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Problem 1 Floquet engineering

The unitary time evolution

ÛI(Ti) = e−iĤITi (1)

with an Ising interaction

ĤI = J
∑
〈i,j〉

Ŝzi Ŝ
z
j (2)

can be implemented in Rydberg systems, e.g. in optical tweezer arrays. Now consider the following
sequence of unitary operations,

Û(T ) = Û †y(−π/2)Û †x(π/2) ÛI(T3) Ûx(π/2) ÛI(T2) Ûy(−π/2) ÛI(T1), (3)

where Ûµ(φ) denotes a rotation in spin space around the µ = x, y, z axis by an angle φ.

(1.a) Describe the above sequence in words, considering spins on the Bloch sphere. Which spins
interact when?

(1.b) The effective Floquet Hamiltonian Ĥeff is defined by:

Û(T ) = e−iĤeffT , (4)

where the total time is T = T1 + T2 + T3.

For T � 1/J (i.e. in the large frequency ω = 2π/T � J), derive the effective Floquet
Hamiltonian and show that a tunable XYZ spin model

ĤXY Z =
∑
〈i,j〉

[
JxŜ

x
i Ŝ

x
j + JyŜ

y
i Ŝ

y
j + JzŜ

z
i Ŝ

z
j

]
(5)

is obtained. Derive expressions for Jx, Jy, Jz.

Problem 2 Dark states:

(2.a) Show that the Hamiltonian

Ĥ =

 0
√
ng 0√

ng ∆ Ω
0 Ω 0

 (6)

has a so-called dark eigenstate with zero energy,

(cos θ, 0,− sin θ)T , tan θ =
g
√
n

Ω
, (7)

for any value of ∆. Solve for the remaining eigenstates and show how they depend on ∆.
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Problem 3 Electromagnetically induced transparency (EIT)

Start from the equations of motion for matter (b̂e, b̂s) and photonic fields (Ê),

i∂tb̂e = −
√
ngÊ + (∆− iγge) b̂e − Ωb̂s (8)

i∂tb̂s = −Ωb̂e + (δ − iγgs) b̂s. (9)

(3.a) Find a stationary solution with P̂ = ε0χ
(1)Ê , where the polarization is

P̂ =

√
2ε0
ω0

g
√
nb̂e. (10)

(3.b) From the solution in a), determine the linear susceptibility χ(1). Find its imaginary part Imχ(1)

(which describes the absorption of the medium) and plot it as a function of the one- and
two- photon detunings ∆ and δ (you may assume γgs = 0 for the plot).

Problem 4 Holstein-Primakoff representation

The algebra of spin-S operators Ŝ can be expressed by so-called Holstein-Primakoff bosons â:

Ŝz = â†â− S (11)

Ŝ+ = â†
√

2S − â†â (12)

Ŝ− =
√

2S − â†â â (13)

(4.a) Use the boson algebra [â, â†] = 1 to show that the spin operators defined above satisfy the
spin algebra [Ŝi, Ŝj] = iεijkŜ

k. It is sufficient to show: [Ŝz, Ŝ+] = Ŝ+ and [Ŝ+, Ŝ−] = 2Ŝz.

(4.b) Derive the Holstein-Primakoff approximation by Taylor expansion of the
√

in the above

expression. This is justified if we work with states for which 〈â†â〉 � S.
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