CeCp = C Cb« and_ similarly, C (-1 CL = CZ—; CC (24)
[using (10b)]

Hence, the hopping terms end up looking as though fermions carry no signs at all.

For spinful fermions, this will be different.

Page 8



4. Spinful fermions MPS-II1.4

Consider chain of spinful fermions. Site index: £, = (.- N, spinindex: s € {1 1,'5 s 4 —l
/’ 7 /

A~ A b oA ,\ ,\
iCIS,Ce's'g‘“ > {st,CZ’S'} =0, {C;s» c£,$,§= S0t 1)

J|' 41' A+ A1 n'\' A+

. - N
Define canonical order for fully filled state: C’N\LCM .. C 2y Cro c,& Cip \\lac> ()

First consider a single site (dropping the index ¢ ):

Hilbert space: = Spo- o) 1D [1) 1] tocalindex: s e To 4 1 4] o

constructed via: {0 = [V4.7 1V 61\ ), ()

A a n n{'
1y s81e), Iy = o= Gl - Gy w

A N
N
To deal minus signs, introduce Zg = (-1) P V’{s ) se 1,4} (©)

A ~N
We seek a matrix representation of Z_t a 5 ZS in direct product space \V = \I4~®\]\[, . 3)
s

(Matrices acting in this space will carry tildes.)

~ |(‘|\\0(' A\ ! (\ .
2y = 2@ 1, - ((—l)®(‘ \) - (o(‘,\l-'('\)j‘:( l-l_) = 2, 0
,_ A
f:omon - (el (M) -5 o
22 | \ ! -
22y = 2202 = (4ol -;)=( ) = Z T
"f + o o N'l'
C’f = C.:\\@ ZJ’ = (( o)®(l -I) = (T:_“) = Cf
¢ = Go g, - (so)® (' ) - ("‘“') = Cq @)
di t | oo E~ _ N{- UL)
Cy = :0-1‘@ C, = ( l )®(( o) = 2o = C
. o0 ~
S N R U P CTS W - S B




0|
C’L = ﬂ-?@ Cb - (‘ l)®(f’:’) - (*‘}—i) = C’L (12)

~ A ~ o~

The factors Zs guarantee correct signs. For example C:C . = - C ‘ (}I‘ :
(fully analogous to MPS-11.1.17)

W 18 ¢ & iy

= +'T ¢ = t _‘ZL = - - (13)
a
J 4 2‘$ 1"1‘ C, )
)

Algebraic check:

ol

Remark: for spinful fermions (in constrast to spinless fermions, compare MPS-I1.28), we have

~ta ~1 ~ p
CSZ # CS and Z Co # Cq us)

For example, consider S = f ; action in V'i‘@ \/L :

e 21 f f 3 (/)
r 2= QJ} 2 26& 1li 7 C&Zﬁ = Cp ‘

Now consider a chain of spinful fermions (analogous to spinless case, with VJL instead of \4 ).

N |
Each EL or 8 ! must produce sign change when moved past any ¢, or a:, ,with g > A

So, define the following matrix representations in '\73” - '\7, © ’J,_ ® -- 9’\‘1‘“

A+ ) ~ ~ ,-.l. ~ ~ N ~+ -~ S
C,Q = l,@”- ﬂz-,® Z® Z£+(®"”1'J = C'z z (’?s
'Jordan-Wigner
A ~ ~ e g o~ ~ o> transformation’
c,b =Lo..1, 0 (o 2,0...2, =(, z, ()
with Z,=1T Z, = T Z.® Z 'Z-string' (14)
“ oe>e ! @e>2 * u

In bilinear combinations, most (but not all!) of the Z 's cancel.

* IS

Example: hopping term  Cp ¢y o (sum over s impied)

- ( 2 ‘e"L ,{-« ,( l(-! N
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- ( 2 ~2 £~ L e N
s 11 13 ¢t 2% 2 Z
r~ ~ ~ ~ ~ >~ —~
w5 1% 4t - 1t A} & 2 7
a here Z's cancel—'S
- 1‘1 1§ - 1% ¢4 2 1§ 1}
ot
P-« ¢ <
initial charge: | o
=, -\ 27 Bond —— indicates sum >
- s
° +5 Convention: annihilation: outgoing =1 or incoming +

final charge: @
‘ Creation: outgoing ¢ or incoming -

Similarly: _ -« ¢
,\+ A final charge: © U
C LAs c s = ‘ CS
C 2

final charge: \ o
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