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Problem 1 Regularized contact interactions

Solve the Lippmann-Schwinger equation to all orders for the contact interaction V (r) = gδ(3)(r).

(1.a) Show the following relation between the UV momentum cut-off Λ0, the interaction strength
g and the resulting scattering length a:

1

g
=
mred

2π~2

1

a
−
ˆ Λ0

d3k (2π)−3mred

~2k2
. (1)

(1.b) Derive the expression for the effective range reff , as a function of the UV momentum cut-off
Λ0:

reff =
π

4
Λ−1

0 . (2)

Hint: For ε→ 0− it holds:
´ 1

0
dx [1− (k/x)2 + iε]−1 = 1 + iπ

2
k − k2 +O(k3).

(1.c) Now consider the 1D Lippmann-Schwinger equation, for 1D contact interactions V (x) =
g1Dδ(x). Derive the relation between g1D and the scattering length a (defined in 1D by
fk → −1/[1 + ika] for k → 0; note that f(k) = −TE(k)iπ2mred/(|k|~2)) – is UV
regularization required in this case?

Problem 2 General solution of Feshbach resonances

Here we treat the intermediate steps in the lecture’s derivation of Feshbach resonances.

(2.a) Show that the formal solution of the Lippmann-Schwinger eq. T̂ = V̂ + V̂ Ĝ0T̂ is given by

T̂ = (1− V̂ Ĝ0)−1V̂ . (3)

(2.b) Show that the solution (3) can also be written as:

T̂ = V̂ (1− Ĝ0V̂ )−1. (4)

(2.c) Consider the Feshbach T -matrix for the open channels T̂0 from p. II-41 of the lecture notes.
Use the result from (2.a) to show that:

T̂0 = (E − Ĥ0 + iε)(E + iε− Ĥ0 − V̂ )−1V̂ . (5)

(2.d) Use the identity (Â− B̂)−1 = Â−1[1 + B̂(Â− B̂)−1] to write (noting V̂ = V̂0 + Ĥ′00):

(E + iε− Ĥ0 − V̂ )−1 = (E + iε− Ĥ0 − V̂0)−1
[
1 + Ĥ′00(E + iε− Ĥ0 − V̂ )−1

]
. (6)

(2.e) Using (6), and (3) for the open-channel-only T -matrix T̂
(0)
0 , show that (5) can be written:

T̂0 = T̂
(0)
0 + (1− V̂0Ĝ0)−1 Ĥ′00 (1− Ĝ0V̂ )−1. (7)
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Problem 3 The 1/r2 potential

(3.a) Consider the following one-dimensional Schrödinger equation with a 1/r2 potential,(
−∂2

r − λr−2
)
ψ1(r) =

2m

~2
E1 ψ1(r). (8)

From a given solution of this equation, ψ1(r) with eigenenergy E1, construct re-scaled
solutions ψα(r) with eigenenergies Eα 6= E1 for α ∈ R>0 (– use scale-invariance!).

(3.b) Now consider the regularized 1/r2 potential, with s0 ∈ R and r0 ∈ R>0:

V (r) = − ~2

2m

(
s2

0 +
1

4

)
×

{
−∞ r < r0

1/r2 r ≥ r0

. (9)

As discussed in the lecture, its bound states are given by ψn(r) =
√
κnrKis0(κnr). Show in

the scaling limit r0 → 0 that the solutions satisfy

κnr0 = e−nπ/s02e−γ[1 +O(s0)], n ∈ Z>0. (10)

Hint: The modified Bessel functions of second kind can be expanded as follows,

Kis0(z) ≈ −
√

π

s0 sinh(πs0)
× sin

[
s0 log(z/2)− argΓ(1 + is0)

]
, |z| � 1. (11)

Problem 4 Bound states in separable potentials

Consider a 2-body problem (reduced mass mr)(
−~2 ∂2

r

2mr

+ V̂

)
|ψ〉 = E|ψ〉 (12)

with an interaction which is separable in the relative coordinate r, i.e.:

V̂ = −λ|g〉〈g|, λ ∈ R>0. (13)

You may assume that g(r) = 〈r|g〉 ∈ R is real.

(4.a) Write Eq. (12) in momentum representation and show that the bound state solution with
energy E0 = −~2κ2

0/(2mr) becomes

ψ(k) = C
g(k)

κ2
0 + k2

, g(k) = 〈k|g〉. (14)

Derive an expression for the constant C.

(4.b) Show that the binding energy E0 is determined by the equation

λ

ˆ
d3k

|g(k)|2

κ2
0 + k2

=
~2

2mr

(15)

2



(4.c) Consider the choice (Yamaguchi potential):

g(k) = (k2 + β2)−1. (16)

Calculate g(r) and show that (up to normalization):

ψ(r) '
(
e−κ0r

r
− e−βr

r

)
. (17)

(4.d) Solve the equation from (4.b) to find the bound state energy E0 for the Yamaguchi potential
from (4.c).
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